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Preface

The Geometry of Positive Definite Quadratic Forms is a rich and old subject
which arose in the arithmetic studies of quadratic forms. Through the seminal
works of Minkowski and Voronoi a century ago, the geometric viewpoint became
predominant. The study of arithmetical and inhomogeneous minima of positive
definite quadratic forms turned into a study of lattice sphere packings and cover-
ings. Lattices and, more generally, periodic (point) sets are by now widespread in
mathematics and its applications. The important monograph “Sphere packings,
Lattices and Groups” [69] by Conway and Sloane, with its over 100 pages of ref-
erences, shows exemplarily the influence on other mathematical disciplines. This
becomes particularly apparent for the 24-dimensional Leech lattice and its connec-
tions to number theory, group theory, coding theory and mathematical physics.
Since the complexity of problems grows with the dimension, it is no surprise that
over the past decades more and more computer support was used to study higher
dimensional lattices and more general structures. Still, the Geometry of Positive
Definite Quadratic Forms is an essential tool, not only in the study of lattice sphere
packings and coverings.

One aim of this book is to give a nearly self-contained introduction to this
beautiful subject. We present the known material with new proofs, which then
admit natural generalizations. These extentions of the known theory were mainly
targeted to support the study of extreme periodic sets. However, it turned out
that the resulting new theory has other applications as well, as for example, the
classification of totally real thin number fields. On the way, always an eye is kept on
computability; algorithms are developed that allow computer assisted treatments.
Using tools from combinatorial, from linear and from convex optimization, many
difficult problems become accessible now. This is, for example, demonstrated in the
search for new currently best-known lattice sphere coverings and in the classification
of 8-dimensional perfect lattices, which previously was thought to be impossible
with the known methods.

Although this book deals with classical topics which have been worked on ex-
tensively by numerous authors, it shows exemplarily how computers may help to
gain new insights. On the one hand it is shown how computer assisted (sometimes
heuristic) exploration helps to discover new exceptional structures. In many cases
these would probably not have been found without a computer. On the other hand
several computer assisted proofs are given, which deal with extraordinarily large
data or involve large enumerations. It is shown how proofs can be obtained from
numerical results, by postprocessing of roundoff solutions. All of these aspects of
computer mathematics are nowadays supported by a growing functionality of com-
puter algebra systems and by an increasing number of reliable small programs for
specific purposes. In some cases one has to combine, to supplement and to improve
on existing software tools. If solutions for basic tasks are obtained they should be
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made accessible to the growing community of computer enthusiastic mathemati-
cians. Underlying many of the presented computational results are in particular
two such programs: A program for rigorous determinant maximization (including
semidefinite programming) allowing exact certified error bounds, and secondly, a
program for polyhedral representation conversion under symmetries.

Computer assisted mathematical explorations and proofs are of increasing im-
portance in many areas of modern mathematics. Even close to the topics of this
book there have been amazing developments recently. An example is the proof by
Hales [129], [130] of the famous Kepler conjecture. Several exciting results have
been obtained in the context of linear and semidefinite programming bounds for
spherical codes and point sets in Euclidean spaces. There is the new sphere pack-
ing bound by Cohn and Elkies [60], and based on it, the proof by Cohn and Kumar
[63] (see also [61]) that the Leech lattice gives the best lattice sphere packing in
24 dimensions. There is the proof of Musin [185] showing that the kissing number
in four dimensions is 24 (see [197] for an excellent survey). Shortly after, Bachoc
and Vallentin [6], gave more general, new bounds on the size of spherical codes.
Their works are followed by similar approaches for other problems, using semidef-
inite programming. As in some parts of this book, these works involve numerical
computations which are then turned into mathematical rigorous proofs. Often nu-
merical quests and subsequent mathematical analysis lead to new mathematical
insights. A fascinating example is the study of universally optimal point configura-
tions, recently invoked by Cohn and Kumar [62] (see also [9] and [264]). Although
all of this is happening literally next door to the topics of this book, I decided to
keep it focused as it is. Adequate treatments will hopefully fill other books in the
near future. For now I encourage the reader to study the great original works.

Acknowledgments. This book grew out of lectures held at an Oberwolfach
Seminar on Sphere Packings and at the University of Magdeburg, together with
parts of research articles which were previously published, in a similar or partially
different form (see [45], [95], [225], [226], [228], [229]). I thank my coauthors
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and Frank Vallentin for their many contributions and their shared enthusiasm for
the subject. I thank Frank, Mathieu, Henry Cohn, Slava Grishukhin, Jeff Lagarias
and Jacques Martinet for their very helpful feedback on prior versions.

I am grateful to my teachers Ulrich Betke and Jorg M. Wills and thank many
other colleagues for fruitful communications on topics related to this book; among
them David Avis, Christine Bachoc, Eiichi Bannai, Yves Benoist, Anne-Marie
Bergé, Andras and Karoly Bezdek, Karoly Borozky Jr. and Sr., Jin-Yi Cai, Bob
Connelly, Renaud Coulangeon, Jesus Del.oera, Antoine and Michel Deza, Nikolai
P. Dolbilin, Noam Elkies, Bob Erdahl, Komei Fukuda, Lenny Fukshansky, Rajinder
J. Hans-Gill, Robert L. Griess Jr., Peter Gritzmann, Peter M. Gruber, Thomas C.
Hales, Jonathan Hanke, Martin Henk, Jené Horvath, Michael Joswig, Abhinav Ku-
mar, Wlodzimierz Kuperberg, Peter McMullen, Oleg Musin, Gabriele Nebe, Cor-
dian Riener, Konstantin Rybnikov, Rudolf Scharlau, Claus-Peter Schnorr, Francois
Sigrist, Warren D. Smith, Sal Torquato, Stephanie Vance, Boris Venkov, Giinter M.
Ziegler, Chuanming Zong and Stefan van Zwam. I thank the Deutsche Forschungs-
gemeinschaft (DFG) and the AMS editors for their support.

September 2008 Achill Schiirmann



Overview

This overview is intended to guide through the topics and results of this book.
Definitions and explanations for used terminology can be found with help of the
index. Readers not so familiar with the treated topics may perhaps start by looking
into the introductory material in Chapter 1 and Sections 2.1, 3.1 and 4.1. Most of
the results in this book are described in the language of positive definite quadratic
forms because it is the basis for most computations. In the following summary we
nevertheless primarily use “lattice-terminology”, since it is more common nowadays.
References to the literature can be found in the corresponding context of the book.

Chapters 1 and 2: An introduction. The first two chapters are mainly
introductory and contain, in contrast to the remaining chapters, only a few new
results.

In the first chapter we briefly recall the history of the theory of positive definite
quadratic forms and its natural connection to the lattice sphere packing problem.
Along the way, we introduce to basic notions and results used in the following
chapters. In Sections 1.2, 1.3 and 1.4 we review known results of our main aimed at
applications: the sphere packing, the sphere covering and the (simultaneous) sphere
packing-covering problem. For all three problems there is a notorious open question:
Do there exist dimensions in which lattices do not give optimal configurations? This
problem is one of our main motivations to extend Voronoi’s (lattice) reduction
theories in Chapter 3 and Chapter 4.

The second chapter deals with several aspects of Minkowski’s reduction the-
ory, which in a sense is a prototype for other polyhedral reduction theories. In
Section 2.1, we start with a short discussion about reduction in general, and then
introduce Minkowski’s theory in Section 2.2. We in particular give a previously
unknown, non-redundant description of Minkowski’s polyhedral reduction domain
up to dimension 7. In Section 2.3 we describe relations to Minkowski’s successive
minima and state a challenging conjecture concerning an improvement of a classical
and central theorem in the Geometry of Numbers. In Section 2.4 we end the second
chapter with an application of Minkowski reduction to multidimensional continued
fraction expansions, used for simultaneous Diophantine approximations.

Chapter 3: Voronoi’s first reduction theory. In Section 3.1 we start
by introducing to the theory of perfect lattices, respectively to “Voronoi’s first
reduction theory”. Based on so-called Ryshkov polyhedra, we give complete proofs
for the theory and explain Voronoi’s algorithm. We provide some background on
computational tools (such as the shortest vector problem and isometry tests for
lattices), which were recently used to finish the classification of perfect lattices up
to dimension 8.

xi



xii OVERVIEW

Our treatment of Voronoi’s theory is presented in a way such that it can be
generalized naturally from a lattice theory to a theory for m-periodic point sets.
As lattices can be viewed as linear images of Z? in R%, m-periodic sets are linear
images of a standard periodic set

(0.1) Uti+2z?  with  t; eR%
=1

In Section 3.2, we introduce a new parameter space Si’om to deal with m-periodic
sets in R? up to isometries. We introduce generalized Ryshkov sets, on which
determinant minimization yields the densest m-periodic sphere packings.

In Section 3.3 we analyze local optima (m-extreme periodic sets) of the packing
density in Si’g)n . We obtain necessary and sufficient conditions. It turns out that
our framework provides a new explanation for a previously by Conway and Sloane
observed phenomenon; namely for the existence of uncountably many 9-dimensional
2-periodic sphere packings (fluid diamond packings) which are as dense as the
densest known lattice sphere packing. We investigate the possibility of improving
the densest lattices (represented as points in Si’(;n ) locally, to obtain a periodic
non-lattice set with larger packing density. We show that this is not possible (see
Corollary 3.18). More generally, we show in Theorem 3.17 that a perfect, strongly
eutactic lattice is periodic extreme, that is, it cannot locally be improved to a denser
periodic point set.

In Section 3.4 we give extensions of Voronoi’s algorithm, hereby laying the the-
oretical foundations for systematic, computer assisted searches for dense periodic
sphere packings. We develop a “t-theory” which enables us to find local sphere pack-
ing optima (t-extreme sets) among all ¢-periodic point sets. These are linear images
of a standard periodic set (0.1) with a fixed translational part t = (¢1,...,¢,,). For
the case of a rational matrix ¢ we show in Theorem 3.23, in analogy to the classical
theory, that there exist only finitely many t-extreme sets. These can be enumerated
by a generalized Voronoi algorithm. On top of the ¢t-theory, we extend the theory
of G-perfect and T-perfect lattices (where G is a finite subgroup of the orthogonal
group and T is a linear subspace in the space of quadratic forms).

This allows us to restrict searches for dense t-periodic sphere packings to ones
with specific features, for example with a fixed finite symmetry group. For rational
t and a finite subgroup of the orthogonal group (leaving (0.1) invariant) we show
in Theorem 3.25 that there exist only finitely many local optima among sphere
packings with the corresponding properties. This generalizes works of Bergé, Mar-
tinet, Sigrist and others. Our proof relies on a general observation (Lemma 3.26)
regarding group actions on polyhedral subdivisions. The section ends with three
examples of the G-theory, describing new results for Eisenstein, Gaussian and Hur-
witz quaternionic lattices.

Chapter 4: Voronoi’s second reduction theory. In the fourth chapter we
generalize Voronoi’s second reduction theory which is based on Delone polyhedra
and Delone subdivisions of lattices. In Section 4.1 we first give the necessary defini-
tions, some background and we explain Voronoi’s theory on secondary cones (also
called L-type domains). We give a simplified and generalized proof for Voronoi’s
theory in Section 4.2. Theorem 4.7 extends Voronoi’s theory to a “t-theory” for
Delone subdivisions having a standard periodic vertex-set (0.1). For rational ¢ we
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show that there exist only finitely many non-equivalent secondary cones (see Theo-
rem 4.13). This gives a foundation for systematic searches for thin periodic sphere
coverings. Another application is a possible search for “good” periodic quantizers.

In Section 4.3 we introduce an “equivariant G-theory” for secondary cones and,
more general, a theory of T-secondary cones, in analogy to the theory of G-perfect
and T-perfect periodic sets described in Section 3.4. As in Section 3.4 we derive
from Lemma 3.26 a finiteness result for rational ¢ and finite symmetry groups G
(see Theorem 4.19). We put special efforts into an explicit description on how to
obtain all Delone subdivisions of lattices and periodic sets within the G- and T-
theory (see in particular Theorem 4.15 and the algorithms in Section 4.3.4). This
practicability of our results is of great importance for the applications in Chapter 5.

In Section 4.4 we introduce the secondary cones of single Delone polyhedra
and polyhedral complexes. We propose an algorithm to decide whether or not a
given simplex with integral vertices is Delone for some positive definite quadratic
form. It can possibly serve as a tool to classify lattice Delone simplices (up to
GL4(Z)-equivalence) of a given dimension. We show that the number of inequivalent
Delone simplices increases dramatically with the dimension, by constructing Delone
simplices with relative volume increasing super-exponentially with the dimension.
Previously only linear growth was known.

Chapter 5: Local analysis of coverings and applications. In the fifth
chapter we harvest the fruits of Chapter 4 and apply them to obtain several results
in context of the lattice sphere covering problem. The first two sections have a
preparatory character.

In Section 5.1 we formulate algorithms that allow to solve (in principle) the lat-
tice sphere covering and packing-covering problem in a given dimension by solving
a finite number of convex optimization problems. We give explicit descriptions of
determinant maximization and semidefinite programs. They are subject to linear
matrix inequalities expressing that the covering radius of an underlying periodic set
is bounded by some given constant (see Proposition 5.5). We describe the software
tools we developed to find local lattice covering and packing-covering optima (or at
least for generating certified bounds on their covering density or packing-covering
constant).

In Section 5.2 we provide tools for a detailed local analysis. These allow to
check for local optimality of a lattice, if necessary computationally. Using convex
optimization software, we sometimes only have certified ranges for the actual locally
optimal value. We show how this restricted information can nevertheless be used
to obtain structural informations about the actual local optimizers. We derive
quickly computable, local lower bounds for the lattice covering density and the
packing-covering constant, applicable to all lattices having a given collection of
Delone simplices. For some lattices (as seen for the Leech lattice in Section 5.5)
these bounds can be tight (for the right choice of simplices attaining the covering
radius). Hence they have the potential to prove local optimality of a lattice.

In Section 5.3 we explain how the tools from the previous two sections can be
used to find new best known lattice coverings and packing-coverings. Our tech-
niques enable us in particular to confirm all previously known results up to dimen-
sion 5. It is notable that these were previously obtained (without computer assis-
tance) in many years of work and on hundreds of published pages. Beyond the previ-
ously known, we extend the knowledge up to dimension 5 by additional information
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on all local optima. Although the lattice covering and the lattice packing-covering
problem have both not been solved in dimension 6 so far, we describe conjecturally
optimal lattices obtained by heuristic methods (see Section 5.3.3). Both lattices
have the property that their Delone triangulation refines the Delone subdivision of
the lattice E§. As a first step in direction of a proof for global optimality, we prove
computationally by a branch-and-bound method that the conjectural optimal cov-
ering lattice is the unique optimum among lattices having this refinement property
(see Theorem 5.28). In many cases it is a problem to obtain exact coordinates for
the new lattices. Exemplarily we show how to obtain exact coordinates for the
new conjectural optimal 6-dimensional packing-covering lattice. We describe a new
conjecturally optimal 7-dimensional covering lattice whose corresponding positive
definite quadratic forms are (to our surprise) even rational (see Section 5.3.5). We
describe how we obtained new, currently best known covering lattices in dimensions
d > 9. These computations are based on our new T-secondary cone theory.

In Section 5.4 we apply the theory of T-secondary cones to a problem in al-
gebraic number theory: the classification of all totally real thin algebraic number
fields. Our classification is based on a list of 17 candidates, previously given by
Bayer-Fluckiger and Nebe. By proving lower bounds on the covering density of
positive definite quadratic forms in an associated linear subspaces T we exclude
three of the candidates. This finishes the classification.

In Section 5.5 we take a closer look at two of the most exceptional lattices (in
low dimensions): The root lattice Eg and the Leech lattice. We show that both
lattices are rigid, meaning they are uniquely determined by the type of their Delone
subdivision. By applying our local lower bounds we show that the Leech lattice
is a local lattice covering and packing-covering optimum. This shows in particular
the existence of rigid, locally optimal lattice coverings, which affirmatively answers
a long standing open question of Dickson (1968). The same method can not be
applied to the Eg root lattice. In fact, a local analysis reveals that it is not even a
locally optimal covering lattice. In connection with a proof of this fact, we find a
new currently best known 8-dimensional covering lattice (see Section 5.5.6).

In Section 5.6 we continue the investigation of lattices similar to Eg, revealing a
previously unknown phenomenon: The existence of local lattice covering maxima,
for which we derive necessary and sufficient conditions. Based on them we prove
computationally that the Eg root lattice is the only lattice covering maximum in
dimensions less or equal to 6, aside of Z (which trivially is at the same time a
1-dimensional lattice covering optimum). The Eg root lattice itself turns out to be
only “almost” a local lattice covering maximum: Almost any, but not every local
change of an associated positive definite quadratic form yields a lower covering
density. We baptize these lattices covering pessima and prove that a lattice is a
covering pessimum, if the Delone polytopes attaining its covering radius are all
regular cross polytopes. This is for example the case for the root lattices D4 and
Es.

In Section 5.7 we consider local lattice covering maxima within a linear subspace
T in the space of (associated) quadratic forms. We show a connection to the famous
Minkowski conjecture, respectively to the so-called covering conjecture. Based on
our new T-secondary cone theory we obtain an algorithm which can be used to
verify or falsify the covering conjecture in a given dimension. By a recent result of
Curtis McMullen the covering conjecture implies the Minkowski conjecture. Thus
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(in principle) the Minkowski conjecture can be verified in a given dimension using
our algorithm.

Appendix A: Polyhedral representation conversion. In Appendix A we
provide some background on polyhedra and in particular on a fundamental problem
in polyhedral combinatorics, on which many computational results described in this
book rely: The representation conversion of polyhedra with large symmetries. We
start with a brief review of some basic properties and explain how to compute
different polyhedral symmetries. We address the group theoretical background
as well as data structures and software tools, which are necessary to deal with
large orbits. Finally, we describe Decomposition methods for the representation
conversion problem, which have proved to perform best in practice on the polyhedra
we treated during our studies.

Conclusions and prospects. In this book we describe foundations and some
applications of a Computational Geometry of Positive Definite Quadratic Forms.
Based on generalizations of Voronoi’s reduction theories, we provide new algorithms
and details on their practical implementation. So far, such implementations have
only been used for applications in the context of lattice sphere coverings (see Chap-
ter 5). However, we are convinced that many more, new results can be obtained.
Some interesting possible future projects are listed in Appendix B.

We think in particular that (in analogy to the lattice covering problem) many
new record breaking lattices for the packing-covering constant and for the so-called
quantizer problem can be found. We strongly believe that the theory described in
this book can be used to find periodic non-lattice sets, which are “better” (with
respect to any of the discussed problems) than any lattice of the same dimension.
We think that it is only a matter of time and a question of sufficient computational
resources, until we will see a solution of the 6-dimensional covering and the 9-
dimensional sphere packing problem.

A key ingredient for computational successes described in this book is the
representation conversion of polyhedra under symmetry. We think that further
improvement on the available tools will not only yield further progress for the
problems discussed here, but also for applications beyond the scope of this book.
Furthermore, we are convinced that the future will show more and more mathe-
matical proofs based on rigorous numerical computations and non-linear convex
optimization. However, there is still plenty of groundwork to be done.

So let’s do it. ..






CHAPTER 1

From Quadratic Forms to Sphere Packings and
Coverings

In this chapter we trace the origin of the lattice sphere packing problem back to
the study of Diophantine quadratic equations. We briefly introduce and survey on
known results of the sphere packing, the sphere covering and the sphere packing-
covering problem. For further reading on these topics and on detailed proofs for the
reviewed facts we refer to the books [206], [124], [234], [69], [271], [174], [121],
and for the history to [219] and [116].

1.1. Positive definite quadratic forms

1.1.1. Quadratic forms. In general, a quadratic form Q) : V — K is a homo-
geneous polynomial of degree 2, defined for a field K and a vector space V over K.
We restrict ourselves in this book to real or rational quadratic forms @ defined over
K =Ror K = Q. V is throughout a vector space of dimension d, hence V = R? or
V = Q% The prefixes “real” or “rational” will not be used, unless necessary. We
speak of an integral quadratic form @ if its coefficients are integers.

Examples, as the left hand sides of the Diophantine equations

A2+ —=0 or A+ +E+d*=n

have almost symbolic character and occur throughout the history of mathematics.
To find integral solutions for these and other Diophantine equations has fascinated
mathematicians from time immemorial, and inspired them to develop beautiful
and deep mathematics. It was Fermat, who revived the arithmetic studies of the
Greeks and who found many significant results. For example, we attribute him
the complete characterization of numbers which are the sum of two squares. The
solution to the corresponding three square and four square problem were known to
him from the work of Diophantus, but proofs were given much later by Lagrange
[161] and Legendre [166] (cf. [116], [219]).

Hermite (cf. [135]) initiated the systematic arithmetic study of quadratic forms

in d variables & = (1, ...,24)" € R We write
d
Qle] = Y gwiz;
=1

with coefficients ¢;; € R. By assuming, without loss of generality, that ¢;; = g¢;s,
we simply identify the quadratic form Q with the real symmetric matrix QQ =
(@ij)i,j=1,....a- The space of all real quadratic forms in d variables is identified with
the space

Sd:{QERdXd:Qt:Q}

of real symmetric d x d matrices. Using matrix notations we have Q[z] = z'Qzx.

1



2 1. FROM QUADRATIC FORMS TO SPHERE PACKINGS AND COVERINGS

For example, the quadratic forms
(1.1) z? 492 and 22 4+ zy + o>
are identified with

(1.2) (é ‘D and @ %)

The space S¢ is a (d;rl)—dimensional real vector space. It becomes a Euclidean
space with the usual inner product

d
(1.3) (@Q.Q) = 4id); = trace(Q - Q).

i,j=1

So in particular, we may identify % with R("2")

With the introduced terminology, many classical problems involving qua-
dratic forms fit into the following framework: Given a quadratic form @ € S¢ and
n €N,

(1.4) ‘ does Q[x] =n have integral solutions x € Z? ?

1.1.2. Arithmetical equivalence. When dealing with this problem in the
binary case (d = 2), Lagrange noticed that he could study the question up to
invertible, linear integral substitutions. Two quadratic forms Q,Q’ € S¢ are called
arithmetically (or integral) equivalent, if there exists a U in the group

GLy(Z) = {U € 24 . |det U| = 1}
such that
Q' =U'QU.
Arithmetically equivalent forms provide the same set of values on integral vectors,
that is, Q'[Z4] = Q[Z%], because Q'[z] = Q[Ux] and UZ? = 7.
For example, the form
322 + 3y + y?
is arithmetically equivalent to 2 + zy + 32 because

@ G OEDGE Y - G1)

Since for problem (1.4) it is sufficient to deal with one representative of each
equivalence class, it is desirable to know a unique form, or at least a small subset
of each class. These questions are addressed with in the theory of reduction (see
Chapter 2).

1.1.3. Positive definite quadratic forms. The theory of binary quadratic
forms, first systematically studied by Lagrange [162], splits into two branches,
depending on whether the forms are indefinite or definite. Because the roots of
the lattice sphere packing problem are to be found in the latter case, we restrict
ourselves to the definite case from now on.

A quadratic form, respectively real symmetric matrix Q € S, is positive defi-
nite, if Q[x] > 0 for all z € R%\ {0}. The set of all positive definite quadratic forms
(PQF's from now on), respectively matrices, is denoted by Sio. Negative definite
forms are just the negative of positive forms and most of what follows just differs
by sign.
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FIGURE 1. Ellipses given by z? +xy+y2 <1 and 322+ 32y +32<1.

For PQF's there exists a smallest real number n for which question (1.4) has
integral solutions. This number is called the arithmetical minimum and denoted by
AMQ) = i .

(@)= min  Qle]
Sometimes \(Q) is referred to as the homogeneous minimum. We have A(aQ) =
aA(Q) for a non-negative real scalar «.
A PQF Q defines a real valued strictly convex function on R? and for A > 0

(1.6) E(Q,\) ={z cR?: Q[z] <A}

is a non-empty ellipsoid with center 0, providing a geometric interpretation of a
PQF. Interpreted geometrically, the arithmetical minimum is the smallest number
A for which the ellipsoid E(Q, \) contains an integral point aside of 0. The integral
points x attaining the arithmetical minimum lie on the boundary of the ellipsoid

E(Q,AQ))-
MinQ = {z € 2 Qlz] = \(Q)}
is the set of representatives of the arithmetical minimum.

Arithmetical equivalent PQFs @ and @', as the two forms in (1.5) for example,
have the same arithmetical minimum, and if Q' = U'QU for U € GL4(Z), then the
sets of representatives satisfy Min @ = U Min Q'. See Figure 1 for the two ellipses
given by the arithmetical equivalent forms in (1.5).

1.1.4. The space of positive definite quadratic forms. By the Sylvester
criterion, Q € S? is positive definite if and only if the upper left minors Q, =
(¢ij)ij=1,..k of @ have positive determinants. Thus

Sly={QeS8%:detQ), >0,k=1,...,d}

is given by d polynomial inequalities. It is not hard to see that Sio is an open (full
dimensional) convez cone in S with apex 0. In particular for Q € Sio, the open
ray {\Q : X\ > 0} is contained in 8¢ as well. The cone 8¢ lies in the halfspace
{Q € 8¢:(Q,idy) = traceQ > 0}, where idy denotes the identity (matrix). The
set of PQFs 82 can be thought of as a union of sections {Q € 8¢ : trace@ = C'}
of constant trace, which are dilates of each other. For example, the intersection of
82, (identified with R3) with a plane of constant trace {Q € 8% : trace@ = C} is
a planar disc (ellipse) for C' > 0 (see Figure 2).



4 1. FROM QUADRATIC FORMS TO SPHERE PACKINGS AND COVERINGS

2q12

trace Q) = 4

_S q22

/

22 — 411

FIGURE 2. Binary PQFs form a convex cone in R?. PQFs with
constant trace lie in an open circle; its boundary contains positive
semidefinite forms.

A quadratic form, respectively real symmetric matrix Q € S¢, is positive semi-
definite if Q[z] > 0 for all * € R?\ {0}. The set of positive semidefinite forms,
denoted by 8%, is the closure of 8%,. The group GL4(Z) acts on 8%, and 8¢, by
Q — QU] = U'QU. Recall from linear algebra that the same group action on Sio
by

GLy(R) = {A € R™%: det A # 0}
has only one orbit, that is, for every @ € Sgo there exists a linear substitution
S € GL4(R) with S*QS = ids. We refer to the recent article [123] of Gruber for
more information on the rich structure of the convex cones S and 8.

1.1.5. Decompositions. It is well known that every PQF @ can be written

as a sum of squares. For example, the Lagrange expansion of @ is given by

d d 2
(1.7) Qlx] = ZAi Ti— Z Qx5 |,

i=1 j=it1
with unique positive outer coefficients A; and inner coefficients o;; € R, for i =
1,....,dand j = i+ 1,...,d. The inner and outer coefficients provide another
parameter space for PQFs. Written as a matrix equation, we obtain the Jacobi
identity (Twasawa decomposition)

(1.8) Q= S'DS
with diagonal matrix D and upper triangular matrix S with diagonal entries equal
to 1:

Al 0 e 0 1 —Q12 SN —Q1q

(1.9) D= 9 o e= |0

0 : K T —Qg-1d
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sd, bij. 04(R)\GL4(R)
PQFs bases up to orth. trans.

space of lattices

. —
540/6La(Z) DU 04(R)\GLu(R)/GL4(Z)
PQF's up to arith. equiv. lattices up to isometries

F1GURE 3. Connections between lattices and PQFs.

Setting A = VDS € GL4(R) we get a Cholesky decomposition
(1.10) Q=A'A,
which is uniquely determined by the PQF @ up to orthogonal transformations.
That is, if (1.10) holds as well as Q = B'B for some B € GL4(R), then A = OB
with O in
04(R) = {0 e R™: 0'0 =id4} .

1.2. Lattices and the sphere packing problem
1.2.1. Lattices. Gaufl [114] interpreted
Q] = 2'Qx = x'A'Ax = ||Ax|]?
as the squared (Euclidean) length of the vector Az. So the (point) lattice
L=AZ'=1Zay + -+ Zag

(with column vectors aq,...,aq of A) came into the focus of number theorists.
We say L is generated by the basis (ay,...,aq), which we simply identify with the
matrix A € GLg(R). Note that lattices are precisely the discrete subgroups of R?
of rank d (see [124]).

The bases of the lattice L are of the form A’ = AU with U € GL4(Z). Thus
they are in one-to-one correspondence with arithmetical equivalent forms Q' =
(ANVTA" = U'A* AU = U'QU of Q. Concluding, the revealed connections are shown
in Figure 3.

The matrix A € GL4(R) maps the standard lattice Z¢ to the lattice L = AZ<,
and the ellipsoid E(Q, \(Q)) in (1.6) is transformed to AE(Q, \(Q)) = /A\(Q)B4,
where

B? = {x e R? lz]| < 1}
denotes the (Buclidean) unit ball in R? with respect to the Euclidean norm ||z|| =
vatx. The arithmetical minimum of () has an interpretation as the squared length
of the shortest non-zero lattice vector.

The determinant of @ may be geometrically interpreted via the volume | det A|
of the parallelotope

(1.11) {A1a1+-~-+)\dad:)\1,...,/\de [0,1)}.
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FIGURE 4. Two bases of the heragonal lattice obtained from the
PQFs in Figure 1.

The volume is called the determinant of the lattice L = AZ? and denoted by det L.
This is justified, since it does not depend on the choice of the particular basis. For
the PQF Q = A*A we have det L = v/det Q.

1.2.2. Hermite’s constant. The lattice interpretation of Gauss opened the
door for the use of geometric arguments in the theory of quadratic forms. A classical
example is the following theorem and its proof.

THEOREM 1.1 (Hermite, [135]). Every lattice L has a base A = (a1, ...,aq) €

GL4(R), such that
2\ dd-1)/4
faall-+laal < (3) et

Using the dictionary, the theorem gives an upper bound for the arithmetical
minimum, depending on the determinant of a given PQF @:

COROLLARY 1.2. A(Q) < (det @)1/~ (£)'" V" for € 84,

The corollary in particular implies the existence of Hermite’s constant

@)
(1.12) Hag= sup ————.
Qest, (det Q)14
Hermite’s constant and generalizations have been extensively studied, e.g. in the
context of algebraic number theory and differential geometry. We refer to [32],
[220], [70] and [265] for further reading.

1.2.3. Lattice sphere packings. Hermite’s theorem 1.1 and its proof (cf.
[174]) show how helpful the geometric viewpoint can be to obtain arithmetic results
as Corollary 1.2. The following sphere packing interpretation due to Minkowski
exemplifies this even more.

For a PQF Q = A*A and a lattice L = AZ¢,

ANQ)

2

is called the packing radius of L. Thinking of solid spheres of radius A\(L) around
each lattice point, the spheres do not overlap and form a (lattice) sphere packing
(1.13) L+ XNL)BY={v+\L)x:v € L,xc B}

See Figure 5 for portions of two famous examples. Due to this interpretation of the
arithmetical minimum, the number | Min Q)| of its representatives is also known as

ML) =
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F1GURE 5. Portions of the lattice sphere packings with centers
given by the hexagonal and the face-centered-cubic (fcc) lattice.

kissing number, because it is the number of spheres in (1.13) which touch (“kiss”)
a fixed sphere of the packing.

The (sphere packing) density 6(L) of a lattice L is defined as the portion of
space covered by spheres, hence

vol(ML)BY)  A(L)%vol B4

oL) = det L - det L

The PQF @ (and with it any arithmetically equivalent PQF obtained from some
basis of L) satisfies

U2 ol Be
(1.14) 5(L)=5(Q):<(de>;(g))1/d) ' ;f

Note that ¢ is not only invariant with respect to isometries (of the lattice L) and

with respect to arithmetical equivalent forms (of the PQF @), but also with respect

to scaling. Equation (1.14) shows in particular that the supremum of possible lattice

packing densities is, up to a constant factor, equal to a power of Hermite’s constant.
Minkowski noticed [180] that the trivial bound

(1.15) Q) <1,

which is an immediate consequence of the sphere packing interpretation, tremen-
dously improves the upper bound of Hermite for the arithmetical minimum (Corol-
lary 1.2). In fact, (1.15) is equivalent to

4
1.16 A < (det Q)M —— .
( ) (Q) = ( € Q) (VO] Bd)z/d
showing that the exponential constant on the right in Corollary 1.2 can be replaced

by a constant which grows roughly linear with d, namely as %. This trivial, but

significant improvement strengthened the geometric viewpoint and lead Minkowski
to a powerful fundamental principle. The ellipsoid E(Q,rg), with rg being the
right hand side in (1.16), has volume

vol E(Q,rq) = vol(/rgA™'B%) = ré/Q(det Q)2 vol B = 2.

Minkowski discovered that not only ellipsoids of volume 2% contain a non-zero
integral point, but also all other centrally symmetric conver bodies (non-empty,
compact convex sets).
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d | lattice 0a Ha author(s)

2| Ay, |09069...| (4)* Lagrange, 1773, [162]

3 |A3=D3|0.7404... | 21/3 Gauss, 1840, [114]

4 D4 0.6168... | 4Y* | Korkin & Zolotarev 1877, [155]
5 Ds 0.4652... | 85 | Korkin & Zolotarev 1877, [155]
6| E¢ |03720... ] (8)"° Blichfeldt, 1934, [43]

7 E; 0.2953... | 641/7 Blichfeldt, 1934, [43]

8 Es 0.2536. .. 2 Blichfeldt, 1934, [43]

24 Aoy 0.0019... 4 Cohn & Kumar, 2004, [63]

TABLE 1. Known optimal lattice packings.

THEOREM 1.3 (Minkowski’s Convex Body Theorem). Any centrally symmetric
convez body in R of volume 2¢ contains a non-zero integral point.

The theorem is sometimes also called “Minkowski’s first (fundamental) theo-

rem”. By its background story, the theory of PQFs and lattice sphere packings
may be regarded as the root of Minkowski’s Geometry of Numbers (cf. [183]).

1.2.4. Known results. The lattice sphere packing interpretation shows that
in order to obtain Hermite’s constant for a given dimension d, we may equivalently
try to determine the density of the densest lattice sphere packing

1 B4
0q = sup  O(L) = sup §(Q) = HZ/Q = d
LCR? lattice Qesd, 2

We show in Section 3.1 that this supremum is actually a maximum, which is attained
by at most finitely many densest lattice sphere packings in a given dimension. By
now the lattice sphere packing problem is mainly studied for its own beauty and
because of its connections to other fields such as coding and group theory (see
[69]). Table 1 lists the dimensions in which a solution to the lattice sphere packing
problem is known, together with the corresponding densities and values of the
Hermite constant.

The lattices Ay for d > 2, Dy for d > 3 and E;4 for d = 6,7,8 are the so-
called root lattices. One of the most fascinating objects is the Leech Lattice Aoy in
24 dimensions. Definitions and plenty of further information on these fascinating
lattices can be found for example in [69] (see also [188]). Some information on Eg
and Agy is also in Section 5.5. Up to isometries, the lattices in Table 1 give unique
optimal solutions to the lattice sphere packing problem. In the 6-dimensional case,
this was first shown by Barnes [25]. In dimension 7 and 8 uniqueness has been
proved by Vetchinkin [261]. His paper also contains an extended treatment of
Blichfeldt’s work (cf. [266]). Optimality and uniqueness of the Leech lattice was
recently shown by Cohn and Kumar [63]. Their methods also provide a second,
completely different uniqueness and optimality proof for the lattice Eg. A third
proof can be given by application of Voronoi’s algorithm. This approach is explained
in Section 3.1.
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Probably one of the most challenging problems in the theory of (lattice) sphere
packings is how the density function behaves asymptotically. It is known to satisfy

1
~1 5 S logy s S ~0.5990. ...

The lower bound is due to Minkowski (and in a more general form it is known as
Minkowski- Hlawka bound, cf. the work of Ball [8] for the currently “qualitative best
known” result and the recent work of Torquato and Stillinger [253] for a conjectural
improvement). The upper bound is due to Kabatyansky and Levenshtein [147],
[170] (cf. the work of Rogers [205] and Cohn and Elkies [60], [59] for best upper
bounds for d < 42).

1.2.5. Sphere packings in general. The lower and upper bounds mentioned
above all apply to sphere packings in general, that is, to unions of spheres without
the restriction that the centers of spheres form a lattice. Starting with the work of
Thue [251] (cf. [108]) general sphere packings have been studied extensively. A lot
of attention, even outside the mathematical community, has been in particular on
the 3-dimensional sphere packing problem, also known as Kepler’s conjecture. After
some controversy (see [141], [158], [247], [107]; cf. [223] for another interpretation
of Kepler’s original quote), its proof by Hales recently has been published (cf. [129]
and [130]).

In order to define the general sphere packing problem, we need a notion of
density. We consider discrete sets A of R¢, that is, sets which have only finitely
many points in any bounded region. Let C' = {x € R? : |z;| < 1/2} be the d-
dimensional cube of unit edge length. Then we define the upper and lower (point)
density of a discrete set A as
(1.17)

) card(A N AC) .. card(ANAC)
densg,p A = h/{ri Solip O and densj,r A = ll)\ni géf —viC

If both limits coincide, we simply speak of the point density of A, denoted by
dens A. Note that these notions depend on C and that there exist discrete sets
with densgup A # densins A.

The packing radius of a discrete set A is simply defined by

1
A(A) == inf -yl
W)=, i ==yl

The set A+ A(A)B? is the sphere packing defined by A. In order to have a definition
of density available for all discrete sets A, the sphere packing density is defined by
by

§(A) = A(A)4vol B? densiy¢ A.
The density of the densest sphere packing is
(1.18) 65 =sup{d(A) : A C R? a discrete set }.

It turns out that there exist densest sphere packings, hence discrete sets A with
0% = 0(A) (cf. [137], [120]). For such A, upper and lower point density coincide
(cf. also the discussion in [156]).
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1.2.6. Periodic sphere packings. The point density

.. card(ANAC)
dems =M e

exists in particular for periodic (point) sets

m
A=Jti+L,

i=1

which are given by a lattice L C R? and m translation vectors ¢; € R?. In this case
we simply have dens A < m/ det L, with equality if the lattice translates ¢; + L are
pairwise disjoint.

By a conjecture of Zassenhaus (cf. [121]), 6} is attained by periodic sets. In
Chapter 3 we study periodic sphere packings in greater detail. We in particular
consider ¢ as a function in a new parameter space, for periodic sets with a fixed
number of lattice translates.

One of the biggest open problems in the theory of sphere packings is to find
dimensions d with J4 < ¢, hence dimensions, in which there exist sphere packings
which are denser than any lattice packing. There are many possible candidates
known, all them periodic packings. For example, among dimensions d < 24 the
densest known sphere packings for d = 10,11,13,18,20,22 are denser than any
known lattice packing (see [165], [259], [68], [40]).

1.3. The sphere covering problem

The sphere covering problem is, roughly speaking, concerned with the deter-
mination of most economical ways to cover R? with equally sized spheres. We may
think of it as the task to choose a discrete point set in R? with a given point den-
sity (average number of points in a region of volume 1), such that the maximum
distance to points of the surrounding space is as small as possible. The sphere
packing problem is sometimes described as the task to distribute a certain number
of evil dictators as far apart as possible (Tammes problem). In analogy to this, the
sphere covering problem may be described as the task to distribute a certain num-
ber of friendly governments (or supplies of some sort) such that even the furthest
“elements of the surrounding space” are as close as possible to one of them.

Although the problem is as natural as the sphere packing problem it has by
far not attracted as many attention. One reason for this are the difficulties arising
from the need to include the surrounding space into any consideration. (We learn:
For friendly governments the needs of “elements” count.) Another, at first sight
astonishing difference, is that large symmetry does not play the same role as it does
in the sphere packing problem. For example, the highly symmetric root lattice Eg
is not even a “local optimum” for the lattice covering problem (see Section 5.5).

Nevertheless, the sphere covering problem is fascinating. Answers — many of
them yet to be found — give beautiful and exceptional subdivisions of R?. Table 3
shows some recent progress to construct new currently best known sphere coverings.
So it seems, there is still much to discover and underlying principles are yet to be
found.

1.3.1. Density of thinnest sphere coverings. For a discrete set A and
i € Ry, we speak of a sphere covering A + uB% = {v + ux : v € L,x € B} if it
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FIGURE 6. Portion of the sphere covering given by the hexagonal lattice.

is equal to all of R?. The covering radius p(A) of A is defined by
w(A) =inf{u >0: A+ puB? =R},
The covering density of A is defined via the upper point density by
O(A) = u(A)?vol BY densgyy, A.

Note, in case of a lattice or a periodic set A, we can without problems replace the
upper point density by the point density densA.
The density of the thinnest lattice sphere covering in R? is denoted by

04 = inf{O(L) : L  R? lattice },
and the density of the thinnest sphere covering by
0; = inf{O(A) : A C R? a discrete set }.

As in the case of sphere packings, there exist thinnest lattice coverings and thinnest
coverings (cf. [137], [120]) attaining ©4 and ©. For such sets, in particular the
point density dens A is well defined.

As for the sphere packing problem, it has been conjectured by Zassenhaus (cf.
[121]), that O} is attained by periodic sets. As in the case of sphere packings, it is
a big open problem to determine a dimension d with ©4 > ©};. In other words, it
is open whether or not there exists a dimension d with non-lattice coverings thinner
than any lattice covering. In particular, if ©% = ©3 holds is open (the “covering
analog of the Kepler conjecture”).

1.3.2. Known results — a snapshot. The first who considered the sphere
covering problem was Kershner, who showed in [151] that the hexagonal lattice
(see Figure 6) gives the best (thinnest) sphere covering in the planar case, even
without the restriction to lattices.

Since then the lattice covering problem has been solved up to dimension 5 (see
Table 2). In all these cases the lattice A% (dual lattice of the root lattice A;) with

d
O(A) = ﬂ%) (d+1) - vol(BY),

gives the optimal lattice covering. Gameckii [112], [113], and Bleicher [42] were
the first to compute the covering density of A, for general d. They also showed that
A} is locally optimal (to be made precise in Section 5.1.1) with respect to lattice
covering density in every dimension.
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d | lattice Oq author(s)

2| A3 ]1.209199 Kershner [151]

31 A; | 1463505 Bambah [11]

4| A} |1.765529 | Delone and Ryshkov [78]
5| A 2.124286 | Ryshkov and Baranovskii

[210], [21], [22], [215], [216]

TABLE 2. Known optimal lattice coverings.

The lattice optimality of the body centered cubic lattice A5 was first proven
by Bambah [11]. Later, Barnes [24] substantially simplified Bambah’s proof and
strengthened the result by showing that in dimensions 2 and 3 the lattice A} is
the unique locally optimal lattice covering. A third proof was given by Few [110].
Nevertheless, it is still an open problem to determine O3%.

In [10] Bambah conjectured that the lattice A} gives the least dense four-
dimensional lattice covering. In [78] Delone and Ryshkov proved Bambah’s conjec-
ture. In [13], [14] Baranovskii gave an alternative proof of this fact. He determined
all locally optimal lattice coverings in dimension 4. Dickson [84] gave another al-
ternative proof of this fact.

In a series of papers [210], [21], [22], [215] Ryshkov and Baranovskii solved the
lattice covering problem in dimension 5. They prepared a 140-page long monograph
[216] based on their investigations.

In [208] Ryshkov raised the natural question of finding the lowest dimension d
for which there is a better lattice covering than the one given by A}. In the same
paper he showed that A’ is not the most efficient lattice covering for all even d > 114
and for all odd d > 201. Table 3 shows that by now it seems that A} is likely to
give no best lattice coverings for any dimension d > 6. Most of the results in the
table were obtained quite recently, a majority of them based on the theory to be
described in Chapter 4. We keep an updated list with additional information on
the involved lattices on the web page [227].

It may not surprise that the Leech lattice Asy yields the best known lattice
covering in dimension 24. Its covering density was computed by Conway, Parker
and Sloane (Chapter 23 of [69]). Knowing the comparatively low covering density
of the Leech lattice, Smith [239] was able to estimate the covering densities of
the dual laminated lattices A3 and Aj4. For a definition and more information on
laminated lattices and their duals we refer to [69]. The lattices A, with d > 2
and r > 1 divides d + 1, are the so-called Cozxeter lattices (see Section 5.3.6 for a
definition). They give local lattice packing optima, but seem not to give locally
optimal lattice coverings. Nevertheless, some of them currently give the thinnest
known lattice coverings. Information on the lattices L, some of them obtained by
modifying Coxeter lattices, can be found on the web page [227].

It is tempting to conjecture that the Leech lattice gives a thinnest lattice
covering in dimension 24. We show in Section 5.5 that the Leech lattice gives at
least a local optimum of the covering function among lattices. This may not be
surprising, but on the other hand the root lattice Eg does not have this property
(see Section 5.5). Even worse, Eg is “almost a local covering maximum”. Such
“pessima’ and “real” covering maxima are treated in Section 5.6.
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d | lattice | covering density © ~ | in [69]
6 f 2.4648 2.5511
7 L 2.9000 3.0596
8 | L 3.1422 3.6658
9 | LS 4.2685 4.3889
10| LS, 5.1544 5.2517
11 4 5.5182 6.2813
12| LS, 7.4655 7.5101
13| LS, 7.7621 8.9768
14| LS, 8.8252 10.727
15| L§s 11.0049 12.817
16 T6 15.3109 15.3109
17| AS, 12.3574 18.2878
18| Alg 21.8409 21.8409
19| Al 21.2292 26.0818
20 | AL, 20.3668 31.1434
21 | Al 27.7731 37.1845
22 | A3, < 27.8839 < 27.8839
23 | A3 < 15.3218 < 15.3218
24 | Aoy 7.903536 7.903536

TABLE 3. Least dense known (lattice) coverings up to dimension 24.

1.4. The sphere packing-covering problem

In the (simultaneous) packing-covering problem we ask for discrete sets A or
lattices minimizing the quotient ©(A)/0(A), respectively the packing-covering con-
stant

Y(A) = u(A)/A(A).
We denote by
Y4 = inf{y(L) : L C R* lattice }
and
v =inf{y(A) : A C R? a discrete set }
the smallest lattice packing-covering constant, respectively the smallest packing-
covering constant.

The (lattice) packing-covering problem has been studied in different contexts
and there are several different names and interpretations of the packing-covering
constants 4 and vj. Lagarias and Pleasants [160] refer to them as the “De-
lone packing-covering constants”. Ryshkov [211] studied the equivalent problem of
minimizing the density of (r, R)-systems. An (r, R)-system is a discrete point set
X C RY where (1) the distance between any two points of X is at least r and (2)
the distance from any point in R? to a point in X is at most R. Thus r = \(X)/2
and R = u(X).

Geometrically we may think of the lattice packing-covering problem as of max-
imizing the minimum distance between lattice points in a lattice covering with unit
spheres. Alternatively, we may think of it as minimizing the radius of a largest
sphere that could additionally be packed into a lattice packing of unit spheres (see
Figure 7). This minimal gap-radius is equal to 74 — 1. Therefore the problem
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FIGURE 7. A close sphere packing given by the hexagonal lattice.

d | lattice | Yd | authors

2] A3 2/+/3 ~ 1.154700 Ryshkov [211]
30 A3 5/3 ~ 1.290994 Boroezky [44]
4| Hoy 2v/3(v/3 — 1) &~ 1.362500 | Horvéth [139]
5| Hos | 1/3/2++/13/6 =~ 1.449456 | Horvath [140]

TABLE 4. Known optimal lattice packing-coverings.

raised by L. Fejes T6th [109] of finding “close packings” attaining this gap-radius
is another formulation of the packing-covering problem.

The last interpretation shows that v4 > 2 would imply that in any d-dimensional
lattice packing with spheres of unit radius there is still space for spheres of radius
1. Hence, 9 > 204, which implies of course in particular, that densest sphere
packings in dimension d are non-lattice packings. Thus the open problem of the
existence of d with 74 > 2 is a very challenging question, in particular in view of
the asymptotic bound 4 < 2+ o(1) due to Butler [50].

As for the lattice covering problem, the lattice packing-covering problem has
been solved up to dimension 5 (see Table 4). Ryshkov [211] solved the general
2-dimensional case. The 3-dimensional case was settled by Boroczky [44], even
without the restriction to lattices. The 4- and 5-dimensional lattice cases were
solved by Horvdth [139], [140]. Note that the lattices Hoy and Hos (see Section 5.3)
discovered by Horvath are neither best covering, nor best packing lattices. The
results were obtained by using Voronoi’s reduction theory, which is described in
Section 4.1. So far it is an open problem whether or not v < v4 for any d > 4.

Our computations, described in Section 5.3, verify all of the known lattice
results in dimensions < 5. As for the covering problem, none of the values 4 has
been determined in a dimension d > 6 so far. In Section 5.3 we report on new best
known packing-covering lattices for d = 6,7. We thereby show in particular that
Y6 < 1.412, revealing the phenomenon 4 < s, suspected by Lagarias and Pleasants
in [160], and observed by Zong [272], who showed that v(E}) = v/2 < 5.

We were not able yet to find any new best known lattices in dimensions d > 8.
Nevertheless, because of their symmetry and the known bounds on ~,4, Zong [272,
Conjecture 3.1] made the following conjectures: Eg and Leech lattice Aoy are
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d | lattice | packing covering constant y ~
6 Lgc 1.411081
7 L?c 1.494983
8 | Es 1.414213
24 | Aoy 1.414213

TABLE 5. Lattice packing-covering records.

optimal in their dimensions. In Section 5.5 we show that the Leech lattice gives at
least a locally optimal lattice packing-covering constant. Despite some effort, it is
an open question whether or not the root lattice Eg gives a locally optimal lattice
packing-covering constant as well. The corresponding values of the lattice packing-
covering constant are shown in Table 5. The exact value for the smallest known
lattice packing-covering constant in dimension 6 is 21/2v/798 — 56 (see Section 5.3).
In dimensions between 8 and 24 we still do not know enough to state any serious
conjectures. We believe that there is still a lot to discover.






CHAPTER 2

Minkowski Reduction

In this second introductory chapter, we describe Minkowski’s reduction theory,
which can be used to algorithmically solve the lattice sphere packing problem in a
fixed dimension. In Section 2.1 we first consider the task of reduction in general
and the binary treatment of Lagrange. Minkowski’s reduction, as well as Voronoi’s
reduction theories, which are the subjects of Chapters 3 and 4, are generalizations
of Lagrange’s results. In Section 2.2, based on work of Tammela, we obtain a non-
redundant description of Minkowski’s reduction domain up to dimension 7. Future
progress may be obtained by bounding the diagonal entries of reduced positive def-
inite quadratic forms (squared length of lattice basis vectors) in terms of successive
minima (squared length of a shortest lattice vectors spanning R?). Therefore, in
Section 2.3, we consider a classical inequality of van der Waerden and conjecture a
possible improvement. In Section 2.4 we end the second chapter with a brief descrip-
tion of an application of Minkowski’s reduction theory: Lagarias’ multidimensional
continued fraction expansion used for simultaneous Diophantine approximations.

2.1. Reduction in general

In general, the task of reduction is to define a fundamental domain (reduction
domain) D C 84, for the operation @ — U'QU of GL4(Z) on 8¢. Such a domain
D satisfies

(i) s¢= |J U'py,
UeGLq(Z)
(i) int(U'DU)NIt D=0 forall U € GLy(Z)\ {xid}.

A PQF @ € D is called reduced. The purpose of a reduction algorithm is to give
a procedure which obtains, for any given PQF, an arithmetical equivalent, reduced
one. Translated into lattice terminology, we say a lattice basis A of some lattice is
reduced if Q = A*A is in D.

Of course, there are many different possibilities to define D. Aside of the
polyhedral reduction theories of Minkowski and Voronoi discussed in this book,
many other reduction theories have been proposed in the Geometry of Positive
Definite Quadratic Forms. Prominent ones are attached to the names of Hermite
(cf. [214]), Venkov (cf. [212]) and Korkin-Zolotarev. Latter has in particular served
as a main tool to solve the lattice sphere packing problem (cf. in particular the works
of Blichfeldt [43] and Vetchinkin [261] and the recent computer assisted approach
by Pendavingh and van Zwam [196]). Note that the popular LLL reduction (cf.
[58]) is not a reduction in the strict sense used here.

All of the named reduction theories are generalizations of a reduction intro-
duced by Lagrange [162] for the binary case. Lagrange showed that

(2.1) D={Q€&%:0<2q2 <qu < qa}

17
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2q12

y
=

q22

7]
S

FiGUuRrE 1. Lagrange’s reduction domain and a reduced basis.

is a reduction domain in §%. Thinking of lattices in R?, a base A = (a1, a2) €
GL2(R) is reduced, if 0 < afas < %|la1||* and |la1|| < [|az|. The first condition
implies that the angle between a; and as is between 60 and 90 degrees. By the
second condition we see that ap is the shortest non-zero vector of the lattice.

In Figure 1, D is shown as a three dimensional polyhedral cone, together with
possible positions of a vector as in a reduced basis (a1, az2). Figure 1 on page 36
shows Klein’s Modulfigur, which is obtained by intersecting the polyhedral subdi-
vision given by the cones {U'DU : U € GL4(Z)}, with a plane of constant trace.

The reduction constraints can be used to estimate

3

det Q = qu1q22 — ¢ > i

for Q € D by the arithmetical minimum A(Q) = ¢11. Thus, as an application of
Lagrange’s reduction theory, we obtain a bound on Hermite’s constant

q11
Ho = sup ————— < 2//3.
Qesz, (det Q)1/2 /

Moreover, the bound is attained only by forms satisfying 2¢10 = ¢11 and ¢11 = ¢22,
2 1
1 2
the hexagonal lattice is the unique 2-dimensional lattice maximizing the lattice
sphere packing density.

More involved techniques, but in a similar spirit can be used to obtain bounds in

other dimensions as well. This applies in particular to Korkine-Zolotarev reduction
(cf. [196]).

hence only by positive multiples of Q) = ( . Consequently, up to similarities,

2.2. Minkowski reduction

2.2.1. Minkowski’s polyhedral reduction domain. A generalization of
Lagrange’s reduction was given by Minkowski.
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DEFINITION 2.1. A PQF Q = (¢i;) € 8%, is Minkowski reduced if
(i) @i < Q[v] for all v € Z¢\ {0} such that {ey,...,e;_1,v}
can be extended to a basis of Z?, fori=1...,d.
(11) qii+1 2 0 fori= 1,...,d71

Note, for a fixed vector v, (i) is equivalent to the linear condition
(Q,e;el —vv') <0

for Q@ € S?. Note also that {e;,...,e;_1,v} can be extended to a basis of Z%, if
and only if ged(v;,...,vq) = 1.

A basis A = (aq,...,aq) of a lattice is defined to be Minkowski reduced if
A A is Minkowski reduced. This is the case if and only if a, is a shortest vector
among all vectors a such that {ai,...,a;_1,a} can be extended to a basis of AZ<,
and, if in addition afa;y; > 0 for i = 1,...,d — 1. In particular, a; is a shortest
non-zero lattice vector. By successively choosing vectors as short as possible while
satisfying these conditions, we obtain a Minkowski reduced lattice basis. This
shows in particular that every lattice has a Minkowski reduced basis, respectively
that every PQF is arithmetically equivalent to a Minkowski reduced one.

The set of Minkowski reduced PQF's form a cone cone in Sio which is defined by
the linear inequalities (i) and (ii). Let M4 denote the convex cone in S? defined by
the linear inequalities (i) and M} the one which is defined by the linear inequalities
(i) and (ii). The following theorem due to Minkowski shows in particular that among
the infinitely many inequalities only finitely many are non-redundant, that is, My
and M} are polyhedral cones (cf. Appendix A).

THEOREM 2.2 (Minkowski [181]). For d > 2, My and M are polyhedral
cones in Sgo' Moreover, 82, N /\/l&|r is a fundamental domain with respect to the
action Q — U'QU of GL4(Z) on 84,.

The original proof of Theorem 2.2 by Minkowski in [181] has been reconsidered,
simplified and generalized by many authors (see for example [255], [234], [52],
[250]). It is not difficult to see that M, is obtained from M by an action of the
hyperoctahedral group:

Mag = U U'M;U.
Ue{diag(+1,...,£1)}
Because of its symmetry it is in many cases more convenient to work with My,
instead with /\/l;. For example, although the number of facets of M, is larger, we
were able to determine it in dimension 7 for My, but not for M (see Table 2).

2.2.2. Minkowski’s algorithm. By the following theorem due to Minkowski
[181] (cf. [174] for a proof), Theorem 2.2 has an immediate application to the lattice
sphere packing problem.

THEOREM 2.3. Let Q, Q" € S, with Q # Q'. Then for the set of o € R with
Qo = aQ + (1 — a)Q’ positive definite, (det Q)¢ is a strictly convex function.
By Theorem 2.3 the determination of d4, respectively Hy, is equivalent to the
determination of extreme rays of My or M. This is due to the fact that the

arithmetical minimum A(Q) of PQFs @ is equal to ¢11 in both cones. Hence, H, is
equal to the minimum of (det Q)~'/¢ on the polyhedra

(2.2) {QeMy:qy=1} and {Q € /\/l;r D qgq = 1},
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Ty, Exy, Fxy, Fxy, *xy, fxy, Lo,
1 0 0 0 0 0
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TABLE 1. Tammela’s list of linear inequalities defining M.

obtained by intersecting M, or ./\/l; with the hyperplane {Q € S%: ¢;; = 1}. By
Theorem 2.3, the minimum is attained by vertices of these polyhedra. The vertices
are among the uniquely determined forms @ with A(Q) = ¢11 = 1 on the extreme
rays of My or M}'. Note, that some of the rays do not contain positive definite
forms and therefore do not give vertices for the polyhedra in (2.2).

This approach to the lattice sphere packing problem is known as Minkowski’s
algorithm. In practice it appears to be more difficult than Voronoi’s algorithm,
which is based on enumerating perfect PQFs (see Section 3.1). This is due to the
fact that every perfect PQF is equivalent to a PQF lying on a ray of M;}' (cf. [209]).
Moreover, by a result of Cohn, Lomakina and Ryshkov [64] there exist some rays
in M;}' C 84, for d > 5, which contain non-perfect PQFs.

2.2.3. Non-redundant descriptions. Minkowski [179] gave a list of condi-
tions implying all others in (i) up to dimension 6. Tammela [249] enlarged this list
to dimension 7. Besides the d — 1 inequalities ¢11 < ... < gqq, the linear conditions
for Mg, d = 2,...,7, are attained by plugging the values x = (x1,...,24) € Z%
from Table 1 into (i), where the indices 41,...,i4 run through all permutations of
{1,...,d}. If d < 7 one has to omit the columns d + 1,...,7 and the rows with
more than d non-zero entries.

We checked these conditions for redundancy using the software lrs [278] of
Avis. Our computations show that in row !, for d = 6, precisely the entries with
x1 # 3 are redundant (already mentioned by Tammela in [248]). For d = 7
redundant entries are those with z; # 0,3 and 21 = 0,22 # 3. In row 2 the entries
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d | # Facets My | # Rays My | # Facets M; # Rays Mji'
2 3@ 3@ 3@ 3¢
3 129 19® 9@ 11t
4 39 323b 26° 109°
5 200 15971 117 4105
6 1675 1086
7 65684

TABLE 2. Known number of facets and rays of My and M;l".

with 27 # 3 or 23 # 3, and in row ® the entries with x; # 4 or x5 # 3 are redundant.
The remaining conditions are all non-redundant and define facets of M . In Table 2
we list the number of facets and rays as far as we were able to compute them with
cdd [275]. We hereby also confirm earlier results by Minkowski @ [179] and Barnes
and Cohn ° [26].

The computational bottlenecks of Minkowski’s approach are apparent. It is
not easy to find a sufficiently small system of linear inequalities defining M, (or of
./\/lji') and even if one has a minimal system of linear inequalities, then computing
its rays is a very difficult problem (see Appendix A).

2.3. Relations to successive minima

2.3.1. Successive minima. In order to get a list of non-redundant inequal-
ities for the description of My and M;‘, it is desirable to start with a small set
of & € Z%\ {0}, possibly defining facets via the conditions Q[z] > Qle;] (inequal-
ity (i) in Definition 2.1). A possible approach, taken by Van der Waerden, is to
bound the coefficients of such « in terms of the successive minima (cf. [255] for
details). Here we briefly want to explain how his approximations could possibly be
improved. This investigation lead us to a conjecture on the diagonal coefficients
(squared length of basis vectors) of a Minkowski reduced form, which we report on.

Fori=1,...,d, the i-th successive minimum is defined by

(2.3) \i(Q) = min{Q[z;] : 3 lin. ind. xy,...,x; € Z¢ with Q[z1] < ... < Q[z4]}.

Geometrically, we may interpret A; as the smallest number A, such that the ellipsoid
E(Q, ) defined in (1.6) contains ¢ linearly independent vectors. For a lattice L =
AZ? we set

Ai(L) = VAi(AtA) = {JJvg]| : 3 lin. ind. vq,...,v; € L with |loi|| < ... < v}

In particular, A (@) is the arithmetical minimum of @, respectively A;(L) is the
length of the shortest non-zero vector of L. Clearly,

M(Q) <. < Aa(@Q)

By the definition of Hermite’s constant, the right hand side in Minkowski’s con-
vex body theorem 1.3 for the special case of ellipsoids can (maximally) be sharpened
to

AM(Q)* < Hidet Q.
Minkowski observed that the successive minima easily allow further improvement
on the left hand side to

(2.4) M(Q) - Xa(Q) < HidetQ
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for Q € 8¢, (cf. [183]). Note that this is a sharpening of Minkowski’s second fun-
damental theorem for the special case of ellipsoids. The corresponding sharpening
for arbitrary convex bodies is an open problem, known as Davenport’s conjecture
(see [121)).

2.3.2. A theorem of van der Waerden. For the proof of Theorem 2.2,
Minkowski uses a similar looking inequality

(2.5) g1 qdd < og - det Q,

where aq4 is some constant depending on d. The exact values for ag4 in (2.5) are
known for d < 5 (see [256],[189]). According to Weyl (cf. [255], it is likely that
Minkowski unsuccessfully tried to prove (2.5) using (2.4). This missing bridge
from Minkowski’s Geometry of Numbers to his reduction theory of PQFs was later
established by Mahler [173] and Weyl [267] who gave inequalities

gii < AN(Q)

for Minkowski reduced @Q € Sio and for ¢ = 1,...,d. Using arguments of Remak
[203], van der Waerden gave the following, currently best known inequality of this

type.

THEOREM 2.4 (van der Waerden, [255]). For a Minkowski reduced PQF Q €
Sio andi=1,...,d holds

1—4
@i < AiA(Q)  with Ai:max{l,(g) }

The theorem shows that a d-dimensional lattice L has for d < 4 a (Minkowski
reduced) basis A = (ay,...,aq) with ||a;|| = X\(L) for ¢ = 1,...,d. This is not
the case for d > 5 as shown by the lattice L = Z¢ U ((%7,%)t +Zd). For its
Minkowski reduced basis

1
(26) A= (el,...7€d1,§(€1+...+€d1))
and Q = A'A, we obtain qgq < %)\d(Q). Hence, the inequality of the Theorem is
sharp for d = 5.

2.3.3. Improving van der Waerden’s theorem? For d > 5 the bound
given by Theorem 2.4 seems not best possible. In fact, we conjecture
i

Z)\i(Q)

for all ¢ > 4, which would be a tight estimate in case it is true (because of the
lattice generated by the Minkowski reduced basis (2.6)).

In principle the conjecture can be verified for a given dimension by checking it
for the finitely many rays of M, or M. Although we currently do not know all the
rays for dimensions 6 and 7, we made some extensive computational experiments.
These seem to indicate that our conjecture is true at least in these dimensions.
However, we think with some additional effort, it is possible to give computational
proofs for dimensions 6 and 7.

A proof or disproof of (2.7) becomes even more interesting by comparing
Minkowski reduced PQFs to Korkin-Zolotarev reduced ones.

(2.7) Gii <
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THEOREM 2.5 (Lagarias, Lenstra, Schnorr [159]). For a Korkin-Zolotarev re-

duced @ € Sio andi=1,...,d holds
i+3)\i(Q) <qiu < #N(Q)

As noted in [159], the upper bound is essentially due to Mahler [172]. It
is linear in ¢, in contrast to the exponential bound of Theorem 2.4 by van der
Waerden. We observe the following: Minkowski reduced lattice basis are chosen,
taking successively the shortest possible vectors. Korkin-Zolotarev reduced basis
are chosen, starting with a shortest non-zero lattice vector a;. Then, for ¢ =
2,...,d, successively basis vectors a; are chosen among lattice vectors a with a
shortest non-zero projection a|L;- ; (onto the orthogonal complement of the linear
subspace L;_; spanned by ai,...,a;_1) such that ||a; — (a;|Li;)|| is as small as
possible. Loosely spoken, latter condition guarantees that basis vectors are chosen
successively “as orthogonal as possible”.

Of course, the “greedy strategy” in the construction of Minkowski reduced bases
may lead “in the long run” to longer basis vectors than the construction of Korkin-
Zolotarev reduced bases does. But that makes a possible disproof for conjecture
(2.7) even more interesting.

2.4. Lagarias’ multidimensional continued fraction expansion

In this section we briefly sketch an application of Minkowski reduction to the
classical topic of Diophantine approximation through continued fractions. Before we
describe a multidimensional variant of Lagarias [157], which relies on Minkowski’s
polyhedral domain M, we take a look at the classical theory.

2.4.1. Ordinary continued fractions. Recall that the ordinary continued
fraction expansion of a real number « is

a = [ag;a1,az,...] =ag+
a + ———

! 1

a2—|—f

often with the additional requirement that a; € Z and a; > 1 for ¢ > 1. For details
and further reading on ordinary continued fractions we refer to [133, Chapter10]
and [153], or any other introduction to continued fractions.

The convergents

Pn
q_ = [aO;ala-”aanL
n

with relative prime p,, and g, > 0, are known to give best (Diophantine) approxi-
mations (of the second kind) in the sense that

(2.8) |Pn — qna| < |p —qaf

for all integers p and ¢ with 1 < g < ¢, and p/q # pn/qn; with possible trivial
exceptions for n = 0 and o = a¢ + % Moreover, all such best approximations are
convergents to o (see [153, Section 6]). These best approximations are also best
approximations of the first kind, meaning that they minimize |p/q — a| among all
integers p and ¢ with 1 < ¢ < ¢g,,.
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p-1 po\ _ (1 ao
d-1 9o 0 1

it can be easily checked that the recurrence relation

dn dn+1 dn—1 dn 1 Ap+41

holds for all n > 0. By it, all of the matrices (2.9) turn out to have the unimodularity
property, that is, they are in GLy(Z).

We can give a simple geometric interpretation, by considering the integral lat-
tice Z?, for which the columns of the matrices (2.9) define a basis. The quantity
|p — qa| gives the distance of the integral lattice point (p,q)? to the line I, through
the origin and («,1)!. Thus the best approximation property (2.8) shows that
(Pn,qn)t is closer to (a point of) I, than any integral point in the strip

(2.10) {<§>€ZQ:1§q§qn}.

Another common interpretation is to look at the family of lattices L, = A,Z?

with basis
1 —«
At<0 t) for ¢ > 0.

Relating to the geometric interpretation above: A; maps Z? to L; and the line [,
to the second coordinate axes. The squared length of the lattice vector A;(p, q)! is
given by the PQF Q; = At A;:

Q: Kgﬂ = (p— qo)* + (qt)*.

By the best approximation property (2.8), for small enough ¢ > 0 we find

@] < ()] e )

An idea going back to Hermite [136] is to use Min Q; for best approximations.
In fact, the approximations obtained this way form a (generally strict) subset of
best approximation of the second kind, (satisfying 2.8). As t varies, Min Q; possibly
changes at so-called Hermite critical values. On the intervals between these critical
values Min ); remains constant; the corresponding integral vectors are called Her-
mite approximations. Hermite showed that consecutive Hermite approximations
also have the unimodularity property (give columns of a GLy(Z) matrix).

Setting

2.4.2. Multidimensional continued fractions. Multidimensional contin-
ued fraction (MCF) expansions are higher dimensional analogies of the ordinary
continued fraction expansion preserving the unimodularity property. They assign
to some a € R? an initial matrix U(®) e GL4+1(Z) and a sequence of partial quotient
matrices A € GLygy1(Z), with i > 0, giving associated convergent matrices

U = g0 4Q) .. g

Each column (p1,...,pq4,q)t of U™ may be viewed as a simultaneous Diophan-
tine approzimation to o = (o, ..., aq)! by rationals py/q, ..., ps/q with the same
denominator q. A central problem is to find MCF algorithms that find good Dio-
phantine approximations for any given o € R?, where “good” can have several
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different meanings. We refer to [47] and [230] for further reading on different MCF
expansions and their properties.

Using two consecutive Hermite approximations as columns of matrices U (n) ¢
GLy(Z) gives the so-called Hermite continued fraction expansion. One obvious idea
to generalize to higher dimensions, is to look at the family of PQF's

1 0 0 —Q7
0
(2.11 Q: = e 0 e S fort >0
) 0 -+ 0 1 —ag =0
d
- —Qyq t2+2a12
i=1

and at corresponding Hermite approximations in Min Q. As t varies, t — 0, these
give a family of approximations which are a (generally strict) subset of Fuclidean
norm best simultaneous approximations

(..., 0l )t ezt

That is, they minimize Zle(pi —qa;)? over all integral vectors (p1,...,pg4,q)t with
1 < ¢ < ¢. However, in general the unimodularity property of consecutive Hermite
approximations is lost; so this does not give an MCF expansion.

An MCF expansion that includes all Hermite approximations at the price of
including (many) extra approximations is introduced by Lagarias in [157]. For it,
consider the open ray {Q; : t > 0} in Si*o'l. It meets (potentially infinitely many)
images of Minkowski’s polyhedral domain M 4,1 in the polyhedral subdivision

{U'M41U : U € GLgy1(Z)} .

For each t > 0 there exists a Uy € GLgy1(Z) with UfQ,U; € Mgy1. As Qy may
be contained in more than one linear image of the cone Mgy, these matrices Uy
may not be unique. There is always a finite choice though. It can be constant on
segments. By breaking ties in these situations and using the resulting matrices as
convergents U™, we obtain an MCF expansion with only finitely many possible
partial quotient matrices A™ = (U™~)=1((™). MCF expansions with this
property are called additive. In contrast to other MCF expansions the possible
partial quotients can have negative entries.

The Lagarias MCF' expansion (called Minkowski geodesic MCF' expansion by
himself) is obtained by resolving the mentioned ambiguities through lexicographi-
cal Minkowski reduced forms. A Minkowski reduced form is called lexicographical
Minkowski reduced, if its diagonal is lexicographically minimal among all arithmeti-
cally equivalent Minkowski reduced forms. The notion does not resolve all possible
ambiguities, as there exist forms with more than one lexicographical Minkowski
reduced form. Nevertheless, Lagarias shows that independent of this remaining
ambiguity, there exist uniquely defined Minkowski critical values for which the con-
vergents change. These critical values refine the sequence of Hermite critical values.
The first column of a convergent always contains a Hermite approximation and all
Hermite approximations are obtained in this way. In fact, all columns of the conver-
gents U™ give rational approximations (by dividing through the last coordinate)
that converge “quickly” to any given o € R? for growing n. For further details
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we refer to the excellent article [157] of Lagarias and the more detailed exposition
in [134]. As Lagarias’ approach works for other polyhedral reduction theories as
well, we think it would be interesting to study the use of Voronoi reduction (see
Section 3.1.8) for an MCF expansion.



CHAPTER 3

Voronoi 1

In this chapter, we explain Voronoi’s algorithm, which can be used to determine
all perfect forms, and among them all local maxima of the sphere packing density
function on Sio. We in particular report on some background of a computer imple-
mentation, which recently allowed us to finish the enumeration of perfect forms in
dimension 8. In Section 3.1, we give partially new, simplified proofs for Voronoi’s
theory based on Ryshkov polyhedra. These then allow a very natural generalization
of Voronoi’s theory to periodic (point) sets in the following sections. In Section 3.2
we consider a new parameter space for periodic sets, given as a union of m lattice
translates. In it we investigate in Section 3.3 the behavior of the sphere packing
density function and derive sufficient conditions for local optimality. We prove
that strongly eutactic and perfect lattices cannot be locally improved to a denser
periodic sphere packing (see Theorem 3.17 and Corollary 3.18). In Section 3.4
we extend the equivariant theory of G-perfect forms to periodic sets. In this way
we obtain generalizations of Voronoi’s classical algorithm, which can be used for
systematic computational searches for dense periodic sphere packings. We report
on several classification results for Eisenstein, Gaussian and Hurwitz quaternionic
perfect forms.

3.1. Voronoi’s lattice sphere packing legacy

3.1.1. Ryshkov polyhedra. In this section we describe an algorithm due
to Voronoi, which allows (theoretically) to compute the density d4 of the densest
lattice sphere packing for a given dimension d, by determining all local maxima of
§ on Sio. Since § is invariant with respect to scaling of PQFs, we may restrict our
attention to PQFs with a fixed arithmetical minimum A > 0. In order to obtain
04, we have to determine the infimum of the determinant det @ among these PQFs.
Or, equivalently, we consider the sets

(3.1) Pr={Q e 8% \Q) > A}
and determine Hermite’s constant
Hq = A/ inf(det Q)<
Px
Ryshkov [209] noticed that this view on the lattice sphere packing problem
allows a simplified treatment of Voronoi’s theory to be explained in this section.

We follow Gruber [121] and refer to Py as Ryshkov polyhedron. Note that Py =
(A XN)Py for A, N > 0 and that SZ, is a union of arithmetical-minimum-\-surfaces

bdPy ={Q € 8%, : \(Q) = \}
on which GL4(Z) acts by Q — U'QU.

27
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Because of
Qlz] = (Q, z="),
the quadratic forms Q € S? attaining a fixed value on a given & € R?\ {0} lie all in

a hyperplane (affine subspace of co-dimension 1). The Ryshkov polyhedra P, are
intersections of infinitely many halfspaces:

(3.2) Py =1{Q € 8%, : (Q,zx") > X for all x € Z\ {0}}.

In order to describe Voronoi’s algorithm geometrically, we need some basic
notions from the theory of polyhedra (see Appendix A). We say that an intersection
of infinitely many halfspaces, P = (2, H;", is a locally finite polyhedron, if the
intersection with an arbitrary polytope is a polytope. So, locally P “looks like
a polytope”. One key observation in the theory of lattice sphere packings is the
following theorem.

THEOREM 3.1. For A > 0 and d > 1, the Ryshkov polyhedron Py (see (3.2)) is
a locally finite polyhedron.

PrOOF. By applying Minkowski’s convex body Theorem 1.3, we show that
(3.3) Prn{Q € 8% : traceQ < C}

is a polytope (possibly the empty set) for every constant C. This proves the theo-
rem, since

trace Q = (Q,idy) < C

determines a halfspace containing a bounded section of 8¢,

The sets (3.3) are polytopes if the set of all € Z¢\ {0} with Q[z] = A (or
Q[x] < A) for some forms @ in (3.3) is finite. We show below that the absolute
value of coordinates

of & with this property is bounded.

Let Q be a PQF in (3.3). Then the ellipsoid E(Q,\) = {z € R¢: Q[z] < A}
does not contain any point of Z¢\ {0} in its interior. So in particular vol E(Q, \) <
2¢ by Minkowski’s convex body theorem. Since

A< Qle] < (traceQ) — > Qlej] < C — (d— 1),
JFi
we know that E(Q, \) contains the cross polytope
(3.4) C"-conv{te; : i=1,...,d}

(where conv M denotes the convex hull of a set M) with

“= (c—@—m)w'

For & with Q[x] < X consider the polytope defined as the convex hull of +x
and the cross polytope (3.4). It is contained in E(Q,A). On the other hand,
this polytope contains the convex hull P of +x and the (d — 1)-dimensional cross
polytope

C'-conv{te;:i=1,...,d,i # j},
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where j € {1,...,n} is chosen such that |z;| attains m. Thus setting C” to be the
(d — 1)-dimensional volume of latter (d — 1)-dimensional cross polytope we get

2
m- EOH = vol P < vol (conv{=£z, (3.4)}) < vol B(Q, \) < 2¢.
Hence we obtain the desired bound on m (depending only on A and d). ]

3.1.2. Forms with constant determinant. Minimizing the determinant on
Ryshkov polyhedra P, is simplified by Theorem 2.3 of Minkowski, showing that
(det Q)'/ is a strictly concave function on SZ,,. Note, that in contrast to (det Q)/4,
the function det @ is not a concave function on 8% (cf. [189]). However, the
Theorem implies that the set

(3.5) {Q €82y :detQ > D}

is strictly convex for D > 0. The set of all PQFs 8%, is a union of determinant-D-
surfaces

{Q €8%,:detQ = D}
on which GLg4(Z) acts by Q — UtQU.

3.1.3. Perfect forms. As a consequence of Theorem 2.3 and Theorem 3.1, g4
can only be attained at vertices of Ryshkov polyhedra. The vertices @) are called
perfect forms. They are characterized by the fact that they are uniquely determined
by their arithmetical minimum A = A(Q) and its representations Min Q.

EXAMPLE 3.2. Q = <f ;) is perfect, because A(Q) = 2 and

(s (1) =) +(3)

determine @ uniquely through the three linearly independent equations (@, zx') =
2, x € Min @, hence by q11 = 2, g22 = 2 and 11 + ¢22 — 2¢q12 = 2.

In general, @ is perfect if and only if
(3.6) {xx' : & € MinQ}

spans S%. Thus for perfect @ the kissing number | Min Q| is at least (d + 1)d, due

to the fact that £ in Min @ give the same rank-1 form xxt.

The set (3.6) of rank-1 forms generates the Voronoi domain (or Voronoi cone)
of @), denoted by

(3.7) V(Q) = cone{xzx" : x € Min Q}.

(cone M denotes the conic hull of a set M.) The Voronoi domain is full-dimensional
if and only if @ is perfect. The Voronoi domain is equal to the normal cone

(3.8) {N €8 (N,Q) < (N,Q') for all Q" € Py}

of /PA(Q) at Q.
Since the rank-1 forms in (3.6) cannot span S? if the vectors in Min @ do not
span R, we obtain the following well known fact, which we use at several places.

PropoOsSITION 3.3. If Q € Sio is perfect, then Min Q spans R?.
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In fact, if Min @ does not span R?, the set (3.6) can maximally span a (g)—
dimensional subspace of S¢.

The operation of GL4(Z) on 82, leaves A(Q), Min@Q and also P, invariant.
GL4(Z) acts on the sets of faces of a given dimension, thus in particular on the
sets of vertices, edges and facets of Py. A lattice AZ? is called perfect if A*A is
perfect. Thus bases of perfect lattices correspond to vertices of the locally finite
Ryshkov polyhedron Py with A = (2X\(L))?. The following theorem shows that
up to similarities (isometries and scalings), there exist only finitely many perfect
lattices in each dimension. That is, the Ryshkov polyhedron P, contains only
finitely many arithmetically inequivalent vertices. By Theorem 2.3 this implies in
particular that d, is actually attained, namely by some perfect lattices, respectively
perfect forms.

THEOREM 3.4 (Voronoi 1907). Up to arithmetical equivalence and scaling there
exist only finitely many perfect forms in a given dimension d > 1.

PROOF. In the proof of Theorem 3.1 we showed that the set (3.3) of PQFs @
with A(Q) > A > 0 and trace@ < C' is a polytope, hence has only finitely many
vertices. Therefore it suffices to show that every perfect PQF @ with A(Q) = A (a
vertex of the Ryshkov polyhedron P,) is arithmetically equivalent to a form with
trace smaller than some constant depending only on A and the dimension d.

By Hermite’s theorem (see Corollary 1.2) we find an equivalent PQF Q' with

d 4\ d@-1)/2
(39 ai<(;)  -aee
=1

The determinant det Q' = det @ can be bounded by A because of Hadamard’s
inequality, showing

(3.10) det Q < Q[ay] - -- Qlad]

for Q € Sio and linearly independent a,...,aq € Z?. Latter applies in particu-
lar to linearly independent vectors in Min @, respectively Min @ (which exist by
Proposition 3.3).

Because of ¢, > X\ we find

d 4\ dd=1)/2
- <Ilh=(3) ™
i=1

From this we obtain the desired upper bound for the trace of Q’:

d 2\ dd—1)/2
trace Q' = Zq}ck <d (3) A
k=1

O

3.1.4. Voronoi’s algorithm. The vertices (perfect PQFs) and edges of Py
form the (abstract) Voronoi graph in dimension d. Two vertices, respectively per-
fect PQFs @ and @' are connected by an edge if the line segment conv{Q@, @'} is
an edge of P,. In this case we say that Q and Q' are contiguous perfect forms (or
Voronoi neighbors). By Theorem 3.4, for given d, there are only finitely many ver-
tices (and edges) of the Voronoi graph up to arithmetical equivalence. Therefore,
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one can enumerate perfect PQFs (up to arithmetical equivalence and scaling) by a
graph traversal algorithm, which is known as Voronoi’s algorithm (see Algorithm 1).

Input: Dimension d.
Output: A complete list of inequivalent perfect forms in Sgo.

Start with a perfect form Q.
1. Compute Min @ and the describing inequalities of the polyhedral

cone
(3.11) P(Q)=1{Q €8 : Q'[x] >0 for all x € MinQ}
Enumerate extreme rays Ry, ..., Ry of the cone P(Q)
Determine contiguous perfect forms @Q; = Q + aR;, fori=1,....k

Test if Q); is arithmetically equivalent to a known form
Repeat steps 1.-4. for new perfect forms

Ot = 0910

ALGORITHM 1. Voronoi’s algorithm.

As an initial perfect form we may for example choose Voronoi’s first per-
fect form, which is associated to the root lattice Aq. For example take Qp, =
(¢ij)1<ij<d With ¢;; = 2, ¢ii—1 = ¢i—1,; = —1 and ¢;; = 0 otherwise (see [69,
Section 6.1] or [174, Section 4.2]).

3.1.5. Implementing Voronoi’s algorithm. One key ingredient, not only
for step 1., is the computation of representations of the arithmetical minimum. For
it we may use the Algorithm of Fincke and Pohst (cf. [58]): Given a PQF @, it
allows to compute all z € Z¢ with Q[x] < C for some constant C' > 0. Note
that there exist non-zero vectors x € Z¢ with Qlz] < min—y . 4¢; =: C, hence
A(@) < C. Roughly speaking, the idea is to use the Lagrange expansion (1.7) of
Q. By it, we may restrict the search to & with

d C

Ty — Z Q5T S X

i=1 ¢
for i =d,...,1. Here, the bound on the coordinate x; depends on fixed values of
Zit1,---,2q, for which we have only finitely many possible choices. Implementa-

tions are provided in computer algebra systems like MAGMA [279] or GAP [276] (see
also shvec by Vallentin [287]).

For step 2., observe that the homogeneous cone (3.11) is a translate of the
support cone

(@ €8 : Q'x] > Q[x] for all x € MinQ}

of Q at Py. Having its H-description (by linear inequalities) we can transform it to
its V-description and obtain its extreme rays (see Appendix A). The extreme rays
R provided by @ through (3.11) are easily seen to be indefinite quadratic forms
(see [174]).

In step 3., the contiguous perfect forms (Voronoi neighbors) of @ are of the
form @+ pR, where p is the smallest positive number such that A(Q + pR) = A and
Min(Q+ pR) € Min Q. It is possible to determine p, for example with Algorithm 2:
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Input: A perfect form @ € S, and an extreme ray R of (3.11)
Output: p > 0 with \(Q + pR) = A(Q) and Min(Q + pR) € Min Q.
(I,u) « (0,1)
while Q + uR € 8¢ or A(Q + uR) = \(Q) do
if Q+uR ¢ 8%, then u«— (I +u)/2
else (I, u) «— (u,2u)
end if
end while
while Min(Q + [R) C MinQ do
v B
if M(Q++R) > A(Q) then [ — ~
else u « min {(A(Q) — Q[v])/R[v] : v € Min(Q + vR), R[v] < 0} U {~}
end if
end while

p—1

ALGORITHM 2. Determination of Voronoi neighbors.

In phase I (first while loop), the procedure determines lower and upper bounds
[ and u for the desired value p, such that @+ IR, Q+uR € 8¢, with A\(Q+1R) = A
and A(Q + uR) < A. In phase II, the value of p is determined. Note that replacing
the assignment of u by the simpler assignment u < 7 corresponds to a binary
search coming at least arbitrarily close to p. However, it may never reach the exact
value.

For step 4. observe, that based on an algorithm to compute short vectors (for
example the one by Fincke-Pohst described above), it is possible to test algorith-
mically if two PQFs @ and Q' are arithmetically equivalent. That is, because the
existence of U € GLy4(Z) with Q' = U'QU implies

g = Q'les] = Qluy].
Hence for the i-th column u; of U we have only finitely many choices. This idea,
but more sophisticated, is implemented in isom by Plesken and Souvignier [198],
which is also part of MAGMA [279] and Carat [274]. Note that isometry tests for

perfect forms can be simplified, because it suffices to find a U € GL4(Z) with
U Min Q' = Min Q.

ExaMPLE 3.5. Following the steps above one can show that the 2-dimensional

perfect form @Q = <? ;

63 (B3) = (3)

which are all arithmetically equivalent to (). Hence, up to scaling and arithmetical
equivalence, there exists only one perfect form in Sio.

> has Voronoi neighbors

Using the described software tools it is possible to verify the results of Table 1
below on any standard PC up to dimension 6. Note however, that this computation
was already done without a computer by Barnes [25]. In dimension 7 and beyond
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d | # perf. lat. | # ext. lat. author(s)

2 1 1 Lagrange, 1773, [162]

3 1 1 GauB, 1840, [114]

4 2 2 Korkin & Zolotarev, 1877, [155]

5 3 3 Korkin & Zolotarev, 1877, [155]

6 7 6 Barnes, 1957, [25]

7 33 30 Jaquet-Chiffelle, 1993, [143]

8 10916 2408 Dutour Sikirié¢, Schiirmann & Vallentin / Riener,
9| > 500000 2005, [227],[91],(204]

TABLE 1. Known numbers of perfect and extreme forms.

the explained procedure has a seemingly insuperable “bottleneck”: The enumera-
tion of extreme rays for support cones with many facets, respectively for perfect
forms with large sets Min Q.

There have been several attempts of using computers to (try to) enumerate
perfect forms. Larmouth [163] was the first who implemented it and was able to
verify the result of Barnes [25] up to dimension 6. Also, Stacey [242] and Conway
and Sloane [65] used computer assistance for their attempts to classify the perfect
forms in dimension 7. Exploiting symmetries, Jaquet-Chiffelle [143] was able to
enumerate all perfect forms in dimension 7. Recently, we were able to finish the
classification in dimension 8 (see [227] and [91]).

3.1.6. An excursion into symmetries. The recent enumeration successes
were previously not possible, because the computation of extreme rays was in par-
ticular difficult for the support cones associated to the highly symmetric forms
associated to the root lattices E; and Eg. Martinet stated that “it seems plainly
impossible to classify 8-dimensional perfect lattices” (see [174, p.218]). However,
it is possible to overcome these difficulties to some extend by exploiting symmetries
in the computation of extreme rays (see Appendix A).

In general the automorphism group (or symmetry group) of a PQF @, or more
general of a quadratic form Q € S¢, is defined by

AutQ = {U € GLy4(Z) : U'QU = Q}.

As in the case of arithmetical equivalence, we can determine Aut (), based on the
knowledge of all vectors w € Z¢ with Q[u] = ¢;; for some i € {1,...,d}. Again,
MAGMA [279], based on an implementation of Plesken and Souvignier (also available
in Carat [274]), provides a function for this task.

If L = AZ% is a lattice and A*A = @Q, then every U € Aut @ corresponds to
an orthogonal transformation O € O4(R) with AU = OA. Thus these U define an
isometry of the lattice L.

EXAMPLE 3.6. For Q) = (? ;) we have

a3 2.0 )

with | Aut Q| = 12. The elements of Aut @ correspond to the 12 linear isometries
of the hexagonal lattice.
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For € 8%, the support cone P(Q) at @ of the Ryshkov polyhedron P, (see
(3.11)) and its dual, the Voronoi domain V(Q), inherit every symmetry of . That
is, for all U € Aut Q) we have

UP@QU=P@Q and UVQU=VQ.

ExXaMPLE 3.7. In case of the hexagonal lattice with associated PQF @ =

2 1 .
(1 2) we obtain

v =ene{(3 )6 0)-(1 )

which is a three dimensional simplicial cone with symmetry group Aut Q/{xids}
of size 6.

The automorphism group of a PQF @ is always finite. On the other hand, for
every finite subgroup G of GL4(Z), there exists a PQF @ with G C Aut Q. For
example, given an arbitrary Q' € 8¢, the PQF

o= vy
UeG
is invariant with respect to G, hence satisfies G C Aut Q.
Note, for a finite group G C GL4(Z), the space of invariant quadratic forms

(3.12) Te={QeS":U'QU =Q for all U € G}

is a linear subspace of S%; Tg N Sio is called Bravais manifold of G.

0 1> } has an associated

ExaMPLE 3.8. In dimension 2, the group {:t id, + (1 0

Bravais manifold with closure cone { ( ill :|:11> } .

3.1.7. Eutaxy and extremality. Not every perfect form gives a local maxi-
mum for the Hermite constant. PQFs giving local maxima for § are called extreme
(cf. [72]), and lattices whose bases yield extreme forms are referred to as extreme
lattices. Note that there is a distinction between extreme and eztremal lattices and
forms, which are only a subclass of the extreme ones (see [199] and [218] for de-
tails). We already saw that extremality (being extreme) implies perfectness, which
was first observed by Korkin and Zolotarev in [155]. The opposite is not true from
dimension 6 onwards (see Table 1).

In order to characterize extreme forms we use the notion of eutary: A PQF @
is called eutactic, if its inverse is contained in the (relative) interior of its Voronoi
domain V(Q):

Q7! € relint V(Q).

Algebraically, this is equivalent to the existence of positive a, with

(3.13) Q= > gz’

Computationally, eutaxy of () can be tested by solving the linear program
(3.14) max Qpin 8.6, Qg > Qmin and (3.13) holds

The form @ is eutactic, if and only if the maximum is greater than O.
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The following theorem of Voronoi shows that perfectness, together with eutaxy
implies extremality and vice versa (cf. [154]).

THEOREM 3.9 (Voronoi, [262]). A PQF Q € 8%, is extreme if and only if Q
is perfect and eutactic.

PrROOF. We give a geometric argument: The function det ) is a positive real
valued polynomial on 8%, depending on the (*1') coefficients g;; of Q. Using the
expansion theorem we obtain

d
det @ = Z qﬁ%’j
i=1
for any fixed column index j € {1,...,d}. Here, q?; = (=1)"7 det Q;; (with Q;;
the minor matrix of @), obtained by removing row ¢ and column j) denote the
coefficients of the adjoint form Q% = (det Q)Q ™! € Sio of Q. Thus the gradient of
det () satisfies

(3.15) graddet Q = (det Q)Q~".
The tangent hyperplane T" in @ of the smooth determinant-det Q-surface
S={Q €8% :detQ =detQ}
is given by
T={Q e8":(Q7,Q)=(Q"Q)}
Or in other words, Q! is a normal vector of the tangent plane T of S at Q.
By Theorem 2.3 we know that S is contained in the halfspace

(3.16) {Q es’ (@ -Q) >0},

with @ being the unique intersection point of S and T.

As a consequence, a perfect form @ attains a local minimum of det @ (hence is
extreme) if and only if the halfspace (3.16) contains Py, and its boundary meets
Prq) only in Q. This is easily seen to be equivalent to the condition that the
normal cone (Voronoi domain) V(Q) of Py () at Q contains Q! in its interior. [

For further reading on generalized versions of this classical theorem we refer
to [33], [122] and [195]. Note that eutaxy alone does not suffice for extremality.
However, there exist only finitely many eutactic forms in every dimension and they
can (in principle) be enumerated (see [174, Section 9.3]). Nevertheless, this seems
computationally more difficult than the enumeration of perfect forms (see [244],
36], [31], [99]).

3.1.8. Voronoi’s first reduction. One possibility to obtain a reduction do-
main, introduced by Voronoi [262], is based on perfect forms and Theorem 3.4. We
briefly explain the basic idea.

For Q € 8%, let V(Q) be the Voronoi domain of @ (see (3.7)). We have
V(Q) = V(AQ) for A > 0 and dimV(Q) = dimS? = (*}') if and only if Q is
perfect.

The set of all Voronoi domains forms a poset with respect to inclusion and gives
a polyhedral subdivision of the rational closure

(3.17) 3;0 = cone{zx' : x € 29}
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FIGURE 1. Subdivision of &2, by Voronoi domains (left) and
“Klein’s Modulfigur”. Numbers (a, b) indicate that the shown semi-
definite form is a positive multiple of (az + by)?.

of 8¢, (see Proposition 4.1 for another characterization of S%;). Here, we under-
stand a polyhedral subdivision to be a decomposition into polyhedra, in which the
relative interiors of faces (including the interiors of the polyhedra themselves) do
either coincide or do not intersect. This property is referred to as face-to-face. By
a theorem of Gruber and Ryshkov [125], the face-to-face property holds whenever
it holds for the facets.

Since only the Voronoi domains of perfect forms are full-dimensional,

S= |J v

Q perfect

and by 8¢, C S@O C 8¢, we obtain a covering of S, by perfect (Voronoi) domains
(Voronoi domains of perfect forms). See Figure 1 for a visualization of the 2-
dimensional case.

By Q — U'QU, the group GL4(Z) acts on Sgo and on the set of Voronoi do-
mains. By Theorem 3.4 there exist only finitely many perfect domains up to arith-
metical equivalence, respectively only finitely many orbits U*VU. If {Vy,..., Vi}
is a complete system of pairwise inequivalent representatives, then a fundamental
domain D can be constructed as follows: For each V; one constructs a fundamen-
tal domain D; for the action of the finite (automorphism) group {U € GL4(Z) :
UV,U = V;} onV;. Then D = Ule D; is a fundamental domain of Sgo with
respect to the action of GL4(Z).

ExAMPLE 3.10. For d = 2, there exists only one perfect domain up to GL4(Z)
equivalence. The domain D by Lagrange in (2.1) is a reduction domain of the
Voronoi domain

el (s -6 9.0 D)« o 2)

Fundamental domains and hence a possible way of reduction based on perfect
forms were explicitly given by Voronoi for d = 2,3 (cf. [262]).

Finally, let us remark that perfect forms and Voronoi’s (first) reduction theory
have several applications to other fields. They are used for compactifications of
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certain moduli spaces (cf. for example [5], [232]), for certain cohomology, homology
and K -theory computations (cf. for example [175], [241], [99], [243, Appendix]).
Moreover, Voronoi’s algorithm has been generalized in many different contexts (cf.
for example [37], [193], [221]).

3.2. Extension to periodic sets

3.2.1. Parameter spaces for periodic sets. We want to study the more
general situation of periodic sphere packings in greater detail. Recall that a periodic
set

(3.18) N=Jti+L
=1

in R? is given by a lattice L C RY, together with m translation vectors t; € R4,
i=1,...,m.

We want to work with a parameter space similar to Sgo for lattices. For this,
we consider A’ as a linear image A’ = AA; of a standard periodic set

(3.19) A= Jti +2%
=1

Here, A € GL4(R) satisfies in particular L = AZ?. Since we are only interested
in properties of periodic sets up to isometries, we encode A’ by Q = A'A € Sio,
together with the m translation vectors 1, ..., t,,. Since every property of periodic
sets we deal with here is invariant up to translations, we may assume without loss
of generality that ¢,, = 0. Thus we consider the parameter space

(3.20) SLy =84y x Rx(m=D)

for m-periodic sets (up to isometries). We hereby in particular generalize the space
Si’(} = 8%, in a natural way. We call the elements of Siﬁn periodic forms and
denote them usually by X = (Q,t), where Q € Sgo and

t=(t,... ty,_1) e RX(m=D

is a real valued matrix containing m — 1 columns with vectors t; € R%. One should
keep in mind, that although we omit ¢,, = 0, we implicitly keep it as a translation
vector. Note that a periodic set A’ as in (3.18) has many representations by periodic
forms. In particular, m may vary and we have different choices for A.
d,m . . .
The parameter space SJ)y is contained in the space

(321) Sdm — gd « Rdx(mfl).
Latter can be turned into a Euclidean space with inner product (-, ), defined for
X =(Q,1) and X' = (Q',¢) by

m—1

(X, X') =(Q,Q") + Y tit].

=1

Note, for the sake of simplicity we use the same symbol for the inner products on
all spaces S%™.
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3.2.2. The sphere packing problem for periodic sets. We extend the
definition of the arithmetical minimum A, by defining the generalized arithmetical
minimum

MX) =min{Q[t; —t; —v]: 1 <i,j <m and v € Z%, with v # 0 if i = j}

for the periodic form X = (Q,t) € Si’gl. Note that we have A(X) = 0 in the
case of intersecting lattice translates (¢; + Z%) N (t; + Z%) # 0 with i # j. The set
of representations of the generalized arithmetical minimum Min X is the set of all
w = t; —t; —v attaining A(X). Computationally, Min X and A(X) can be obtained
by solving a sequence of closest vector problems (CVPs), one for each pair i, j with
i # j. In addition one shortest vector problem (SVP) has to be solved, taking care
of the cases where ¢ = j. Implementations of algorithms solving CVPs and SVPs
are provided for example in MAGMA [279], GAP [276] or shvec [287].

The point density of the periodic set A represented by a periodic form X € Si’g”
is given by

dens A = m/(detX)%,

where we set det X = det @ for X = (Q,t). The (lattice sphere packing) density
functions 4 is extended to 4 : Si’gn — R with

dax 3
5(X):<%) mvol B4 /24,

We denote the density of the densest m-periodic sphere packing by

dam = sup d(X).
Xesty

Note that § is a continuous function on Si’an .

We want to take a closer look at local extrema of d4,,,. In analogy to the defi-
nition of the Ryshkov polyhedron Py in (3.1), we define for A > 0 the (generalized)
Ryshkov sets

(3.22) P = {X € S5 M(X) 2 A}
The condition A(X) > A gives infinitely many linear inequalities
po(X) = Qv] = (X, (vv",0)) = A

for v € Z\ {0}, as in the case m = 1. For m > 1 we additionally have the infinitely
many polynomial inequalities

(3.23) Pijo(X) =Qt; —t; —v] > A,

where i,j € {1,...,m} with i # j and v € Z%. These polynomials are of degree 3
in the parameters qg;, tx; of X. Note that they are linear for a fixed t. Observe also
that p; m,» and pn, ;. are special due to our assumption ¢,, = 0 and that there is
a symmetry p; j . = Pj,i,—» by Which we may restrict our attention to polynomials
with ¢ < j. In case of equality ¢ = j we have the linear function p; ; o = Dy.

The density of the densest m-periodic sphere packing dq4,, is attained by a
periodic form X attaining the “Hermite like constant”

sup A(X)/(det X)Y4 =X/ inf (det X)'/4,
xesdm XEPm
>0
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where we may choose an arbitrary A > 0 on the right hand side. Thus in order to
determine d,,,, we may minimize (det X)'/¢ on P, ».

In analogy to the lattice case, we call a periodic form X € Si’én m-extreme, if
. . . d,m
it attains a local maximum of § on 83"

3.3. Local analysis of periodic sphere packings

3.3.1. Characterizing local optima. Before we generalize perfectness and
eutaxy to a notion of m-perfectness and m-eutazry (in order to obtain a sufficient
condition for a periodic form to be m-extreme from it) we discuss a rather general
setting: Assume we want to optimize a smooth function on a basic closed semi-
algebraic set, that is, on a region which is described by finitely many (non-strict)
polynomial inequalities. Let F denote a Euclidean space with inner product (-, -).
Further, let f : E — R be smooth (infinitely differentiable) and ¢1, ..., gr be (real
valued) polynomials on E. Assume, we want to determine whether or not we have
a local minimum of f at Xy on

(3.24) G={XeFE:¢g;(X)>0fori=1,...,k}.

For simplicity, we further assume (grad f)(Xp) # 0 and ¢;(Xo) = 0, as well as
(grad g;)(Xo) # 0, fori = 1,..., k. Then, in a sufficiently small neighborhood of Xy,
the polynomials f and g; can be approximated arbitrarily close by corresponding
affine functions. For example f is approximated by the beginning of its Taylor
series

f(Xo) + {(grad f)(Xo), X — Xo).
From this one easily derives the following well known criterion (cf. for example
[146]) for an isolated local minimum of f at Xy, depending on the normal cone

V(Xyp) = cone{(grad g;)(Xo) : i =1,...,k}.

The function f attains an isolated local minimum on G, if

(3.25) (grad f)(Xo) € int V(Xo),
and f does not attain a local minimum, if
(3.26) (grad f)(Xo) € V(Xo).

The behavior in case of (grad f)(Xo) € bdconeV(Xy) depends on the involved
functions f and g; and has to be treated, depending on the specific problem.

In case of the lattice sphere packing problem, we have £ = S¢, f = det'/? and
for Qo € 8¢, we set g:(Q) = Q[vi] — AM(Qo) with (grad g;)(Q) = v;v! for each pair
+v; in Min Q. By Theorem 3.9 we have a local minimum of f(Q) = (det Q)'/¢
at Qo on G (as in (3.24)) if and only if Qg is perfect and eutactic, respectively if
V(Qo) is full-dimensional and (grad f)(Qo) € int V(Qo). Here, (grad f)(Qo) is a
positive multiple of Qg L. Thus in this special case we do not have a local minimum
of f in case (grad f)(Qo) € bd cone V(Qyp).

Let us consider the case of periodic sets, hence of E = 8™ with m > 1.
We want to know if a periodic form X, € Si’gn attains a local minimum of f =
det'/?. We may assume A(Xo) > 0. The set Min X is finite and moreover, for
X = (Q,t) in a small neighborhood of Xo = (Qo,t°), every t; —t; — v € Min X
corresponds to a t) — t? —v € Min Xg. Thus locally at X, the generalized Ryshkov
set Pp, x is given by the basic closed semialgebraic set G defined by the inequalities
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Pijo(X) — A(Xo) > 0, one for each pair +(t) — t? —v) in Min Xy. As explained in
Section 3.2.2, we may assume 1 <7 < j < m and t? =0 if j = m. An elementary
calculation yields

(3.27) (grad p; jo)(X) = (ww',0,...,0,2Qw,0,...,0,—2Qw,0,...,0),

where we set X = (Q, t) and use w to abbreviate t; —t; —v. This is to be understood
as a vector in S¥™ = §¢ x R>*(m=1)  with its “S?component” being the rank-1
form ww? and its “translational-component” containing the zero-vector 0 in all,
but the ith and jth column. In case j = m, the jth column is omitted and in case
i = j the corresponding column is 0. For (grad f)(X) we obtain a positive multiple

of (Q71,0).

3.3.2. A sufficient condition for local m-periodic sphere packing op-
tima. Generalizing the notion of perfectness, we say a periodic form X = (Q,t) €
Si’an (and a corresponding periodic set represented by X) is m-perfect if the gen-
eralized Voronoi domain

(3.28)  V(X) = cone{(gradp; j »)(X) : t; —t; — v € Min X for some v € Z}

is full dimensional, that is, if dim V(X) = dim S4™ = (*}!)+(m—1)d. Generalizing
the notion of eutaxy, we say that X (and a corresponding periodic set) is m-eutactic
if

(Q™',0) € relint V(X).
So the general discussion in Section 3.3.1 yields the following sufficient condition
for a periodic form X to be isolated m-extreme, that is, for X having the property
that any sufficiently small change which preserves A\(X), necessarily lowers §(X).

THEOREM 3.11. If a periodic form X € Si’gn is m-perfect and m-eutactic, then
X is isolated m-extreme.

The theorem gives a computational tool to certify isolated m-extremeness of a
given periodic form X = (Q,t) € Si’(’)n: First, we compute Min X and use equation
(3.27) to obtain generators of the generalized Voronoi domain V(X). Next, we can
computationally test whether (Q~!,0) is in V(X) or not (for example by solving
a linear program similar to (3.14)). In case we can show (Q~!,0) € int V(X), the
periodic form X represents an isolated m-extreme periodic set. If we can show
(Q71,0) ¢ V(X), the periodic form X does not represent an m-extreme periodic
set. In this situation, we can even find a “direction” N € S%™, for which we
can improve the sphere packing density of the periodic form X, that is, such that
(X + eN) > 6(X) for all sufficiently small € > 0.

REMARK 3.12. Let X € Si’an with (Q71,0) ¢ V(X). Then we can improve the
sphere packing density of X in direction N given by the nearest point to —(Q ™, 0)
in the polyhedral cone

(3.29) P(X)={NecS8» . (V,N)>0forallV € V(X)}.

Note that the cone P(X) is dual to the generalized Voronoi domain V(X)
and (added to X) gives locally a linear approximation of the generalized Ryshkov
set Pmx. It generalizes the polyhedral cone (3.11) we used to describe Voronoi’s
algorithm.
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3.3.3. Fluid diamond packings. For general m we are confronted with a
difficulty which does not show up in the lattice case m = 1: There may be non-
isolated m-extreme sets, which are not m-perfect. The fluid diamond packings in
dimension 9, described by Conway and Sloane in [67], give such an example.

ExaMPLE 3.13. The root lattice Dy can be defined by

d
Dd:{meZd:ZaziEO mod 2}.

i=1
The fluid diamond packings are 2-periodic sets
Dg(t) = Do U (Dg + t)

with t € R? such that the minimal distance among elements is equal to the minimum
distance v/2 of Dy itself. We may choose for example t, = (3,..., 3, a)" with any
a € R. For integers « we obtain the densest known packing lattice Ag = Dg(t,) in
dimension 9, showing that it is part of a family of uncountably many, equally dense
2-periodic sets.

The sets Dg(t,) give examples of non-isolated 2-extreme sets, which are 2-
eutactic, but not 2-perfect. In order to see this, let us consider a representation
X, € 82’02 for Dg(t,). We choose a basis A of Dg. Then X, = (Q, A™'t,) with
Q = A'A is a representation of Dg(t,).

For non-integral o we find Min X, = Min @ (using MAGMA for example). It
follows (for example by Lemma 3.16) that X, is 2-eutactic, but not 2-perfect. For
integral o we find

8
Min X, = Min QU {(z1,...,25,0)" € {0,1}° : > 2; =0 mod 2}.
1=1

Thus the vectors in Min X, \ Min @ span only an 8-dimensional space. Therefore,
X, not 2-perfect. Nevertheless, a corresponding calculation shows that X, is 2-
eutactic as in the case of non-integral a.

In order to see that X, is non-isolated 2-extreme, we can apply Proposition 3.14
below. One easily checks that in case of integral « (hence for the lattice Ag) we
have only one degree of freedom for a local change of t, giving an equally dense
sphere packing. In case of non-integral a we have nine degrees of freedom for such
a modification.

|

In the terminology of Section 3.3.2, non-isolated m-extreme sets as in this
example can only occur for periodic forms X € Si’(;” if (Q71,0) € bdV(X) (which
is for example always the case when X is m-eutactic, but not m-perfect). In this
case, it is in general not clear what an infinitesimal change of X in a direction N
leads to (already assuming it is orthogonal to (Q~!,0) as well as in the boundary
of the set P(X) in (3.29)). If F(X) denotes the unique face of V(X) containing
(Q1,0) in its relative interior, then this “set of uncertainty” is equal to the face
of P(X) dual to F(X), that is, equal to

(3.30) UX)={NeP(X):(V,N)=0for allV € F(X)}.
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Or in other words, the set U(X) is the intersection of P(X) with the hyperplane
orthogonal to (Q~1,0). Note that it is possible to determine F(X) (and hence a de-
scription of U(X) by linear inequalities) computationally, using linear programming
techniques.

3.3.4. Purely translational changes. Below we give an additional sufficient
condition for m-extremeness. For this we consider the case when all directions in
U(X) are “purely translational changes” N = (0,t") € S®™. A vivid interpreta-
tion of a purely translational change can be given by thinking of the corresponding
modification of a periodic sphere packing. The spheres of a lattice translate are
jointly moved. If in such a local change all contacts among spheres are lost, we can
increase their radius and obtain a new sphere packing with larger density. If some
contacts among spheres are preserved however, the sphere packing density remains
the same. Latter case is captured in the following proposition, which gives an easily
testable criterion for m-extremeness. We apply this proposition in Section 3.3.5,
where we consider potential local improvements of best known packing lattices to
periodic non-lattice sets.

PROPOSITION 3.14. For a periodic form X = (Q,t) € Si’g” with (Q~1,0) €
bd V(X), let U(X) be contained in

{(0,tN) e s4™ N = t;-v for at least onet; —t; —v € Min X withv € Z%}.
Then X is (possibly non-isolated) m-extreme.

Note, if X is m-eutactic (possibly not m-perfect), the set U (X) is the orthogo-
nal complement V(X)L of the linear hull of V(X). Note also that the proposition
includes in particular the special case where some v € Z?% are in Min X (and there-
fore t; = t; = 0 for ¢ = j = m). This situation occurs for the 2-periodic, fluid
diamond packings of Section 3.3.3.

From the sphere packing interpretation of Proposition 3.14 its assertion is clear.
Nevertheless, we give a proof below, based on a local analysis in Si’(;" . More
than actually needed for the proof, we analyze how § changes locally at a periodic
form X € Si’sn in a direction N € U(X). As a byproduct, we obtain tools allowing
a computational analysis of possible local optimality for a given periodic form,
not necessarily covered by the proposition. These can for example be used in a
numerical search for good periodic sphere packings.

PROOF OF PROPOSITION 3.14.  The generalized Voronoi domain V(X) is
spanned by gradients (gradp; ;.)(X) (as given in (3.27)), one for each pair of
vectors +w € Min X. The assumption that a direction N = (Q™, ") is in U(X)
for a periodic form X = (Q,t), implies (Q~!, Q") = 0. Moreover, for the unique
maximal face F(X) of V(X) with (Q~!,0) € relint F(X), the condition that N is
orthogonal to some (grad p; j.)(X) in F(X) translates into

(3-31) ((grad pij0)(X), N) = QN w] +2(8) —t))'Qw =0,

with w = (¢; —t; —v). Recall that in the special case i = j (and for m = 1 anyway)
Pi.jv is linear and (3.31) reduces to the condition QY [w] = 0; if then N satisfies
this linear condition, p; ;. (X + €N) is a constant function in e.

In case p; j(X + eN) is a cubic polynomial in e we need to use higher order
information in order to judge its behavior. An elementary calculation yields for the
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Hessian
(3.32) (hess p; o) (X)[N] = 2Q[t) — t'] + 4(t) — )" Q" w.

Now how does 0 change at X in direction N, assuming it is in the set of
uncertainty U(X)? Among the polynomials p; ;. with N satisfying (3.31), the
fastest decreasing polynomial in direction N determines A(X +¢eN) for small enough
€. Thus for the local change of ¢ in direction N, we may restrict our attention to a
polynomial p; ; , with the smallest value (3.32) of its Hessian.

By Theorem 2.3 we know that det/? decreases strictly at X in a direction N €
U(X) if and only if QN # 0.

In case of a purely translational change with @V = 0, the function det/?
remains constant. On the other hand, because of (3.32) and since @ is positive
definite, we have (hessp; j)(X)[N] > 0, with equality if and only if ¢ — ¢} = 0.
Latter implies that p; ;j.(X + eN) is a constant function of e. Thus for purely
translational changes N = (0,t") € U(X), the density function 6(X + eN) is
constant for small enough € > 0, if VN = t;v for some pair (¢,j) with ¢, —t; —v €
Min X (for a suitable v € Z%). This proves the proposition. O

Note that our argumentation in the proof also shows that 6(X + eN) increases
for small € > 0, in case of a purely translational change N = (0,t") € U(X) with
tN £ t;y for all pairs (4,5) with ¢; —t; — v € Min X (for some v € Z¢). This case
corresponds to a modification of a periodic sphere packing, in which all contacts
among spheres are lost.

3.3.5. Periodic extreme sets. A given periodic set has many representa-
tions by periodic forms, in spaces Si’(;” with varying m. For example, by choosing
some sublattice of Z?, we can add additional translational parts.

Now it could happen that a periodic set A with a given representation X €
Siﬁn is m-extreme, whereas a second representation X’ € S®™' is not m’-extreme.
However, it may also happen that the packing density of no representation of A can

locally be improved.

DEFINITION 3.15. A periodic set is periodic extreme, if it is m-extreme for all
. . d,m
possible representations X € SJ".

The main result of this section is Theorem 3.17 below, giving a sufficient con-
dition for a lattice to be periodic extreme. For its statement we need the notion of
strong eutazy for lattices, respectively PQFs: A form @ € 8¢ (and a corresponding
lattice) is called strongly eutactic, if

(3.33) Q'=a > aa'
xcMin Q

for some « > 0, hence if the coefficients in the eutaxy condition (3.13) are all equal.
A PQF Q@ is strongly eutactic, if and only if the vectors in Min ) form a spherical
2-design with respect to @ (see Section 5.5.3).

LEMMA 3.16. Any representation X € Si’(;” of a strongly eutactic lattice (re-
spectively PQF') is m-eutactic.
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PROOF. Let Q € 82, be strongly eutactic, satisfying (3.33) for some a > 0.
Let X = (QX,tX) € Si’éﬂ be some representation of a strongly eutactic PQF @,
e.g. with m > 1.

For a fixed w € Min X we define an abstract graph, whose vertices are the
indices in {1,...,m}. Two vertices i and j are connected by an edge, whenever
there is some v € Z? such that w = X — tf — v. Since the periodic form X
represents a lattice, we find that the graph is a disjoint union of cycles. Or, in
other words, w induces a partition (I,...,I;) of {1,...,m}.

Let I be an index set of this partition (containing the indices of a fixed cycle of
the defined graph). Summing over all triples (4, j,v) with i,j € I and v € Z% such
that w = ¢ — ¢ — v € Min X, we find (using (3.27)):

Z (grad p; j.»)(X) = 2|I|(ww',0).
(i,j,v)e12 xzd:
w:tiX—tJX—'UGI\/IinX
The factor 2 comes from the symmetry grad p; j» = gradp;; —,. Summation over
all index sets I of the partition yields

(3.34) Z (gradp; j.»)(X) = 2m(ww",0).
(i,5,0)€{1,...,m}2 xz%:

w=tX —ti( —vEMin X

As a consequence we find by the strong eutaxy condition (3.33) that
(@Q71,0) = (a/2m) > (grad pij.»)(X),

(i,5,0)€{1,...,m}2 xz;
w:thft]vaeMin X

with a suitable @ > 0. Thus X is m-eutactic. O

Not all PQFs (or lattices) which are strongly eutactic have to be perfect. But
if a strongly eutactic PQF is in addition also perfect, then the following theorem
shows that this is sufficient for it to be periodic extreme. Note that this applies in
particular to so called strongly perfect lattices and PQF's (see [187], [174]).

THEOREM 3.17. A perfect, strongly eutactic lattice (respectively PQF') is peri-
odic extreme.

PROOF. Let Q € Sio be perfect and strongly eutactic. Hence the vectors
in Min @ span R¢ (by Proposition 3.3) and satisfy (3.33) for some o > 0. Let
X =(QX,t%) ¢ Si’(;n be a representation of ), e.g. with m > 1. By Lemma 3.16,
X is m-eutactic. If X is m-perfect as well, we know by Theorem 3.11 that X is
also m-extreme.

So let us assume that X is not m-perfect, hence the generalized Voronoi do-
main V(X) is not full dimensional. We want to apply Proposition 3.14. For this
we choose

N = QY. ") cU(X) =V(X)" with N #0.

(Recall the definition of U(X) from (3.30) and that U(X) = V(X)* in case X is
m-eutactic.) By this assumption we have in particular

<N7 (gradpi,j;v)(X» =0
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for all triples (4, j, v) with w = ¢;* — tJX —v € Min X. Using equation (3.34), which
we obtained in the proof of Lemma 3.16, we get (N, (ww?,0)) = Q" [w] = 0 for
every fixed w € Min X.

By Proposition 3.3 there exist d linear independent w in Min X, which implies
QN = 0. Using (3.31), we obtain

(3.35) 0= (N, (gradp; j»)(X)) = 2(tN — t;-v)th.

In case tY — tév = 0 for some pair (7,j) we can apply Proposition 3.14. Note that
this includes in particular the case i = j = m () = t;-v = 0) if v € Z¢ N Min X.
So we may assume that such v do not exist.

We define an abstract graph with vertices in {1,...,m}: (i,7) is an edge,
whenever there is some v € Z?% such that t* — tJX —v € MinX. Let I be the
set of vertices (indices) 4, connected by a path with m. Then by the assumption
Z* N Min X = 0 the cardinality |I| of I is greater than 1. Since there exist d
linearly independent vectors in Min X (by Proposition 3.3), the linear equations
(N, (gradp; j»)(X)) = 0 with ¢,j € I have rank d(|I| —1). Thus by (3.35) and
t% = 0, we deduce tfv = 0 for all ¢ € I; hence we can again apply Proposition 3.14,
proving the theorem. O

Note that the set I used in the last paragraph of the proof can be a strict
subset of {1,...,m}. This is the case, if the graph we defined is not connected.
Each connected component corresponds to a union of translates, which can jointly,
locally be changed, without changing A\(X), respectively 6(X). For example the
fluid diamond packings described in Section 3.3.3 have this property (although Ag
is not strictly eutactic).

The root lattices Ay, Dg and Eg4, as well as the Leech lattice are known to
be perfect and strongly eutactic (cf. [174]). Thus as an immediate consequence
of Theorem 3.17, we find that these lattices, which are known to solve the lattice
sphere packing problem in dimensions d < 8 and d = 24, cannot locally be improved
to a periodic non-lattice set with greater sphere packing density.

COROLLARY 3.18. The lattices Ay, for d > 2, Dy, for d > 3, and E4 for
d=6,7,8, as well as the Leech lattice are periodic extreme.

A result similar to Corollary 3.18 for the root lattices Ay and Dy was obtained
by Bezdek, Bezdek and Connelly [39, Remark 2.9.1]. Their method is different
and based on Delone subdivisions (see Section 4.1.1). At this point it is not clear
whether or not their method can be used to obtain a more general result similar to
Theorem 3.17.

We also checked whether or not Theorem 3.17 can be applied to other dimen-
sions d below 24. For these dimensions the so-called laminated lattices A4 and
sections Kg of the Leech lattice give the densest known lattice sphere packings.
The lattices K4 are different from A4 (and at the same time give the densest known
lattice sphere packings) only in dimensions d = 11,12, 13. For these d, the lattice
K is strongly eutactic only for d = 12, where K, is also known as Cozxeter-Todd
lattice. The laminated lattices Ay give the densest known packing lattices in di-
mensions d = 9,10 and d = 14,...,24 (for d = 18,...,24 they coincide with Kj).
Among those values for d, the laminated lattices Ay are strongly eutactic if and
only if d = 15,16 or d > 20. Concluding, we cannot exclude that densest known
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lattice sphere packings in dimensions d € {9,10,11,13,14,17,18,19} can locally be
improved to better periodic sphere packings. Further analysis is required here.

3.4. Equivariant extension and T-perfect forms

3.4.1. Automorphism groups of periodic sets. In Section 1.2, we iden-
tified the set of all d-dimensional lattices with the quotient space S2,/GLq4(Z). A
similar identification for periodic sets is possible, as we shall see in this section. Let
a periodic set be represented by a periodic form X = (Q,t) € Si’g)n, with Q € Sio
and with ¢t € R¥X("m=1) The translational part ¢ defines the standard periodic set

m
(3.36) Ay ={Jti+2%,
=1

where we set t,, = 0 again. We define the group of automorphisms of X by
(3.37) Aut X = {U € GLy4(Z) : UAy = Ay and U'QU = Q}.

By definition it is a subgroup of the automorphism group

(3.38) GLY(Z) = {U € GLy(Z) : UAs = Ay}

of the standard periodic set Ay. In case m = 1, we simply mean GLY(Z) = GL4(Z).

In case X represents a rational periodic set (with rational translational part ¢),
GLZ(Z) is a congruence subgroup, that is, a group containing a principal congruence
subgroup of level N € N

Ty(N)={U € GLy(Z): U =idy mod N}.
In fact, the following proposition holds:

PROPOSITION 3.19. Let d,m > 2. Then the group GLY(Z) is a congruence
subgroup and has a finite index |GLq(Z) : GLY(Z)| in GL4(Z) if and only if t €
REX(m=1) s rational.

PROOF. In the case of rational £, the group GLZ(Z) is a congruence subgroup
because it contains the principal congruence subgroup I';(N) with N being the least
common multiple of the denominators in ¢. In general, congruence subgroups have
a finite index in GLy4(Z), since T'4(NV) is the kernel of the canonical homomorphism
GL4(Z) — GL4(Z/NZ) (thus the index |GL4(Z) : Ty(N)| of Ty(N) in GLy4(Z) is
finite).

It remains to show that the index |GLy4(Z) : GLY(Z)| is not finite in case of
non-rational t. For this it is sufficient to show that the set

(3.39) {UA: : U € GLy(2)}
is infinite for non-rational ¢. Assume w.l.o.g. that ¢1; is irrational. Then
{ktnmodl:kEZ}

is dense in [0,1) (and even “equidistributed” by a classical result of Weyl). Now
for any k € Z it is possible to construct (infinitely many) matrices U € GL4(Z)
with w11 = k, w12 = 1 and uy; = 0 for j > 2 (since this first row vector of U
can be completed to a basis of Z?). The same applies to the i-th row (for any
i € {1,...,d}) and we find that {(Ut;1); mod 1:U € GL4(Z)} is infinite, showing
that (3.39) must be infinite as well. O
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Congruence subgroups are well studied objects and play an important role for
example in the theory of automorphic forms. As seen in the proof above, any
congruence subgroup has a finite index in GL4(Z).

By the solution of the so-called “congruence subgroup problem”, which was
independently found by Bass, Lazard, Serre [29] and Mennicke [178] (cf. [30]), the
converse is also true for all d > 3. That is, any subgroup G of GL4(Z) having finite
index |GL4(Z) : G| is a congruence subgroup (a group containing some principal
congruence subgroup of level N as a subgroup). Note that for d = 2 this does not
hold, as already observed by Klein in the 19th century. For example, there is a
surjective homomorphism GLy(Z) — As (where here, As denotes the alternating
group on 5 elements) whose kernel is not a congruence subgroup. Let us also note
that T'4(N) is torsion free (has no elements of finite order) for all N > 3 and has
only 2-torsion elements for T'= 2, i.e. —idg € T'4(2). However, a given congruence
subgroup as for example the group GLZ(Z) with rational £ may contain a larger
finite subgroup.

ExAMPLE 3.20. Consider X = (Q,t) € Si’g with @ = <f ;) and t = % (})

Then GLY(Z) is a semidirect product of T'5(3) and the group

= fu (0 D))

3.4.2. Periodic sets with fixed translational part. Given a fixed, transla-
tional part + € R4*(m=1) respectively a corresponding standard periodic set (3.36),
we define its Ryshkov polyhedron as

Pt ={Q €S%: (Q.t) € Pun} C S

It may be viewed as the intersection of P,, » with the affine subspace in Si’gn having
the translational part ¢ fixed. Note that a choice of ¢ that forces A(X) = 0 for every
periodic form X = (Q,t) € Si’é”, gives Pyt = 0, by our assumption A > 0. So we
may a priori exclude this case from further considerations.

Our first observation is a generalization of Theorem 3.1:

THEOREM 3.21. Let A >0, d,m > 1 and t € Q¥*(m=1) Then Pxt 15 a locally
finite polyhedron.

As in the proof of Theorem 3.1 one shows that
(3.40) PreN{Q € 8% : traceQ < C}

is a polytope for every constant C. We omit the proof here, since the proof of
Theorem 3.1 immediately generalizes to this case.

In analogy to the classical theory, we call the vertices @ of Pyt (and the
corresponding periodic form X = (Q,t)) t-perfect. By Theorem 2.3 we know that
among periodic forms X = (Q,t) with a fixed translational part ¢, the t-extreme
ones (attaining a local maximum of §) have to be t-perfect. We call a periodic
form X = (Q,t), respectively the PQF Q, t-cutactic, if Q~! is contained in the
relative interior of the normal cone of Py ¢+ at Q. As in the classical theory, we
have a complete characterization of t-extreme periodic sets, which follows from the
general discussion in Section 3.3.1.

THEOREM 3.22. A periodic form X = (Q,t) € Si’sn (respectively Q € S8,) is
t-extreme if and only if it is t-perfect and t-eutactic.
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3.4.3. Extending Voronoi’s algorithm. The automorphism group GLZ(Z)
of the standard periodic set Ay (see (3.36)) acts on Py, and in particular on
its vertices (t-perfect forms) and edges. Thus Voronoi’s algorithm generalizes to a
graph traversal search that determines all £-perfect forms up to GLZ(Z)—equivalence.
Here, two PQFs Q and Q' are called GLY(Z)-equivalent, if there exists a U € GL,(Z)
with Q' = UtQU.

The following theorem shows that the generalization of Voronoi’s algorithm is
actually an algorithm (finishes in finitely many steps) for rational £. We include the
classical case m = 1, for which one has to read GL%(Z) as GLy4(Z) and t-perfectness
as perfectness.

THEOREM 3.23. Let dym > 1 and t € Q"D Then up to scaling and
GLZ(Z)—equivalence, there exist only finitely many t-perfect forms.

PROOF. As in the proof of Theorem 3.4, we use our observation that (3.40) is a
polytope. Then the finiteness for rational ¢ is guaranteed if we show for fixed A > 0
that every t-perfect form Q with A\((Q,t)) = X is GL,(Z)-equivalent to a PQF with
trace smaller than some constant, depending only on d, A and t.

We choose N such that the congruence subgroup GLZ(Z) contains the principal
congruence subgroup I';(N). Choose for N for example the least common multiple
of denominators in t. Application of Hermite’s Theorem 1.1, yields a Ue GL4(Z)
such that Q = U'QU satisfies

d
(3.41) H(ju‘ <C-detQ
i=1
for C = ( )d(d D/ . The determinant detQ can be bounded by A*N2?  using

Hadamard’s inequality and the fact that (by the ¢-perfectness of @) there exist
d linearly independent vectors a,...,aq € Z% with Q[a;] = N?Qla;/N] = N2\
Note that the existence of these d linearly independent vectors follows for the same
reasons as in Proposition 3.3. Because of §;; = Q[e;] > A we obtain from (3.41) a
bound for the trace of Q:

d
(3.42) trace Q@ = Y _ Gii < Z CN?I\ = dON?I)

=1

If Q and Q are not already GLY(Z)-equivalent, we choose the unique U e
{0,...,N —1}¥%4 with U’ = U~! mod N and define U = UU’. Then by definition,
U =idy mod N, hence U € T'y(N) C GLY(Z) and

Q/ — UtQU _ U’/tQUI
is GLY(Z)-equivalent to Q. Tts diagonal entries ¢}; = Q[ii}] (with @) the i-th column

of U’) satisfy
d

d
Z Gl llas] < (N =1)% D [l

k= k,l=1

Using [Gre| < 5(Grr + Gu) (Whlch follows from Q[ey, & e;] > 0) we obtain

1 -
(3.43) @ < (N —1)? Z “(Grr + Gu) = d(N — 1) trace Q.

k=11=1

l\D
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Combining (3.42) and (3.43), we get the desired bound for the trace of the
GLY(Z)-equivalent form Q' of Q. O

We think for non-rational ¢ it can be shown that there exist infinitely many
pairwise GL%(Z)-inequivalent ¢-perfect forms.

In order to run the generalization of Voronoi’s algorithm in practice, we have
to be able to test computationally, whether or not two PQFs Q and Q' are GL%(Z)-
equivalent. This can be achieved simply by testing for each of the finitely many
U € GLy4(Z) with Q' = U*QU,, if they belong to GL%(Z). For example, if  is rational
and N is the least common multiple of the denominators in ¢, we can test if

UNt =Nt mod N

for some t' being a copy of t with possibly permuted columns. Similarly, we can
compute the GLY(Z)-restricted automorphism group

Aut; Q = Aut(Q, t)

of a PQF Q (see (3.37)).

Note that we have everything necessary to practically implement Voronoi’s
algorithm for the enumeration of all ¢-perfect forms (with rational t). By this it
becomes possible to systematically search for dense periodic sphere packings.

3.4.4. Voronoi’s algorithm with respect to a subspace. The enumera-
tion of all perfect forms or t-perfect forms becomes practically impossible in higher
dimensions due to the complexity of the Ryshkov polyhedra Py ¢ (including P, as a
special case). So one might want to consider a more restricted class of PQFs. Since
the best known sphere packings all have many symmetries one natural possibility
is to consider only forms which are invariant with respect to a given finite group
G C GLY(Z). As noted in Section 3.1.6, the set of all G-invariant forms is a linear
subspace T of S9.

Within T, in the classical m = 1 case, we are lead to the theory of G-perfect
forms of Bergé, Martinet and Sigrist [37]. It generalizes to a theory of T-perfect
forms, where T C 8% is some linear subspace (see [174]). Suitable linear sub-
spaces T allow systematical treatments of important classes of lattices. Examples
are Fisenstein, Gaussian, and Hurwitz quaternionic lattices, as we explain in Sec-
tion 3.4.6. For further examples, such as patchwork lattices and lattices with a fixed
section we refer to [174].

Our viewpoint developed in this chapter (based on Ryshkov polyhedra) allows
not only a straightforward description of these theories, but also allows us to extend
these concepts easily to the periodic setting. Given a linear subspace T C S we
simply consider the intersection

(3.44) PreNT.

The vertices of the resulting locally finite polyhedra (within T') are called (T',t)-
perfect forms (or simply T-perfect forms, if m = 1). In case T = Tg, where
G is a finite subgroup of GL%(Z) we speak of (G,t)-perfect forms (and G-perfect
forms if m = 1). One should be aware that in general, (T, t)-perfectness does not
imply t-perfectness. Moreover, finiteness (up to equivalence preserving T') may be
lost (see [145]). However, although possibly not finishing in finitely many steps,
Voronoi’s algorithm generalizes to a graph traversal search of “equivalent vertices”
of the locally finite polyhedra in (3.44).
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Again, we have a modified notion of equivalence. Two PQFs @Q and Q' are
called (T, t)-equivalent (or T-equivalent, if m = 1) if there exists a U € GLY(Z) with
Q' = U'QU and U'TU C T. Latter condition is sufficient to guarantee equality
U'TU = T. If T is given by a set of generating quadratic forms or inequalities,
we can easily check computationally if this condition is satisfied. The same is true
for the computation of (T),t)-automorphisms of Q, which are U € GLY(Z) with
Q=U'QU and U'TU CT.

Note that T-perfect and G-perfect forms are usually defined via normal cones
of faces of Px NT in T (cf. [174], [37], [144], [192] and [193]). A face F of Py is
uniquely characterized by the set

Min F = {v € Z% : Q[v] = X for all Q € F},

which is independent of the particular choice of A\. The normal cone of F' is the
Voronoi domain cone{vv’ : v € Min F'} and the normal cone of the face FNT in T
is obtained by an orthogonal projection of this Voronoi domain onto 7'. If different
inner products are used, the resulting cones may differ, as seen in the cases of [144]
and [192].

3.4.5. Finiteness of G-perfect forms. In case of T' = T being the space of
invariant forms of a finite subgroup G of GLY(Z), we say that two PQFs Q and Q'
are (G, t)-equivalent (G-equivalent, in case m = 1), if they are (Tg,t)-equivalent.
We show below that the generalized Voronoi algorithm is finite in case of rational
t. Before, we review some basic definitions and known facts (see [49], Section 2).

The pointwise stabilizer of T¢ is called the Bravais group of G and is denoted
by

B(G) ={U € GLy4(Z) : U'QU = Q for all Q € Tg}.
Observe that B(G) can be strictly larger than G. The normalizer of a subgroup G
of GL4(Z) is defined by

N(G) = {N € GL4(Z) : N"'GN = G}.
We generalize these notions, simply by setting B (G) = B(G)NGLY(Z) and N¢(G) =
N(G) NGLY(7Z).
The following proposition shows that N¢(B:(G)) is the setwise stabilizer of the
subspace T¢ of G-invariant forms.
PROPOSITION 3.24. Let d,m > 1 and t € R~V Let G be a finite subgroup
of GLY(Z). Then
Ne(Bs(G)) = {U € GLY(Z) : U'TqU = Tg}.
PRrROOF. We adapt the proof of Lemme 3.2 in [144]:
Uec{UeGLYZ): UTqU = Tg}
for all Q € T holds U'QU € Tg
forall Q € Tg and for all g € G : ¢gtU'QUg = U'QU
for all Q € T and for all g € By(G) : gtU'QUg = U'QU
for all Q € T and for all g € B¢(GQ) : (UgU 1)!Q(UgU 1) =Q
for all g € Be(G) : (UgU™') € By(G)
U € N¢(Bi(Q))

tes oo
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Thus by the foregoing proposition, two PQFs @ and @’ in T¢ (i.e. two G-perfect
forms) are (G, t)-equivalent, if there exists a U € N¢(Bi(GQ)) with U'QU = Q’. Note
that Q and Q' in Tg can be GLY(Z)-equivalent, without being G-equivalent. In the
classical case it has been shown that up to scaling there are only finitely many
G-inequivalent, G-perfect forms (see [174]). Here we give a proof of this fact which
also yields the following more general result:

THEOREM 3.25. Let d,m > 1 and t € Q¥X(™=1_ Let G be a finite subgroup
of GLY(Z). Then up to scaling and (G, t)-equivalence there exist only finitely many
(G, t)-perfect forms.

The proof is at the end of this section. It is based on a more general lemma,
which allows us not only to generalize the classical theory very easily to the peri-
odic one, but also allows us to obtain a similar finiteness result in Section 4.3.3, in
another context. In a way, the proof of Lemma 3.26 below is essentially an adap-
tion and generalization of the proofs by Jaquet-Chiffelle [144, Théoréeme 5.2] and
Opgenorth [192] for G-perfect forms. For the statement of the lemma we need the
notion of an open polyhedral subdivision, which is a non-intersecting decomposition
into polyhedral cones which are open with respect to their affine hull.

LEMMA 3.26. Let d,m > 1 and t € Q¥*(m=1_ Let G be a finite subgroup of
GLY(Z). Let P be an open polyhedral subdivision of S, on which GLY(Z) acts by
A — U'AU. Suppose that this action gives only finitely many orbits. Define a
polyhedral subdivision of Tg N Sgo by

'PG:{AQTGzAG'P}.

Then the normalizer N¢(B(G)) acts on Pg and there exist only finitely many orbits
with respect to this action.

PROOF. We start with a definition. For A € P we define the automorphism
group Auty(A) = {U € GLY(Z) : U'AU = A}. We consider the set

Oac ={U'AUNTG : U € GLY(Z) and U*AU N Tg # 0}.

The normalizer N¢(B¢(G)) stabilizes T setwise, and hence it acts on Oa . We
show that Oa ¢ is a finite union of N¢(B¢(G))-orbits, that is, there are Uy, ..., Uy, €
GLY(Z) with
Onc = | JIN'(UJAU; N TG)N : N € Ny(B(G))}-
i=1
Then the statement of the theorem follows because the set {Oa ¢ : A € P} is finite
by the assumption made on P.

Let Uy, Us be in GLY(Z) so that UYAU; NTg € Oa g for i = 1,2. The group
Bi(G) is a subgroup of Auty(UfAU;) and Auty(USAU;) which can be seen as fol-
lows. By definition the group Bt(G) stabilizes the set U} AU; N T pointwise. Since
GL(Z) operates on P and U AU; NTg # 0 every element of B¢(G) has to stabilize
all of UfAU; setwise.

Hence, U B¢(G)U; and Uy B (G)U, ! are subgroups of Autg(A). Assume that
UlBt(G)Uf1 = Uth(G)Ugl. Then N = U{lUl is an element of the normalizer
N¢(B(G)). Furthermore, we have

NYULAU, NTg)N = N'ULAUSN N N'ToN = ULAU, N Tg
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d ‘ 2 ‘ 4 | 6 | 8 | 10
# E-perfect 1 1 2 ) 1628
max. § 0.9069... | 0.6168...|0.3729... | 0.2536... | 0.0360. ..

TABLE 2. Number of classes and maximum densities of E-perfect forms.

because N¢(Bi(G)) stabilizes T setwise by Proposition 3.24. Therfore different
Ni(B(G))-orbits in Oa ¢ induce different subgroups of the form UB(G)U ™! of
Auty(A).

For every A € P the group Aut(A) is finite: Let Rq,..., Ry € Sgo be the
extreme rays spanning the closed polyhedral cone A. Choose forms Q; € R; in the
following way: If for a pair R; and R; there is a U € Auty(A) with U'R,U = R;
then U'Q,U = Q;. We have A = cone{Q1,...,Qx} and Q = Y1, Q; € A and
in particular Q € S2,. So, Auty(Q) = {U € GL(Z) : U'QU = @} is finite.
By construction Auty(Q) contains Autt(A). So, the group Auti(A) has only a
finite number of different subgroups. Hence, Oa ¢ is a finite union of N¢(B¢(G))-
orbits. m

The proof of Theorem 3.25 is an immediate consequence.

Proor oF THEOREM 3.25. Consider the Ryshkov polyhedron P, ¢ for some
A > 0. For each face F of Py ¢ we define the (relative) open polyhedral cone

Ap ={aQ :a >0 and Q € relint F'}.

Then by Theorem 3.23, P = {Ap : F face of Py +} gives an open polyhedral sub-
division of 8%, as required in Lemma 3.26. O

Let us finally note that Theorem 3.25 gives the possibility for systematic, com-
putational searches of dense periodic sphere packings in higher dimensional spaces.
We are convinced that these will lead to new discoveries.

3.4.6. Eisenstein, Gaussian and Hurwitz quaternionic perfect forms.
As examples for the G-theory described above, we consider three cases that have
been studied extensively before.

Eisenstein forms. If d is even, then @ € Sio is said to be an FEisenstein form if
it is invariant with respect to a group G' C GL4(Z) of order 3 acting fixed-point-free
on Z\ {0} by z + Uz. For example

. 0 -1
o~ fane ? )

where ® denotes the Kronecker product. A corresponding lattice L C R? can be
viewed as a complex lattice of dimension d/2 over the Fisenstein integers

&= {a+b62”i/3:a7b€Z},

that is, L = BE¥? C C%? with a suitable B € GLg/2(C). On the other hand, it
can be seen that each complex lattice of this form yields an Eisenstein form.

It turns out that the space of G-invariant forms T¢ has dimension (d/2)2. Thus
for d = 2 we find only one Eisenstein form up to scaling, associated to the hexagonal
lattice Ag. Tt is therefore trivially £-perfect ([Eisenstein perfect). From dimension 4
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d | 2 | 4 | 6 | 8 ‘ 10
# G-perfect 1 1 1 2 > 17757
max. 0 0.7853...10.6168...10.3229... | 0.2536...

TABLE 3. Number of classes and maximum densities of G-perfect forms.

on the situation is already more interesting. In Table 2 we list number of classes
and maximum sphere packing densities of £-perfect forms up to dimension 10.

For d = 4, the Ryshkov polyhedron is 4-dimensional in S¢. Up to £-equivalence
(by mappings Q — U'QU preserving Tg), there is only one E-perfect form, namely
the one associated to the lattice Dy. Consequently the Voronoi graph (up to &-
equivalence) is just a single vertex with a loop. In dimension 6, we find already two
E-inequivalence E-perfect forms, associated to the lattices E¢ and its dual Ej.

The classification of Eisenstein forms in dimension 8 was almost finished by
Sigrist in [235]. He found all five classes of E-perfect forms and their neighbor-
ing relations. However, he could not rule out the existence of other &-contiguous
neighbors of the forms associated to Eg. Recently we finished the classification in
dimension 8, and moreover found that the number of &-perfect classes “explodes”
to 1628 in dimension 10 (see [224] for details).

Note that the largest known lattice sphere packing density ¢ is attained among
E-perfect forms up to dimension 10. A noteworthy phenomenon that occurs among
E-perfect forms in dimension 10 is the existence of £-inequivalent £-perfect forms
which are nevertheless arithmetically equivalent. This happens for two arithmeti-
cally equivalent forms associated to the lattice K7, (see [174, Section 8.5]).

Gaussian forms. For even d, a Gaussian form Q € 8%, is defined as a form
containing a group G C GL4(Z) of order 4 in their automorphism group, acting
fixed-point-free on Z? \ {0}. For example

o~(ano(l )

A corresponding lattice L C R? can be viewed as a complex lattice of dimension
d/2 over the Gaussian integers

G={a+bi:a,beZ}.

Vice versa, every such lattice yields a Gaussian form.

As in the case of Eisenstein forms, it turns out that T has dimension (d/2)2.
For d = 2 we find only one G-perfect (Gaussian perfect) form up to scaling, namely
7Z2. The only G-perfect forms in dimension 6 and 8 are associated to the lattices
Dg, Dg and Eg. As shown in Table 3, the number of classes of G-perfect forms
in dimension 10 grows even beyond the corresponding number of classes of &£-
perfect forms. So far we were not able to finish the classification, but we think it
is computationally within reach on a suitable machine. As in the case of E-perfect
forms, the enumeration in dimension 8 was started by Sigrist [235]. However, he
did not finish the classification of G-contiguous G-perfect neighbors of Eg. Our
computations shows that his list was nevertheless complete.

Hurwitz quaternionic forms. For d divisible by 4, a form Q € Sio is called Hur-
witz quaternionic if it is invariant with respect to a group G C GL4(Z) isomorphic
to 244 and acting fixed-point-free on Z? \ {0}. Here, A, denotes the alternating
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d | 4 | 8 | 12 ] 16
# H-perfect 1 1 8 ?
max. ¢ 0.6168... | 0.2536... | 0.03125... | 0.01471 ...

TABLE 4. Number of classes and maximum densities of H-perfect forms.

group of degree 4. There is a correspondence between Hurwitz quaternionic forms
and lattices in R? which can be viewed as Hurwitz quaternionic lattices over the
Hurwitz quaternionic integers

H = {a—!—bi—l—cj—!—dk ta,b,c,d € Zor a,b,c,d e Z+ %}
We refer to [69, Section 2.6] for details.

It turns out that Ty is of dimension (df). This leaves only one Hurwitz quater-
nionic form and therefore only one H-perfect form up to scaling for d = 4, which
is associated to D4. There is also only one class of H-perfect forms in dimension 8§,
corresponding to Eg.

The situation becomes more interesting in dimension 12. There are precisely
eight classes of H-perfect forms, as previously observed by Jaquet-Chiffelle and
Sigrist (cf. [236]). All of them are also perfect in the classical sense.

A quite interesting consequence of the classification in dimension 12 is the
possibility to derive a sharp bound for the largest possible sphere packing density
among Hurwitz quaternionic forms in dimension 16. Using a Mordell type inequality,
Vance [257] shows that the Barnes- Wall lattice BW16 has the largest density among
lattices with a Hurwitz quaternionic structure in dimension 16. A very nice example
of a human-computer-interacted proof!



CHAPTER 4

Voronoi 11

In this chapter we generalize Voronoi’s second reduction theory, which is based
on Delone subdivisions. We give the necessary background in Section 4.1. Our
extension of Voronoi’s theory is twofold, and similar to the extensions discussed
in Chapter 3. On the one hand we extend to periodic sets (Section 4.2), on the
other hand we develop a T-theory for linear subspaces T C S? (Section 4.3). The
latter extension is of particular importance for the applications in Chapter 5, as
it allows for example a systematic enumeration of all Delone subdivisions with
prescribed properties (for example those with a given finite group of symmetries).
In all, we do keep an eye on practical computability. Finally, in Section 4.4, we
discuss Delone polytopes and complexes in further detail, with particular emphasis
on Delone simplices.

4.1. Voronoi’s second reduction

4.1.1. Delone polyhedra and Delone subdivisions. Given a discrete set
A’ C R? a polytope P = conv{vy,...,v,} with vertices v; € A’ is called a Delone
polytope, if there exists a center ¢ € R? and a radius r > 0 such that the Euclidean
distance between ¢ and points v € A’ satisfies ||c — v|| > r, with equality only for
the vertices of P. The set of all Delone polytopes of a lattice forms a polyhedral
subdivision of R

Our main interest is in discrete vertez-sets which are periodic, say

A/:OtHL
=1

with a lattice L and ¢, € R? for i = 1,...,m. As in Section 3.2, it is in many cases
convenient to work with coordinates with respect to a given basis A € GL4(R) of
L. This means that we work with the standard periodic sets

(4.1) A=A = Jti+2
i=1

(with A’ = AA) and norm defined by Q4 = A*A. Hence the norm of z € R?

is given by \/Qa[x]. A polytope P = conv{vy,...,v,} with v; € A, is called a

Delone polytope of Q4 and A, if there exists a ¢ € R? and a real number r with
Qalc—v] > 12,

where equality holds if and only if v is a vertex of P.

It is a bit more general (and in some situations convenient) to consider positive
semidefinite forms @, as proposed by Namikawa in [186]. Positive semidefinite
forms define seminorms on R? by /Q[x]. A (possibly unbounded) polyhedron

55
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P = conv{vy,vs,...} with v; € A is then called a Delone polyhedron of @ and A, if
there exists a ¢ € R? and a real number r with Q[c — v;] =72 fori = 1,2,... and
Qe —v] >7r? for all v € A\ {vy,vs,...}.

Suppose for Q € 8¢, there exists a matrix U € GL4(Z) and a Q' € Silo with

0 0 .
(4.2) UtQU = (0 Q,) =Q.

Then d’ = rank @ and if P is a Delone polyhedron of Q then U~'P is a Delone
polyhedron of Q). Latter are of the form R4~ % P’ with P’ € R? a Delone polytope
of Q" (see [186]). It turns out that the set of all forms being arithmetical equivalent
to some positive semidefinite form @ of the form (4.2) has a nice description in terms
of the rational closure S2, of S, (cf. (3.17)).

PROPOSITION 4.1. The set of all forms being arithmetical equivalent to some
positive semidefinite form Q of the form (4.2), with positive definite Q', is equal to
the rational closure Sgo.

PROOF. Suppose @ is arithmetical equivalent to some positive semidefinite
form @Q of the form (4.2), with Q' positive definite. Then Q' is a positive sum of
rank-1 forms (cf. [262, Section 24]). Therefore Q and Q are of this form as well.

Suppose on the other hand, @ € S%,. Then, by definition of SZ,, Q is the
positive sum of rank 1-forms, e.g. Q = 2211 aivivf with v; € Z% and a; > 0
fori =1,...,m. If rank@ = d there is nothing to show. If rank@ < d, then
there exist linearly independent p,,...,p, € R? with k = d — rank @ such that
Qlp;] = > ai(pz»'vi)z =0for j=1,..., k. Thus the p; are orthogonal to each
of the v; and therefore they span a k-dimensional linear subspace which contains

a k-dimensional sublattice of Z¢. We choose a basis (u1,...,us) of this sublattice
and extend it to a basis U = (uy,...,ug) of Z% Then (U1)*Q(U~1) is of the
desired form (4.2). O

The importance of the rational closure is due to the following observation.

PROPOSITION 4.2. For @ € Sio exists a d-dimensional Delone polyhedron with
respect to a standard periodic vertez-set if and only if Q € 3%0—

Although this proposition might be known we are not aware of a reference.
In [186, §2.1] Namikawa showed that every @ lying in the rational closure has a
d-dimensional Delone polyhedron. For completeness we repeat his argument.

PRrROOF. If Q € Sgo, there exist d-dimensional Delone polyhedra which after
a suitable transformation in GL4(Z) are those of the form @ in (4.2). If on the
other hand @ ¢ Sgo, then for all arithmetical equivalent forms @ as in (4.2), the

form Q' € Sglo is not positive definite, hence d’ > rank(@). For an arithmetical
equivalent form @ with minimal d’ there exists no rational, hence no integral vector
in the kernel of Q’. As a consequence, for such a Q' we find for all ¢ € R? and all
r>0awveZ with Qv — ¢ <r (see 234, Lecture VI]). Therefore there do not
exist d’-dimensional Delone polyhedra for Q' and Zd/, and hence no d-dimensional
ones for Q and Z¢ as well. The same is true for Q and a standard periodic vertex-

set A. 0
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The set Dely (Q) of all Delone polyhedra of a @ € S’go with vertices in the
standard periodic vertex-set A is called the Delone subdivision of Q (with respect
to A). If all elements in Dely (Q) are simplices, Dela(Q) is called a triangulation.
The subdivision Dely (Q) is a polyhedral subdivision of R? which is invariant under
translations of the form  + x +wv, where v € Z%. Therefore Dels (Q) is completely
determined by the stars of the translation vectors (vertices) t; in (4.1), for ¢ =
1,...,m. Here, a star of a single vertex is the set of all Delone polyhedra containing
it.

We call two Delone polyhedra P and P’ (translational) equivalent if there exists
av € R? so that P = v 4+ P’. Two Delone polyhedra P and P’ with integral
vertices are called GL4(Z)-equivalent if there exists a v € Z¢ and U € GLy4(Z)
such that P = v + UP’. We also consider equivalence of Delone polyhedra P and
P’ with vertices in a standard periodic vertex-set A, where A in (4.1) is defined
by some t = (t1,...,t,_1) € R(m=1D and by setting t,, = 0. Recall that the
automorphism group of A is denoted by GLZ(Z). Therefore, P and P’ are called
GLY(Z)-equivalent, if there exists a U € GLY(Z) and av € Ay — Ay = {z—y : x,y €
A} with P=v+UP'.

We say that Delp (Q) is a refinement of Dely (Q) (and Dely (Q') is a coarsening
of Dely (Q)), if every Delone polytope of @ is contained in a Delone polytope of @Q'.

4.1.2. Voronoi’s theory of secondary cones. Before we generalize the (sec-
ond) reduction theory of Voronoi in the next section, we briefly recall the original
theory (see [263], [76]). Recall from Section 2.1 that the general task of reduction
in the classical theory of PQFs is to find a fundamental domain in §¢; with respect
to the action of GL4(Z). Voronoi’s second reduction theory is based on secondary
cones

A(D) ={Q € 8%, : Delz4(Q) = D}

of Delone triangulations D with vertex-set Z¢. In the literature these are often
referred to as L-type domains. We prefer the term “secondary cone” because of
the close connection to the theory of secondary polytopes (see [74]). Note that
there is no problem in extending the definition of a secondary cone A (D) to Delone
subdivisions D of a fixed standard periodic vertex-set A.

For our formulation of Voronoi’s theory and its generalizations described later,
we define for an affinely independent set V' C R? of cardinality d + 1 and a point
w € R? the quadratic form

(4.3) Ny = ww' — Z UV,
veV

where the coefficients «,, are uniquely determined by the affine dependency

'w:Zavv with 1:Zav.

veV veV
In the special situation of V' = {wy,...,v4+1} being the vertices of a Delone simplex
L and w being the additional vertex of a Delone simplex L' = conv{ws, ..., v411, w}

adjacent to L, we write Ny, s for Ny . To describe secondary cones of Delone tri-
angulations, Voronoi uses so-called regulators, denoted by o(r, 1), which are positive
multiples of the linear forms (Nz, 1/,-) on S¢. Using our terminology his description
can be given as follows.
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THEOREM 4.3. ([263, §77]) Let Q be a PQF whose Delone subdivision Delya(Q)
is a triangulation. Then the secondary cone of Delya(Q) is the full-dimensional open
polyhedral cone

A(Delza(Q)) = {Q € S : (N1, Q') > 0 for all adjacent L, L’ € Delza(Q)}.

ExXAMPLE 4.4. As an example, we describe the Delone subdivision of Voronoi’s
principal form of the first type

d d
Qla] =d> al => mu;
=1 =1

in greater detail. Note that this PQF is associated to the lattice A}, the dual
of the root lattice Ag. The Delone subdivision of ) is a triangulation and can
be described as follows: Let ei,...,eq be the standard basis vectors of Z¢, and
set eqy1 = —e; — -+ — eq. For a permutation 7 € Sym(d + 1) we define the
d-dimensional simplex L, by

L, = COIlV{e.,T(l),eTr(l) +eqr2),--sex)yt -+ eﬂ(d_i_l)}.

The set of simplices { L, +v : v € Z%, 7 € Sym(d+1)} defines a triangulation D,
of RY. The full-dimensional cells containing the origin are L., 7 € Sym(d+1). Two
simplices L, and L, have a facet in common if and only if 7 and 7’ differ by a
single transposition of two adjacent positions. The automorphism group of D,
is isomorphic to the permutation group Sym(d + 1). This consists of all Delone
polytopes containing the origin.

From this one derives by Theorem 4.3 that the secondary cone of D; is (cf.
(263, §102-104))

A(Dl):{QGSd:qij<Ofori7éjandZ?zlqij>0f0rj:17...,d}.

Its topological closure A(D;) is called Voronoi’s principal domain of the first type.

We say that two secondary cones of Delone triangulations are bistellar neighbors
if the Delone triangulations differ by a bistellar flip, which is a specific change of
the triangulation. We explain those and a generalization in Section 4.3.2. With
this terminology at hand, we can state the main part of Voronoi’s second reduction
theory in the following way.

THEOREM 4.5 (Voronoi’s Second Reduction Theory).

I. The topological closures A(D) give a polyhedral subdivision of Sio. The
closures of two secondary cones have a common facet if and only if they
are bistellar neighbors.

1. The group GL4(Z) acts on the subdivision by A(D) — U*A(D)U. Under
this group action there are only finitely many inequivalent secondary cones.

Note that the polyhedral subdivision of S¢ (as well as of S@O) into secondary
cones is similar to the subdivision of S into Voronoi domains (see Section 3.1.8). It
is also an open polyhedral subdivision, that is, every cone of the subdivision of S‘go
is an open polyhedral cone with respect to its affine hull. In fact, in dimension 2
and 3 the subdivision into Voronoi domains and the subdivision into secondary
cones even coincide. In dimension 4 and 5 the subdivision into secondary cones is
a true refinement of the other one. That is, each secondary cone is contained in a
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Dimension |1]2]3]4] 5
# Delone triangulations | 1 ‘ 1 | 1 | 3 | 222

TABLE 1. Numbers of inequivalent Delone triangulations.

Voronoi domain. From dimension 6 on however, such a relation no longer holds (cf.
[106]).

Finally let us note, as in the case of Voronoi’s first reduction, we can subdivide
the secondary cones into smaller cones and obtain a reduction domain in the strict
sense introduced in Section 2.1.

4.1.3. Enumerating Delone subdivisions. Theorem 4.5 translates into an
algorithm to enumerate all inequivalent Delone triangulations in a given dimension.
We developed the program scc (secondary cone cruiser) which is an implementation
of Algorithm 3. The interested reader can download scc [286]. Using our imple-
mentation it is possible to reproduce the classification of all inequivalent Delone
triangulations up to dimension 5. Table 1 shows the numbers.

Input: Dimension d.
Output: Set R of all inequivalent d-dimensional Delone triangulations.
Y «— {D;}, where D; is the Delone triangulation described in Example 4.4.
R — 0.
while there is a D € Y do
Y —«Y\{D}. R —RU{D}.
compute the regulators of D.
compute the facets Fi,..., F, of A(D).
fori=1,...,ndo
compute the bistellar neighbor D; of D which is defined by Fj.
if D; is not equivalent to a Delone triang. in R U {Dy,...,D;_1} then
Y —«YU{D;}.
end if
end for
end while

ALGORITHM 3. Enumeration of all inequivalent Delone triangulations.

We are not the first to compute this classification. Voronoi performed the clas-
sification of all inequivalent Delone triangulations up to dimension 4 in his memoir
[263]. In [21] and [216] Ryshkov and Baranovskii reported on 221 inequivalent De-
lone triangulation in dimension 5. However, they missed one type which was found
by Engel [101]. Grishukhin and Engel [103] undertook the non-trivial task of iden-
tifying the Delone triangulation missing in the list of Ryshkov and Baranovskii.
There they also report on several errors in both lists. Beginning with dimension 6
the number of inequivalent Delone triangulations starts to explode. We do not
know how many inequivalent triangulations we have to expect in dimension 6. An
example for the difficulties in dimension 6 is seen in the proof of Theorem 5.28.
There we consider the 3%° refining triangulations for the Delone subdivision of the
lattice Ef (the dual of the root lattice Eg).
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Dimension (1]2]3]4] 5
# Delone subdivisions ‘ 1 | 2 | ) | 52 | 179,372

TABLE 2. Numbers of inequivalent Delone subdivisions.

Arbitrary Delone subdivisions are limiting cases of Delone triangulations. Their
secondary cones occur on the boundaries of full-dimensional secondary cones of
Delone triangulations. The following proposition seems to be folklore. One can
find a proof for example in [254, Prop. 2.6.1]:

PROPOSITION 4.6. Let D be a Delone triangulation.

(1) A positive semidefinite quadratic form Q lies in A(D) if and only if D is
a refinement of Delza(Q).

(2) If two positive semidefinite quadratic forms Q and Q' both lie in A(D),
then Delza (Q + Q') is a common refinement of Delza(Q) and Delzq(Q').

By this proposition, the classification of all inequivalent Delone subdivisions
is equivalent to the classification of all inequivalent secondary cones. This has
been done up to dimension 5. The 1- and 2-dimensional cases are trivial; the
3-dimensional case goes back to Federov, who classified all polytopes which tile
3-dimensional space by translates in 1885. Delone [75] (later corrected by Stogrin
[245]) found 51 of the 52 Delone subdivisions in dimension 4. Engel [102] reports
that there are 179,372 inequivalent five-dimensional Delone subdivisions. It is in
principle possible to verify his result by enumerating the faces of the 222 secondary
cones of Delone triangulations in dimension 5 up to GL4(Z)-equivalence (using for
example methods as described in Appendix A). Table 2 summarizes the discussion.

4.2. Extension to periodic sets

4.2.1. Polyhedral description of secondary cones. Suppose D is a Delone
subdivision with respect to a standard periodic vertex-set A. In this section we want
to describe the secondary cone

A(D) ={Q € 8%, : Delx(Q) = D}

explicitly, by linear equalities and inequalities. The description is needed for our
applications in Chapter 5 and therefore we put some effort into avoiding redundan-
cies.

Theorem 4.7 below gives the precise statement. It generalizes Voronoi’s “fun-
damental theorem” for Delone triangulations to arbitrary polyhedral subdivisions.
Moreover, we allow standard periodic vertex-sets and degenerate (unbounded) poly-
hedra. Our proof in Section 4.2.2 not only generalizes Voronoi’s theory, but also
shortens and simplifies his argumentation. The linear equalities are coming from
d-dimensional non-simplex polyhedra in D. Hence, in the generic case of Delone tri-
angulations there are no linear equalities. The linear inequalities are coming from
(d — 1)-dimensional polyhedra (facets) in D. For the formulation of these linear
conditions, recall the definition of Ny, in (4.3). The vertez-set of a polyhedron P,
denoted by vert P, is defined as the set AN P.

THEOREM 4.7. I. Let D be a polyhedral subdivision of RY with a stan-
c{ard periodic vertex-set A. Then the ~closm’e A(D) is a polyhedral cone in
Sgo and A(D) is the set of all Q € Sgo satisfying
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(a) for every d-dimensional polyhedron P € D the equalities
<NV,w7 Q> =0,

for one (which can be chosen arbitrarily) affinely independent set of
d+ 1 vertices V C vert P and all w € vert P;
(b) for every (d — 1)-dimensional polyhedron F € D the inequality

<NVU{w},w’a Q> >0,

for one (which can be chosen arbitrarily) affinely independent set of
d vertices V. C vert F' and two vertices w € vert P\ F and w' €
vert P’ \ F of the two adjacent d-dimensional polyhedra P, P' € D
with F = PN P’

II. The map D — A(D) gives an isomorphism between the poset of Delone
subdivisions of A ordered by coarsening and the poset of closures of sec-
ondary cones ordered by inclusion. The closures of all secondary cones of
Delone subdivisions form a polyhedral subdivision of S’go.

Note that different choices of V, w and w’ for the inequalities could yield
different conditions, respectively different forms Ny fe},w/- Nevertheless, by our
theorem, these are the same on the linear subspace U defined by the equalities. In
other words, their orthogonal projections 7y (Nyufw),w) onto U are all positive
multiples of a uniquely determined form Np p € U with (Np r, Np ) = 1.

Note also that for every v € R? we have

(44) NV+’u7w+'v = NV,ur

Therefore, and because the vertex-set of the subdivision is assumed to be periodic,
the theorem gives only finitely many inequalities. This shows that A(D) is a
polyhedral cone.

Let us also remark that the theorem is valid for arbitrary periodic sets, that
is, finite unions of lattice translates t; + L, if we replace S, by (A~1)!S (A1)
where A € GL4(R) defines the lattice L = AZ?.

Finally, note that in the terminology introduced in Section 3.2, Theorem 4.7
deals only with periodic sets represented by X = (Q,t) € Si’an , where the transla-
tional part t € R4*(m=1) is fixed. So we have only developed a “t-theory” analogous
to the one in Section 3.4.2.

4.2.2. Proof of the fundamental theorem. In this section we prove The-
orem 4.7. We first give two propositions, both dealing with the redundancies in
the set of equations and inequalities, which one would obtain by considering all
possible choices of V', w and w’. Proposition 4.8 takes care of the equalities and
Proposition 4.10 of the inequalities. The latter shows that the orthogonal projec-
tions of all the forms Ny .}« for a facet F', onto the linear subspace defined by
the equalities, are unique up to positive multiples.

PROPOSITION 4.8. Let Q € S and V C R? be an affinely independent set of
cardinality d + 1. Let ¢ € R? and r > 0 be such that Q[c —v] = r? for allv € V.
Then

Qw — ] =1 = (Q, Nv.w)-
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PROOF. The proof is straightforward. We have

Qw—c —r* = (Quww') +(Q, —2wc' + cct) —r?
= (Q,ww') + Z (@, —2vc! + cct) — 12,
veV

with a, as in (4.3). For each v € V we use the equality Q[v — ¢] = r? which is
equivalent to —(Q, vv') = (Q, —2vc' +cct) —r2. This yields the desired expression.
O

REMARK 4.9. By Proposition 4.8 the sign of (@, Ny ) has the following in-
terpretation: If it is positive, then w lies outside the circumsphere of the points
in V, where the circumsphere is taken with respect to the norm induced by Q. If
the sign is 0, then w lies on the circumsphere, and if it is negative, then w lies
inside the circumsphere. In computational geometry this insphere/outsphere test
is conveniently formulated using oriented matroid terminology (cf. [41, Chapter
1.8]): Let V = (v1,...,v411) be affinely independent points in R? with positive
orientation and let w € R%. Then the chirotope

1 1 1
X(vl,...,vd+1,w)(Q) =sign| vy . Vit1 w
Qv1] ... Qvati] Q[w]

satisfies X(m,m,vd“,w)(Q) = sign(Q, Ny ).

PROPOSITION 4.10. Let P be a d-dimensional polyhedron in R?. Let U be the
linear subspace of all Q € 8¢ satisfying (Nv.w, Q) = 0 for all affinely independent
sets V. C vert P of cardinality d 4+ 1 and for all w € vert P. Let F be a facet of P.

(a) Let V and V' be two sets of cardinality d containing affinely independent
vertices of F and let w € vert P\ F and w' € RY. Then

U (Nvufw) ) = T (Nvio{w) w')-

(b) Let 'V be a set of cardinality d containing affinely independent vertices of
F and let w,w € vert P\ F and w' € R?. Then

U (Nvufw)aw) = 70 (Nvufu)aw)-

PRrROOF. In both cases we will show that the difference of the two considered
forms lies in the orthogonal complement of U.

(a) Every pair of affinely independent sets V, V'’ C vert F of cardinality d can
be connected by a chain V = Vi,...,V, = V' of affinely independent sets
V; C vert F of cardinality d such that |[V; N V11| = d — 1. So we can
assume |V NV/| =d— 1. Setting a,y = 1 there exist unique numbers vy,
and a, for v € V defining a affine dependency between the points w, w’

and v in V. This defines the form Ny -
We define v1 by v; € V' \ V'. Since the affine hull of V' and of V'
equals the affine hull of F' there exist numbers 3, for v € V' such that
Y wey: Bv =1and v1 =3 .y, Byv. Thus we have an affine dependency

0 = wtow+ Y ot Y oy,

veV\{v1} veV’

0 = QW + Olw’wl + Z QU + Z a‘U1ﬁ‘U'vv
weV\{v1} =
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which defines the form Ny - This gives

NVU{'w},w/ - NV’U{w},w’ = Oy, ('vlvﬁ - Z ﬁvvvt> .
veV’

Since VUV is a minimal affinely dependent set, we can choose an arbitrary

vertex w of P and find that the right hand side is a multiple of Ny} 0, -
(b) We take a closer look at the difference Ny {w} w — Nvufu},w and show

that it is a multiple of Ny (fw)u- Set a = 1 again and let ay, and a,

with v € V be real numbers defining the affine dependency between the

points w,w’ and v in V. This defines the form Ny (w} - In the same

way let ag,, =1, o}, and ag, be real numbers defining Ny yfa} w-

We set By = @, Bw = —au and (B, = ol — ay for v € V. Then
> Byv =0and Y B, = 0 where the sums run through all v € VU{u, w}.
Thus
(45) NVU{w},w’ - NVU{u},w/ = 6uNVU{w},u-
(]

Note, if u and w’ in the last calculation lie in opposite halfspaces with respect
to the affine plane through V', then 3,, > 0 in (4.5). Therefore, repeated application
yields the following proposition, which we use for the proof of Theorem 4.7 and in
Section 4.3.2 to prove Theorem 4.15.

PROPOSITION 4.11. Let Vi,...,V,, C R? be affinely independent sets of cardi-
nality d + 1 with |V; N Viyq| =d fori=1,...,m —1. Let w € R? and V; be on
opposite sides of aff(V; N\ V1) fori=1,...,m—1. Then

m—1
NVhw = NVmﬂD + § aiNVi,'Uz‘Jrl
=1

with vi41 € Viy1 \ Vi and positive constants o, for i =1,...,m — 1.

With these propositions at hand, we can give a proof of the “fundamental
theorem?”.

PROOF OF THEOREM 4.7. I. We show that A(D) is given by the set of listed
linear equalities and inequalities. By (4.4) this implies that A(D) is a polyhedral
cone, because the Delone subdivision induced by a @ € Sio and a standard pe-
riodic vertex-set contains only finitely many Delone polyhedra up to Z% invariant
translations.

For @Q € A(D) the linear equalities and inequalities are satisfied by Proposi-
tion 4.8.

Conversely, let us assume @ € S satisfies the linear equalities and inequalities
for every polytope in D. By Proposition 4.8 and Proposition 4.10 we can assume
that these are valid for all possible choices of V', v and w. Note that for the use of
Proposition 4.10 it is crucial to observe, that for two linear subspaces U, U’ of &%
with T'= U NU’ we have mp = my o myr = 7y o Ty

Let P be a d-dimensional polyhedron in D. Let V' C vert P be the vertex-set
of a d-simplex.

We show that all possible inequalities (Ny ,,, Q) > 0, where w € D, are implied
by the inequalities (Ny,,,, Q) > 0, where v € D is either a vertex of P or a vertex of
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an adjacent Delone polyhedron of P. Assume w € D\ P. Then we choose a sequence
of adjacent d-simplices with vertex-sets Vi, ..., V,, in D satisfying the requirements
of Proposition 4.11. In addition we require that each vertex-set is contained in
the vertex-set of a fixed polyhedron of D, in particular V3 C vert P and w € V,.
Note that this can be achieved by looking at a refining triangulation of D, which
we can choose arbitrarily. By our assumption on @, we have (Ny, 4,,,,Q) > 0
with equality if and only if V;, V;,1 are subsets of the same polyhedron. Thus by
Proposition 4.11 and Proposition 4.8 we see that the equation (Ny,, ,,Q) = 0
implies (Ny; 4, @) > 0.

Now we prove that a form @ € S¢ satisfying all linear conditions must be
positive semidefinite. Let w € D and A € Z and write Aw = ) Qv With
1=3 ,cv @. Then

veV

0 < (Mo, Q) = NQw] — Y Q]

veV

and hence Q[w] > 0 since the coefficients «, depend only affinely on .

Furthermore, @ lies in the rational closure S’goz The linear conditions are ratio-
nal and thus define a polyhedral cone in which every extreme ray contains rational
semidefinite quadratic forms. By the argument in the proof of Proposition 4.1 all
quadratic forms in such a polyhedral cone lie in Sio.

We finally show that there exists a ¢ € R? and 7 > 0 such that Qw — ¢] > r?
with equality if and only if w € vert P. A solution of the system of linear equations
Qv — ¢] = Q[v' — ¢], where v,v’ € V with V' C vert P, gives ¢ and r. Applying
Proposition 4.8 shows that the inequalities Q[w — ¢] > r? are valid with equality if
and only if w € vert P.

II. For the assertion on the isomorphism of posets given by the map D — A(D),
we need to verify that the Delone subdivision D is a true coarsening of D’ if and
only if A(D) is strictly contained in A(D’). This follows from I. because if D is
a true coarsening of D’ we have equalities in the description of A(D) which are
inequalities in the description of A(D’). If on the other hand, A(D) is strictly
contained in A(D’), we know that all equalities and inequalities in the description
of A(D’) are also satisfied by elements of A(D) implying that D is a coarsening
of D'. Moreover, A(D) has to be contained in the boundary of A(D’), because
otherwise there would exist a @ € A(D') N A(D) implying D = D’. Thus at least

one of the inequalities in the description of A(D) is fulfilled with equality for the

elements of A(D). Hence D is a true coarsening of D’.

Since every form in §¢,, defines a unique Delone subdivision of A, §Z, is subdi-
vided into secondary cones. This subdivision has the face-to-face property, hence is
a polyhedral subdivision, due to the poset isomorphism: Otherwise we would find
Delone subdivisions D and D’, such that A(D) and A(D’) have the same dimension
and such that there is a common relative interior point, but with A(D) # A(D’).
Thus @ would yield two different Delone subdivisions, which is not possible. |

4.2.3. Finiteness for rational periodic vertex-sets. Theorem 4.7 gener-
alizes Voronoi’s Theorem 4.3 and Part I of his Theorem 4.5. Below we generalize
Part II of Theorem 4.5 in case of rational standard periodic vertex-sets.
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As in Section 3.2 we consider a standard periodic vertex-set
m
(4.6) Ae=Jti+2¢
i=1

determined by t = (t1,...,t;m—1) € R4>(m=1) and t,, = 0. Recall from Section
3.4.1 that the automorphism group of A is denoted by GLZ(Z). By Proposition 3.19,
GL%(Z) is a congruence subgroup (having finite index in GL4(Z)) if and only if ¢
is rational. For rational ¢ we obtain a finiteness result for the number of GL(Z)-
inequivalent Delone polytopes.

THEOREM 4.12. Let d,m > 1 and t € Q¥(™=Y Then there exist only finitely
many GLY(Z)-inequivalent Delone polytopes with respect to Ay (as in (4.6)) and
some Q € 84,.

PRrROOF OF THEOREM 4.12. We loosely follow the proof of Deza, Grishukhin
and Laurent in [82] for the classical case (see also [83]). Let N denote the least
common multiple of denominators in ¢. Then we consider A = NA; C Z¢. A
Delone polytope P (of some @ € Sio and with vertices in A¢) is mapped to NP
with integral vertices, given by say n vectors, which we join in a single matrix
V e zdxn,

Without loss of generality we may assume that P is d-dimensional. Among
the vertices of NP we choose d + 1 affinely independent ones spanning a simplex
of maximum volume. We assume that the first d + 1 columns vq,...,v441 of V
contain these vertices. The differences vo — v1,...,v441 — v1 form a basis of a
sublattice of Z¢. By a well known theorem in lattice theory (cf. [51, Section 1.2.2])
there exists a U € GL4(Z) such that

M:U(’U2—’U1,-~-,’Ud+1—’01)

is an upper triangular, integral matrix M = (m;;); j=1,....a With 0 < m;; < my; for
alli,j with 1 <i< j<d.

Since the Delone subdivision of A is invariant with respect to NZ%invariant
translations, we know that the simplex .S, spanned by the first d + 1 columns of
UV, has volume

vol § < vol(NP) < det(NZ%) = N
On the other hand vol S = | det M|/d!. Hence | det M| < N¢d!. In particular, there
exist only finitely many matrices M, with the required properties.

The matrix UV is not necessarily in the orbit GL%(Z)V. But by choosing the
unique U’ = U~ mod N with U’ € {0,...,N -1} wemap V to V' = U'UV =
(v),...,v,) € GLY(Z)V. The first d + 1 columns of V' contain the vertices of
a largest possible simplex (among those spanned by columns of V’). Because of
translation invariance (with respect to NZ%) we may assume that the first column
contains one of the m scaled, integral translation vectors Nt;. We consider the
integral matrix

Y = (v —v),..., v, —v)).
Its first d columns contain one of finitely many possible matrices D = U’ M.

We show that there exist only finitely many possible matrices Y, which proves
that there are only finitely many GL%(Z)-inequivalent Delone polytopes with n
vertices in Ay. Consider D™'Y = (idg R) with R = (r;;) € Q¥x(»=(d+1) By
Cramer’s rule we obtain |r;;| = |det C|/|det D| where C' is the matrix obtained
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from D by replacing the i-th column of D by the (j+d+ 1)-th column of Y. By the
assumptions made on the first d columns of Y, we know that |det C| < |det D| <
N4d!. (Note that |det D| = |det M|.) Thus there are only finitely many possible
matrices R, respectively Y, with a fixed n.

It remains to show that the number of vertices n of a Delone polytope with
vertices in A is bounded. A trivial bound is obtained as follows: We define an
equivalence relation on NZ%: v ~ o', if v + v € 2NZ%. No two vertices v and
v’ of NP can belong to the same equivalence class, since otherwise, (v + v')/2 €
NZ?% C A, which yields a contradiction to the definition of a Delone polytope.
Hence n < (2N)<. O

Now we consider the secondary cones of Delone subdivisions with vertices in
A¢ and how the group GL4(Z) acts on them. We call two secondary cones A and
A’ GLY(Z)-equivalent, if there exists a U € GLY(Z) with A’ = U'AU. For rational
t the proof above yields a finiteness result for GLY(Z)-inequivalent secondary cones,
in analogy not only to the classical theory, but also to the theory of t-perfect forms
in Section 3.4.

THEOREM 4.13. Let d,m > 1 and Ay with t € R¥™ (=1 be o standard periodic
vertex-set as in (4.6). Then the group GLY(Z) acts by A(D) — UtA(D)U on the
polyhedral subdivision of S‘go into topological closures of secondary cones of Delone
subdivisions D with vertez-set Ay. If t is rational, then there exist only finitely
many GLZ(Z) -inequivalent secondary cones under this group action.

PrOOF. The first statement is a direct consequence of Theorem 4.7. The state-
ment of the last sentence follows from an adaption of the proof of Theorem 4.12:
We have to show that there exist only finitely many Delone subdivisions Dely, (Q)
up to GL(Z)-equivalence. Every Delone subdivision is determined by the Delone
polytopes containing one of the vertices ti,...,t,,. Their number and the number
of their vertices is finite, following for example from a volume argument, as in the
proof of Theorem 4.12. Choosing a simplex of maximum volume contained in one
of the Delone polytopes, allows the same argumentation as in the proof there. [J

We think for non-rational ¢ it can be shown that there exist infinitely many
pairwise GLZ (Z)-inequivalent Delone polytopes with vertices in Ag.

4.2.4. Other generalizations of Voronoi’s reduction theory. Our gen-
eralization of Voronoi’s theory is not the first and only one. Due to a demand in
algebraic geometry people have studied several others.

In the seventies, Mumford and Satake described a general procedure for com-
pactifying quotients of bounded symmetric domains by arithmetic groups (cf. [5]).
Their constructions use special decompositions of the domains of interest into ra-
tional polyhedra. As an application of this general method, Namikawa ([186])
constructed a compactification of Siegel modular varieties using Voronoi’s reduc-
tion theory. Siegel modular varieties are moduli spaces of Abelian varieties. Over
the complex numbers they arise as quotient of the Siegel upper halfspace by an
arithmetic group. Namikawa’s construction opened the possibility to understand
the boundary of the moduli space with help of degenerations. Later algebraic ge-
ometers refined this work and they used also generalizations of Voronoi’s reduction
theory for this. In this section we want to review these generalizations and compare
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them to ours. For more information about the geometry of Siegel modular varieties
we refer to the survey [142] of Hulek and Sankaran.

Oda and Seshadri study in [191] a generalization of Delone subdivisions which
they call Namikawa decompositions: Let F be a Fuclidean space where an orthogo-
nal decomposition into subspaces E’ and E” isgiven: E = FE' | E” andlet AC E
be a lattice so that A N E’ is also a lattice. For a vector ¥ € E” the Namikawa
decomposition is

Dy = {7 (D)) :w € B + v},

where 7’ : E — E’ is the orthogonal projection onto E’ and

D(z) = conv{&y,...,& },

with vertices §; € A closest to z, is a Delone polytope of A. Then, Oda and Seshadri
explain in [191, Proposition 2.3] how the Namikawa decomposition changes when
one varies the vector ¢ along E”. Our generalization of Voronoi’s reduction theory
goes into a different direction: We fix a lattice A in a real vector space of finite
dimension and a basis of A and study how the Delone subdivision of A changes
when one varies the inner product along a given subspace (in the space of Gram
matrices).

Alexeev and collaborators (cf. the survey [1, Section 5]) consider so-called semi-
Delaunay decompositions: Let M C R? be a lattice and I' € M be a sublattice of
finite index. A T-periodic polyhedral subdivision of R is called a semi-Delaunay
decomposition when it is the projection of the lower hull (see Section 4.3.2) of
the lifted points (m, h(m)) with m € M and h : M — R a function of the form
h(m) = q(m)+r(m) where ¢ : RY — R is a positive semidefinite quadratic form and
r: M/T — R an arbitrary function on the cosets. Note that Delone subdivisions
of rational standard periodic sets, i.e. sets of the form (4.1) with rational ¢}, are
covered by this construction: Take I' = Z¢ and an overlattice M containing all ..
Define r(t; +I') = 0 and r(m +I') large enough for all m € M not in the rational
standard periodic set. Nevertheless, our treatment has its merits. It is very explicit
and, as we show in this book, can immediately be used for computations. Moreover,
our generalization of Voronoi’s reduction theory to positive definite quadratic forms
with prescribed automorphism group that follows (and which is essential for our
applications) is not covered by the reviewed constructions.

4.3. Equivariant extension and 7T-secondary cones

4.3.1. T-secondary cones. In this section we generalize Voronoi’s second
reduction theory further, analogously to the theory of T-perfect forms described in
Section 3.4.4. We consider a linear subspace T' C S% and look at T-secondary cones
of Delone subdivisions D defined by

A7(D) = A(D)NT.

We call a T-secondary cone Ar(D) and the corresponding Delone subdivision D
T-generic if dim Ap (D) = dim 7. If the vertex-set of D is a standard periodic set,
then by Theorem 4.7 the topological closures of T-generic, T-secondary cones give
a polyhedral subdivision of Sio N7T. Two T-generic cones are called contiguous if
their closures share a facet. A difference with the classical theory is the existence of
dead-ends, which are facets only incident to one T-generic cone. These necessarily
contain only non-positive forms in 8¢, \ S%,.
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The ultimate goal would be to state for every subspace T a theorem as Part 11
of Theorem 4.5 (which deals with the case T = 8¢ and vertex-set Z¢). It turns out
though that in general, this is not always possible. If dim7T = 1, the intersection
of T with 82, contains a PQF @ and all its positive multiples. In this case a
generalized Theorem 4.5 is trivially true. Therefore, if not stated otherwise, we
assume dim 7 > 2 in what follows.

The “road map” for our generalization is the following: In Section 4.3.2 we
generalize the notion of bistellar neighbors to the new setting. In the new the-
ory not every subspace 7' gives a polyhedral subdivision of SEO N T with only
finitely many inequivalent T-secondary cones (see the examples in Section 4.3.3).
For specific vertex-sets and subspaces though, there exist only finitely many in-
equivalent T-secondary cones. We give such a finiteness result in Section 4.3.3, for
rational standard periodic vertex-sets Ay and linear subspaces T = T containing
all G-invariant PQFs for a given finite subgroup G of GL%(Z). Thus we obtain a
generalized, equivariant version of Voronoi’s reduction theory.

4.3.2. Flips and bistellar neighbors. Given a linear subspace T of S¢, we
know by Theorem 4.7 that Sgo N T is covered by the topological closures of T-
generic T-secondary cones. Throughout this section we assume that the vertex-set
of the considered Delone subdivisions is a fixed standard periodic set A. Given
a T-generic Delone subdivision D and its T-secondary cone Ar(D) we want to
determine its contiguous T-secondary cones. For this let F be a facet of Ar(D)
which is not a dead-end. Let D’ be the T-generic Delone subdivision with A(D’)
being contiguous to A(D) at F, hence with F = Ap(D)NAp(D’). The transition
from D to D’ is called a T-flip; the subdivisions D and D’ are referred to as bistellar
neighbors.

In order to describe the T-flip, let Nr € S denote the form which is uniquely
determined by the following conditions:

(1) Nz € T with <N]:,N_7:> =1,
(ii) (N#,Q) =0 for all @ € F,

(iii) (N#,Q) > 0 for all Q € Ar(D),

(iv) (Ng,Q) <0 for all Q € Ar (D).

We collect facets F of D whose forms Np p (as defined after Theorem 4.7) are
positive multiples of Nz when projected onto T

Rr={FeD:dimF=d—-1and Ny =a- - mp(Npp) for aa > 0}.
On R x we define an equivalence relation by

there exist FY,..., F, € Ry with F = Fy, F' = F,,
(4.7) F ~ F' < { and d-dimensional polyhedra P,...,P, € D
WlthFZZPL_lﬂPZ for ¢ = 17...,71.

Thus by definition, the facets in each equivalence class are connected by a
chain of adjacent d-dimensional polyhedra in D. The union of these polyhedra is a
polyhedron again:

PRrROPOSITION 4.14. Let D be a Delone subdivision and C an equivalence class
of (4.7). Let V¢ be the set of all vertices of d-dimensional polytopes in D with a
facet in C. Then (conv V)N A =1V¢.
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i

FI1GURE 1. Lifting interpretation of “upper to lower hull change”.

A proof of the proposition is given at the end of this section. It, as well as the
description of T-flips can conveniently be given using the lifting map wq : R? —
R defined by wg(z) = (x,Q[z]) for a Q € S¢,. The polyhedra conv V¢ in
Proposition 4.14 are called repartitioning polyhedra of F. For a Q € Ar(D) and a
repartitioning polyhedron P we define the (d 4+ 1)-dimensional polyhedron

P(Q) = conv{wg(v) : v € vert P}.

For each of its facets I we have an outer normal vector n(F) € RT!. The facets
are divided into three groups. We speak of a lower facet, if the last coordinate of the

normal vector satisfies (n(F))q41 < 0; we speak of an upper facet, if (n(F))g+1 >0
and of a lateral facet, if (n(F))4s+1 = 0. We show below that these notions are
independent of the particular choice of @ € A (D).

For the description of the T-flip in the following theorem, let 7 : R4+! — R4
denote the projection onto the first d coordinates. Figure 1 gives an example for the
change from “lower to upper hull” in the case of a planar repartitioning polytope.
Note that the situation in higher dimensions can be much more complicated than

what the picture might suggest.

THEOREM 4.15. Let T be a linear subspace of S and F be a common facet
of two contiguous T-secondary cones of T-generic Delone subdivisions D and D’.
Then we obtain the d-dimensional polytopes of D' from those of D by choosing an
arbitrary Q € A(D) and by doing the following for each repartitioning polytope P
of F:
(i) We remove all polytopes 7(F) of lower facets F' of P(Q).
(ii) We add all polytopes 7(F) of upper facets F' of P(Q).

REMARK 4.16. Our theory is similar to the theory of equivariant secondary
polytopes of regular polytopal subdivisions, as recently described by Reiner in [201].
With slight modifications our explicit description of the flipping procedure works
in his setting as well.

As a preparation for the proofs of Theorem 4.15 and Proposition 4.14, consider
the set

(4.8) conv{wg(xz) : ® € A}.
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FIGURE 2. Delone subdivision obtained from lifting.

It is a locally finite polyhedron. A first and important observation is that the
facets of the polyhedron (4.8) yield the d-polytopes of the Delone subdivision when
projected by 7 onto the first d coordinates (see Figure 2, cf. [98]):

PROPOSITION 4.17. Let A be a standard periodic set and @ € Sgo- Then
Delp(Q) = {7(F) : F face of (4.8) of dimension less than or equal d}.

PROOF. For a polytope P € D and a set V' C vert P of cardinality d + 1 and
with affinely independent vertices, the set of all (z,y) € R**! with

(4.9) y=Qlz] — (Nva, Q) = > auQ[v]
veV

is an affine hyperplane in R%*1. Recall from the definition of Ny 5 in (4.3) that the
@, are uniquely defined by the affine dependency =) ., v with Y, ap =
1. Thus we see that the hyperplane given by (4.9) contains the d 4 1 lifted points
wg(v). Moreover, it is a supporting hyperplane of the polyhedron (4.8) if and only
if (Nyg,Q) > 0 for all x € A. By Proposition 4.8 this is the case if and only if
Q[x — ¢] > r? for a suitable ¢ € R? and r > 0. Here, equality holds if and only if
x € vert P. (]

The hyperplane given by equation (4.9) in the proof is a different one for subsets
V and V' of different Delone polytopes. The forms Np p relate the change for
adjacent d-polytopes P and P’ in D with common facet F = P N P’. If the
segment connecting & with a vertex v of P intersects facets Fi, ..., F, of D, then
by Proposition 4.11 and by the definition of Np g (after and because of Theorem
4.7) we have
(4.10) y=Qlz] — (Nva, Q) = Qlz] — 3 Ai(Np 1, Q)

i=1

with suitable positive constants 3;, depending on .

Equation (4.10) yields simple proofs for Proposition 4.14 and Theorem 4.15:

PROOF OF PROPOSITION 4.14. Due to (4.10) and the definition of C, all points
wg(v) with v € V¢ are coplanar in R+, Suppose the union of the d-dimensional
polyhedra of D with a facet in C is strictly contained in conv V. Then there exists
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a facet F' of one of the polyhedra such that F' ¢ C and F' does not belong to
the boundary of conv V. Hence, there exist two vertices w,w’ € V¢ in opposite
halfspaces with respect to aff F. Then by (4.10) and since (Np r,Q) > 0 we
see that wgo(w), wo(w') and wg(v) with v € F cannot be coplanar, which is a
contradiction. ]

PROOF OF THEOREM 4.15. Choose @Q € A(D) and Q' € A(D’) and let P be
a repartitioning polytope of F = A(D) N A(D’). Then by formula (4.10) and since
Np g = —Np: p for all facets F' contained in P, the upper facets of P(Q) project
to the same polyhedral subdivision of P as the lower facets of P(Q’) and vice versa.
The lower facets give the corresponding Delone subdivisions by Proposition 4.17,

which proves the assertion. (Il

4.3.3. Equivariance and finiteness. Let T be a linear subspace of S¢. We
say that two T-secondary cones Ar and A/, are T-equivalent if there is a U €
GL4(Z) such that U'ArU = A% and U'TU = T. In case U € GLY(Z) we speak
of (T, t)-equivalence. Otherwise we say that they are T-inequivalent, respectively
(T, t)-inequivalent.

In this section we discuss assumptions on 7" which ensure that there exist only
finitely many, T-inequivalent or (T, t)-inequivalent T-secondary cones. Note that
Voronoi’s classical theory (cf. Theorem 4.5) deals with the case T' = S¢.

The main difference with the classical theory is that for general T there may
be infinitely many, T-inequivalent T-secondary cones:

ExAMPLE 4.18. Consider a rational PQF @ with trivial automorphism group.
The orbit of @ under the action of GL4(Z) contains only rational PQFs. We choose
a subspace T through @ in which the only rational forms are multiples of Q. So T
does not contain another element from the orbit of (). Thus the setwise stabilizer
of T is trivial. In this situation there are infinitely many T-generic secondary cones
whenever the set 7N 8%, is not closed in S%. Then the intersection of T with

the boundary of Sgo is not covered by finitely many 7T-dead-ends. The maximum

dimension of the intersection of 8%, with a supporting hyperplane of S is (‘31 —d

(see [217, §10]). Thus the intersection of 7 with the boundary of S¢, cannot be

covered by T-dead-ends if dim(T'NS8<,) > (“3') —d+ 1. In particular for all d > 3
there exist examples of subspaces T' with infinitely many, inequivalent T-generic
cones.

Of particular interest is the case where the subspace T = T is pointwise
stabilized by a finite subgroup G of GL4(Z) respectively of GL5(Z). We speak of
G-secondary cones and G-equivalence, respectively of (G, t)-secondary cones and
(G, t)-equivalence in this case. Lemma 3.26 together with Theorem 4.13 give the
following theorem, which finishes our equivariant version of Voronoi’s second re-
duction theory.

THEOREM 4.19. Let d,m > 1 and t € Q™™= Let G be a finite subgroup
of GLY(Z). Then there exist only finitely many (G, t)-inequivalent (G, t)-secondary
cones.

Note that the case of T' being pointwise stabilized by a finite subgroup of GL4(Z)
is not the only case when there are only finitely many 7T-inequivalent T-secondary
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cones. Bayer—Fluckiger and Nebe ([35, Theorem 3.1]) give another sufficient con-
dition for T which ensures finiteness in the two-dimensional case. However, we
are not aware of further, general results regarding this question. Note though that
every computation that terminates is a particular result. For all the subspaces T
we considered for the applications, there were only finitely many T-inequivalent
T-secondary cones. These subspaces are all spanned by rational forms, but this
alone does not guarantee finiteness for d > 3, as shown by the following example
due to Yves Benoist (private communication):

EXAMPLE 4.20. Consider the subspace T spanned by z2 + 2y + 22 and zy.
It contains the two positive semidefinite, but non-positive forms (z + \/§y)2 + 22
In any small neighborhood of these two forms, we find infinitely many forms in
TN Sio with pairwise differing Delone subdivisions. In particular, the minimal
non-zero vectors v € Z% tend towards the kernel of one of the two forms; the Delone
subdivisions have differing edges conv{0,v} with v = (p,q,0)" and g sufficiently

close to Fv/2. Thus there are infinitely many different T-secondary cones, but the
setwise stabilizer of T' in GL4(Z) is finite. In order to see this, note that the three
lines of rank-2 forms in 7" have to be permuted. Note that the same argument does
not apply to dimension 2. The space spanned by 22 + 2y? and zy has no finite
setwise stabilizer.

4.3.4. Algorithmic issues. In this section we discuss several algorithmic is-
sues which have to be resolved to turn our generalization of Voronoi’s reduction
theory into an effective procedure. We assume that all Delone subdivisions are
with respect to a given, rational periodic vertex-set A = Ay, with ¢ € Q4x(m—1)
(see (4.6)). The case m = 1 can be read as the lattice case where A is Z.

We emphasize those points where the generalization differs from the classical
case discussed in Section 4.1. First we adapt Algorithm 3, which enumerates all
inequivalent Delone triangulations. Algorithm 4 describes a procedure to enumer-
ate all T-inequivalent T-generic Delone subdivisions. Depending on T (see Sec-
tion 4.3.3) this generalization may not terminate after finitely many steps (so it
may actually not be an algorithm).

Apart from this, when we compare Algorithm 4 with Algorithm 3 of the original
theory, essentially two new tasks arise:

(1) We have to find an initial T-generic Delone subdivision (cf. Algorithm 5),
whereas in the classical case this can be given by “Voronoi’s first subdivi-
sion”.

(2) We have to check whether two T-generic Delone subdivisions are (T, t)-
equivalent (cf. Algorithm 6).

For Algorithm 5 we need to compute the Delone subdivision of a PQF @ and a
(standard periodic) vertex-set A. We refer to [98] as a general reference (cf. [92]).
In Algorithm 5 we need to compute the T-rigidity indez of a Delone subdivision.
It is simply the dimension of the linear span of A (D). In the classical setting
T = 89 the rigidity inder was introduced by Baranovskii and Grishukhin in [20].
Algorithm 5 is a randomized algorithm and belongs to the class of so-called Las
Vegas algorithms. That is, it always produces correct results whereas the running
time is a random variable.
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Input: Linear subspace T C S% and a finite subgroup G of GLZ(Z),

tc de(m—l)

Output: Set R of all T-inequivalent T-generic Delone subdivision with
vertex-set A

Y — {D;}, where D; is a T-generic Delone subdivision (Algorithm 5).
R «— 0.
while there is a D € Y do
Y —Y\{D}. R — RU{D}.
compute the linear inequalities of A7 (D) as in Theorem 4.7.
compute the facets Fi,..., F, of Ap(D).
fori=1,...,ndo
if F; is not a dead-end then
compute bistellar neighbor D; of D, defined by F; as in Theorem 4.15.
if D; is not (T, t)-equivalent to a Delone subdivision in the set
RU{D;:j€{l1,...,i—1}, Fj not a dead-end} (Algorithm 6) then
Y —YU{D;}.
end if
end if
end for
end while

ALGORITHM 4. Enumeration of all T-inequivalent T-generic Delone subdivisions.

Input: Linear subspace T C S% and a standard periodic vertex-set A
Output: A T-generic Delone subdivision D;

repeat

Choose a random @ in TN S8Y,,.

Compute D; = Delp(Q).

Compute T-rigidity index m of Dy by the linear equalities in Theorem 4.7.
until m =dim 7.

ALGORITHM 5. Finding a T-generic Delone subdivision.

Algorithm 6 checks whether two T-generic (T, t)-secondary cones are (T,t)-
equivalent. For this we need an additional definition. We say that a positive
semidefinite quadratic form @Q is rational normalized if it is integral and the entries
have greatest common divisor equal to one.

For Algorithm 6 we have to test whether two PQFs are (T, t)-equivalent and
we have to compute the GLY(Z)-restricted automorphism group Auts(Q) of a given
PQF Q. For both tasks we refer to the discussion in Section 3.4.4.

The closed polyhedral cones Ar(D) are rational assuming that the vertex-
set A = A; is rational, respectively that ¢ is rational. Thus these polyhedral
cones have a description by rational inequalities as well as a description Ap(D) =
cone{R1,..., Ry} as a cone generated by finitely many rational normalized qua-
dratic forms lying in extreme rays of A (D).

Dealing with symmetries of a polyhedral cone in S?, the characteristic form

Q= Zle R; is of great importance. This is due to the following lemma which is
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Input: Linear subspace T C S?, and T-generic Delone subdivisons Dy, Do
(W.I‘.t. At)
Output: Yes, if D; and Dy are (T, t)-equivalent; No, otherwise
R; <« {rational normalized R of extreme rays of Ap(D;)}, for i =1, 2.
Qi < Y per, B, fori=1,2.
Compute Aute(Q1).
if there exists A € GLY(Z) and B € Aut¢(Q,)
with A'Q1A = Q2 and (BA)'T(BA) =T then
return Yes.
else

return No.
end if

ALGORITHM 6. Checking T-equivalence.

implicitly used in Algorithm 6. T'wo rational polyhedral cones P and P’ in S¢ are
called GLY(Z)-equivalent, if there exists a U € GL%(Z) such that U*PU = P’. As in
the proof of Lemma 3.26, the automorphism group of P is

Auty(P) = {U € GLY(Z) : U'PU = P}.

LEMMA 4.21. Let d > 2 and let P be a polyhedral cone in Sgo- Let t €

Q™ (m=1) " Then the automorphism group Auty(Q) of the characteristic form Q
of P contains the automorphism group Auty(P). The characteristic forms of two
GLZ(Z)—equivalent rational polyhedral cones are equivalent.

PROOF. Suppose that for two polyhedral cones P, P’ C S‘go (possibly the
same) there exists a U € GLY(Z) such that U*PU = P’. Extreme rays of P are
mapped onto extreme rays of P’. We need to show that this is also true for the
uniquely determined rational normalized elements of the extreme rays. For this let
@ be such a rational normalized element of an extreme ray of P. It is mapped
onto the integral matrix U'QU = aQ’ defining an extreme ray of P’, with rational
normalized Q. Thus @ € N. On the other hand @’ is mapped onto an integral
multiple of Q via U™ and (U71)!Q"(U!) = (1/a)Q. Thus a = 1, which proves
the assertion. (]

4.4. More on Delone polytopes and complexes

4.4.1. Secondary cones of polyhedral complexes. A natural question in
the context of Voronoi’s theory and its extensions is what kind of Delone polyhedra
(with respect to some Q € 8¢) can occur for a given discrete vertex-set A C R<.
We define the secondary cone of a polyhedron P with vert P C A by

AN P)={Qe 8%y : P eDely(Q)}.

Clearly, a necessary condition for P = conv{v;,vs...} to have a nonempty sec-
ondary cone A(A, P), is that its vertices vert P = {vy,vs ...} are all the points in
PNA.
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From Proposition 4.8 one derives that for some arbitrarily chosen, affinely in-
dependent V' C vert P of cardinality dim aff P 4+ 1 we have

A(AP)={Q ¢ Sgo i {Q,Ny,) >0 forall we A\ vert P
and (@, Ny,) =0 for all w € vert P}.

Hence A(A, P) is in particular a convex cone in Sio.

If A(A, P) is aray, P is called an extreme Delone polytope, (or supertope or per-
fect Delone polytope). Thus up to scaling, they define a unique PQF, respectively
up to similarities they define a unique lattice. Examples are the Schldfli polytope
in dimension 6 which determines the root lattice Eg, and the Gosset polytope which
determines the root lattice E7 in dimension 7. It is known that the Schléfli polytope
is the only extreme Delone polytope in dimension 6 (see [86]) and that 6 is the
lowest dimension d > 2 in which an extreme Delone polytope exists (see [104]).
We think it would be very interesting to further study extreme Delone polytopes for
various reasons. For example they are connected to local lattice covering maxima,
as we shall see in Section 5.6. We refer to [104], [83] and [118] for further read-
ing. Recently, Dutour and Rybnikov [90] have developed a new algorithm for the
classification of extreme Delone polytopes. With it or variants, it may be possible
to classify extreme Delone polytopes in dimension 7 and 8 (cf. [87]).

Instead of considering the secondary cone of a single Delone polytope, we may
more general consider the secondary cone (realization space) of a polyhedral complex
(union of polyhedra) C = {Py, Py, ...} with all polyhedra P; having vertex-sets in
A. We define

A(A,C) ={Q € 8%, :C C Delp(Q)}-
Then
AMC) =AM P) and AW P) =] AQL0),
pPeC pPeC
where in the second equation, we can restrict the union to run over all complete
Delone subdivisions containing P.

Note that our Theorem 4.7 deals with the case of C being a complete Delone
subdivision. For a periodic set A, it shows that A(A,C) is a polyhedral cone. For
the vertex-set Z?, Ryshkov and Baranovskii [216] consider the case where C consists
of edges (1-faces) only. They call such a complex C a C-type and their secondary
cone is referred to as a C-type domain. They show that these C-type domains are
(relative open) polyhedral cones in SZ,. Moreover, up to GL4(Z)-equivalence there
exist only finitely many C-types. They classify all of the C-types with respect to
Z4 up to dimension 5 and based on them solve the lattice covering problem. We are
not aware of further, general results on polyhedrality of secondary cones of other
polyhedral complexes. In case of a d-dimensional polytope P, an answer is provided
by Proposition 4.22 below.

4.4.2. Baranovskii cones. For the special case of a full dimensional sim-
plex L and a lattice A as vertex-set, the polyhedrality of A(A, L) has been answered
positively by Baranovskii in [15]. His argument works for periodic vertex-sets A
as well. We think it is justified to baptize the secondary cone A(A, L) the Bara-
nowvskii cone of L with respect to A. We note that there is a close connection of the
Baranovskii cone of a unimodular simplez of Z% and the so-called hypermetric cone
(see [83] and [89]). A unimodular simplex of a lattice A is one whose vertices are
an affine basis of A.
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For every Delone polytope P with vertices in A and every d-dimensional simplex
L with vert L C vert P, the secondary cone A(A, P) is the relative interior of some

face of A(A,L). This follows easily from Proposition 4.8 and shows in particular
the following:

PROPOSITION 4.22. Let A C R? be a periodic vertex-set and let P be a polytope
with vertices in A. Then A(A, P) C 82, is a relative open polyhedral cone.

Due to the polyhedrality of the Baranovskii cone, we can use Algorithm 7 below
to decide whether or not a given d-dimensional simplex L with vertices in a periodic
vertex-set A C R is a Delone simplex for some Q € Sgo.

Input: An affinely indep. set V = {vy,...,v4} with v; € Afori=0,...,d
Output: “yes” if conv V is Delone simplex with respect to A, “no” otherwise
N—0
choose initial Q € 8¢,
do
cq « center in R? of conv V with respect to Q
S « CVP solutions for c¢g with respect to A and @
if V C S then
create Ny, for allw € S\ 'V
if {Q'€8%: (Nyw,Q')>0forallwe S\ V} #0 then

4

return “yes”
else
return “no”
end if
else
choose w € S (by construction ¢ V)
N — NU {NV;w}

C—{Q €8?:(N,Q)>0,Nec N}
if ¢ = {0} then
return “no”
else
@ « projection (nearest point map) of @ onto C
end if
end if
end do

ALGORITHM 7. Deciding if a simplex is Delone for some PQF or not.

Since the algorithm is not used in the remaining, let us explain it only briefly:
Just recall the definition of Ny, from (4.3) for a set of affinely independent points
V = {vg,...,v4} and w € R% TFor V there exists a unique center cg (which
can be found by solving a set of linear equations) and a radius » > 0 such that
Q[cg — v] = r? for all v € V. By Proposition 4.8 we have

(4.11) Q[w - CQ] - ’r‘2 = <Q, NV7w>-
By solving a closest vector problem (CVP) for ¢g with respect to A and @,
that is, by determining the set of all vectors v € A attaining min,ea Q[cg — v], we
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can test whether or not V' gives the vertices of a Delone simplex with respect to A
and Q. If this is not the case, we find some w which is closer to cg than any v € V.
In this case we choose a new PQF @’ such that Q'[w — cq/] > Q'[v — ¢g-] for all
v € V. Because of (4.11) this can be achieved by projecting @ onto the polyhedral
cone, which is defined by the linear inequalities of type (Q, Nv.) > 0.

4.4.3. Delone simplices. The most fundamental building blocks of Delone
subdivisions are Delone simplices. Only their secondary cones are full dimensional.
Therefore, in the classical case with a lattice A C R? as a vertex-set, the question
arose what kind of Delone simplices do there exist.

All unimodular simplices are unimodular equivalent, that is they are equivalent
up GL4(Z) mappings (lattice base changes) and lattice invariant translations. In
particular, unimodular equivalent simplices have the same volume. The relative
volume (or normalized volume) of a lattice simplex L is the volume of L divided by
that of a unimodular simplex of A, so that the relative volume equals vol(L) - d!.
Equivalently, it equals the index in A of the sublattice affinely spanned by the
vertices of L.

Clearly, the relative volume is an invariant with respect to unimodular trans-
formations. Hence, in order to classify possible Delone simplices up to unimodular
equivalence, a first question, already raised by Delone in [76], is what is the maxi-
mum relative volume mv(d) of d-dimensional Delone simplices. The sequence mv(d)
is (weakly) increasing, since from a Delone simplex for a lattice A C R¢ one can
easily construct another of the same relative volume for the lattice A x Z C R4+1,

To see that the relative volume is bounded from above, we may use the following
argument, which is Lemma 14.2.5 in [83] (attributed to L. Lovész): Given a Delone
simplex L of some PQF, the volume of the centrally symmetric difference body
L-L={v—-v:vv eLl}isvol(L-L)= (Zj) vol(L) (see [207]). The polytope
L — L does not contain elements of L\ {0} in its interior. Thus, by Minkowski’s
convex body theorem 1.3 we know that vol(L — L) < 2¢. Putting things together
we get

244 d\*?
(4.12) mv(d) < 5=~ V2rd (26> .

()

As a consequence, we see that there exist only finitely many unimodular in-
equivalent Delone simplices with respect to A. So naturally, the question to classify
all of them arises. Voronoi knew that up to dimension d = 4 all Delone simplices
have relative volume 1, while there are Delone simplices of volume 2 for d = 5. In
[16] Baranovskii proved mv(5) = 2, and later Baranovskii and Ryshkov [23] proved
mv(6) = 3. Dutour classified all 6-dimensional Delone polytopes in [86]. We think,
for example based on Algorithm 7, it is possible to classify Delone simplices in
dimension 7 and maybe even 8.

4.4.4. Delone simplices of large relative volume. Ryshkov [213] was
the first who proved that relative volumes of Delone simplices are not bounded
when the dimension goes to infinity. More precisely, for every k € N he constructed
Delone simplices of relative volume & in dimension 2k+1, establishing that mv(d) >
L%J Ryshkov’s constructive proof (which is already in Ryshkov’s dissertation,
according to Baranovskii [16]) is based on the Cozeter lattices A% (see Section 5.3.6



78 4. VORONOI 1I

for a definition), which Coxeter [72] already suspected to contain such large Delone
simplices (cf. [105]).

Recently, the lower bound of Ryshkov was improved to the still linear lower
bound mv(d) > d — 3 by Erdahl and Rybnikov [105]. They show that for d > 4,

the simplices
d—1

L =conv{0,e1,...,eq—1,keq + Z e;}
i=1
are Delone simplices (with respect to the vertex-set Z? and a suitable PQF) if
1<k<d-3.
In this section we prove the following two lower bounds on mv(d):

THEOREM 4.23. For every pair of dimensions di and ds,
mv(d; 4+ dz) > mv(d;) mv(ds).

THEOREM 4.24. For every dimension of the form d =2" — 1,
mv(d) > (d + 1)(4+3)/2 /44,

Theorem 4.23 immediately implies exponential lower bounds on mv(d). For
example, mv(5) = 2 gives mv(d) > 2l9/5] ~ 1.1487¢. Even better, it is known that
mv(24) > 20480. Indeed, the Delone subdivision of the Leech lattice, which was
determined by Borcherds, Conway, Queen, Parker and Sloane [69, Chapter 25],
contains simplices of relative volume 20480 (the simplex denoted a?*a; in their
classification). Therefore we obtain:

COROLLARY 4.25.
mv(d) > 204801424 ~ 1.51234.
Theorem 4.24 gives a much better lower bound asymptotically:

COROLLARY 4.26.
log(mv(d)) € O(dlogd).

PRrROOF. For the upper bound we use (4.12). For the lower bound, let 2" be
the largest power of two that is smaller or equal to d + 1 (so that 2" > (d + 1)/2).
Theorem 4.24, together with the monotonicity of mv(d), gives:

n (2n)(2n+2)/2 n2™ o
mv(d) > mv(2" — 1) > T 20(n2") _ 9O(dlogd)
O
More precisely, the arguments in this proof say that
— < liminf log mv(d) < limsu log mv(d)
dlog d P logad =
Similarly, Theorem 4.24 directly implies

1 log mv(d)

Z <] o \Y)

9 = S T 0 d

log mv(d)

We do not know whether lim “dlogd exists.

Note that Theorem 4.23 and Theorem 4.24 together can be used to construct
Delone simplices with large relative volume in every dimension. For example, by
the monotonicity of mv(d) we find simplices with large relative volume for every
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power of 2. Representing d in binary we may use Theorem 4.24 to obtain Delone
simplices with large relative volumes for every power-of-two summand. Application
of Theorem 4.23 then yields a d-dimensional Delone simplex whose relative volume
is the product ot these relative volumes. Note however, for d = 24 this construction
gives a simplex of relative volume 128, which is far from the relative volume 20480
of the Delone simplex of the Leech lattice mentioned above.

4.4.4.1. Proof of Theorem 4.23. Theorem 4.23 follows from the fact that an
orthogonal product of simplices decomposes into simplices with relative volume
being the product of the individual relative volumes. Let us be more precise: Let
Ly = conv{vg,...,vq, } € R% be a Delone simplex of the lattice A; with relative
volume mv(d; ), and let Ly = conv{wy, ..., wq, } € R? be a Delone simplex of the
lattice Ay with relative volume mv(dz). Then, the direct product

Ll ><Lg:conv{(vi,wj):i:O,...,dl, jZO,...,dg}ngl XRdz

is a (d1 4 d3)-dimensional Delone polytope of the lattice A = A; x Ay. Let A), A}
and A’ = A} x A}, denote the lattices affinely generated by the vertices of L1, Lo and
Ly X Loy, respectively. By the classical theory of Voronoi (see Section 4.1) we know
that by a suitable infinitesimal change of the PQF @ that induces A, the Delone
polytope L1 x Lo is triangulated into Delone simplices, which hence have vertices in
the sublattice A’ (more precisely, in a perturbation of it). Since the index of A’ in
A is precisely mv(d;) mv(dz), these Delone simplices have relative volume at least
that number.

REMARK 4.27. The product of two simplices L1 and L is a totally unimodular
polytope, meaning that all the simplices spanned by a subset of its vertices have the
same volume. In particular, the Delone simplices that we obtain in the last step of
the proof have relative volume ezactly mv(d;) mv(ds) (cf., for example, [128]). As
a consequence, every triangulation of L; x Ly consists of exactly (dljldz’) simplices.

4.4.4.2. Proof of Theorem 4.24. Remember that a Hadamard matrix of order d
is a d x d matrix with elements +1 and —1 in which distinct columns are orthogonal.
Hadamard matrices exist at least whenever d is a power of two and conjecturally
whenever d is a multiple of four (cf. [69, Chapter 3,2.13]; for a recent survey on
Hadamard matrices see [100]).

By multiplying columns with +1 we normalize columns of a Hadamard matrix
H so that the entries of the first row are all +1. Then, from H we get the (d—1) xd
matrix H with elements 0 and 1 by deleting the first row and replacing +1 by 0, and
—1 by 1. The columns of H form the vertex-set of a regular (d — 1) simplex with
edge length /d/2 and volume (det H)/2¢~* = d%/2?/2¢=1. This is the maximum
volume of a simplex contained in the (d — 1) unit cube [0,1]¢71. Such a simplex is
called a (d — 1) Hadamard simplex.

A standard construction for Hadamard matrices of order 2" is as follows

_ _ Hgn—l Hzn—l
Hl o (1)’ HQ" o <—H2n1 Hin) ’

Let d = 2" — 1 and consider the matrix Hy» associated to the particular Hadamard
matrix Hon constructed this way. It is well known, and easy to see, that the columns
of Hyn form an n-dimensional subspace of F. This subspace is also known as
the [d,n] binary simplex code or the dual of the [d,d — n] binary Hamming code.
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Linearity implies that the following is a d-dimensional sublattice of Z:
A(Han) = {(v1,...,vq) € Z%: (vymod?2,...,vgmod?2) € Han}.

This procedure is “Construction A” in [69, Chapters 5 and 7]. The lattice A(Hyn)
has determinant 29" in Z¢, since it contains 2™ of the 2¢ vertices in every lattice
unit cube. Moreover, the Hadamard simplex defined by Han is a Delone simplex
in A(Han) because the sphere around the unit cube does not contain more lattice
points than the columns of Han. The relative volume of the Hadamard simplex is
(d + 1)(d+1)/2/2d (d + 1)(d+3)/2
9d—n - 4d :
4.4.4.3. Remarks on related problems. The determination of mv(d) is clearly
related (but not equivalent) to that of what is the minimal number of translational
orbits of Delone simplices in Delone triangulations of d-dimensional lattices. Let us
denote this number dt(d). Since the sum of volumes of representatives from each
orbit must equal d!, the upper bound for mv(d) implies

dt(d) > <Qj)2—d — Q(27/Vd).

For an upper bound, we can use essentially the same trick as in the proof of Theorem
4.23 to obtain:

PROPOSITION 4.28. There is a constant ¢ < 1 such that dt(d) < c?d!, for every
d>5.

ProOOF. Start with Delone triangulations with the minimal number of transla-
tional orbits dt(d;) and dt(dz) in dimensions d; and dy, and consider the product.
As before, a perturbation of the product lattice produces a Delone triangulation
with (dldt”b) dt(dy) dt(ds) translational orbits, from which we deduce

dt(ds +dy) _ di(dy) di(d)
(dl—i-dg)' —  dq! ds!

Since in every dimension d > 5 there are Delone simplices of volume greater
than one, we have constants cq < 1 such that dt(d) = c4%d!. It suffices now to take
as the global constant ¢ for the statement the minimum of ¢s, cg, ¢7, cg and ¢g. O

Hence,

Of course, in order to get good (asymptotic) values of the constant in the state-
ment, one needs to compute the number of translational orbits of Delone simplices
in “good lattices”.

A similar problem that has attracted attention both for theoretical and applied
reasons is the determination of the minimum number of simplices in a triangulation
of the d-dimensional cube [0, 1]¢. In fact, our proof of Theorem 4.23, as well as the
upper bound in the previous remark, is essentially an adaptation of the technique
used by Haiman [128] to construct “simple and relatively efficient triangulations of
the n-cube”.
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The situation for this problem is that the best lower bound known for the
minimum size t(d) of a triangulation of [0, 1]% is

6 V6 <d@
Vd+1 \Vi(d-i-l)%_ d’

obtained by Smith [240]. The best (asymptotic) upper bound is

lim t;—d) < 0.816,

d—o0 |

due to Orden and Santos [194]. For more information on this topic see [273].






CHAPTER 5

Local Analysis of Coverings and Applications

In this chapter we consider the sphere covering and sphere packing-covering
problem, in particular for lattices. In Section 5.1 we formulate algorithms that allow
to solve the two lattice restricted problems (in principle) by solving a finite number
of convex optimization problems. The presented algorithms depend crucially on
the reduction theories developed in Chapter 4. In Section 5.2 we provide tools for
a local analysis, allowing us to obtain computationally, mathematically rigorous
proofs. We give local lower bounds which enable us to prove local optimality
for certain lattices. In Section 5.3 we present new lattice coverings and packing-
coverings, which we found by application of our methods. In Section 5.4 we apply
our algorithms to a problem in algebraic number theory, the classification of all
totally real, thin algebraic number fields. In Section 5.5 we apply our techniques to
show that the Leech lattice gives a local optimum among lattices. The same method
does not work for the Eg root lattice and in fact, a local analysis reveals that it is
not locally optimal. Even worse, it is “almost” a local maximum. Such “covering
pessima”; as well as “real” local covering maxima are considered in Section 5.6. We
in particular show that the only local lattice covering maximum in dimensions d =
2,...,6 is the root lattice Eg. In Section 5.7 we give a connection of local covering
maxima within a linear subspace T' C S? to a famous conjecture of Minkowski. We
obtain an algorithm which can be used to prove Minkowski’s conjecture in a given
dimension.

5.1. Optimizing sphere coverings

5.1.1. Coverings and PQFs. As in case of the lattice sphere packing prob-
lem, it is convenient to work in the space of positive definite quadratic forms. The
inhomogeneous minimum 1(Q) of a Q € 8¢ is given by
(5.1) 1(Q) = max min Q[x — v].

xR vezZd

The inhomogeneous minimum and and its generalizations have been extensively
studied in the geometry of numbers (cf. for example [124]). For a corresponding
lattice L = AZ?, with A € GL4(R) such that Q = A*A, we have

w(L) = (@)
Thus solving the lattice covering problem in R? means to minimize
w@)? d
= -vol B* = O(L
0Q) =l B =)

on Sio. Scaling of @ by a positive real number leaves © invariant. Consequently,
we can restrict our attention to those PQFs Q with p(Q) = 6 > 0 say. Hence we

83
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solve the lattice covering problem if we solve the following optimization problem:

maximize det(Q
(5.2) subject to (@ is a positive definite matrix,

wmQ) =B,

where the optimization variables g;; are the entries of the PQF @. The major
disadvantage of this optimization problem is that the second constraint is not ex-
pressible as a convex condition in the variables ¢;; and that the problem has many
local maxima. A PQF Q giving a locally optimal solution of the above optimization
problem yields a locally optimal lattice covering.

Similarly we see that solving the lattice packing-covering problem in R? means
to minimize

among all PQFs Q € Sio. Since v is homogeneous we can again assume pu(Q) =
B > 0, and the lattice packing-covering problem is equivalent to the following
optimization problem.

maximize \(Q)
(5.3) subject to (@ is a positive definite matrix,

wmQ) = p.

A locally optimal solution of this optimization problem yields a locally optimal
lattice packing-covering.

In the following sections we show how these two optimization problems can
be solved by breaking them up into a finite number of special convex optimization
problems. Using the theory developed in Chapter 4 we can generalize this to the
situation, where Z? is replaced by some rational standard periodic vertex-set. For
this we extend the definition of the inhomogeneous minimum to an arbitrary dis-
crete set A C R?. We define the inhomogeneous minimum of a PQF Q with respect
to A by

(5.4) 1a(Q) = sup inf Qlx — v].

= veEA
We can obtain the best sphere covering density (the best packing-covering constant)
among sets AA with A € GL4(R) by maximizing det @ (maximizing A(Q)) on the
set of all PQFs @ with pa(Q) = 1. This maximum may not exist. However, if A
is a rational standard periodic set, then it does exist and, as we shall see, we can
determine it algorithmically.

5.1.2. Convex optimization with LMI constraints. In this section we in-
troduce determinant maximization problems, which are convex programming prob-
lems with linear matrix inequality constraints. In a sense they are equivalent to
the better known semidefinite programming problems. For both classes efficient
algorithms and implementations are available. In Section 5.1.4 we will see how the
lattice covering problem and the lattice packing-covering problem can naturally be
formulated as a finite number of determinant maximization problems.
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Following Vandenberghe, Boyd, and Wu [258] we say that a determinant maz-
imization problem is an optimization problem of the form

minimize c'z —logdet G(x)
(5.5) subject to G(x) is a positive definite matrix,
F(x) is a positive semidefinite matrix.

The optimization vector is & € R?, the objective vector is ¢ € R?, and G : RY —
R™*™ and F : R — R™ ™ are affine maps:

G(x) = Go+x1G1+ -+ x4Gy,
F(x) = Fo+xF+---+xqFa,
where G; € R™*"™ and F; € R"*"™ for ¢ = 0,...,d, are symmetric matrices. In

the sequel we will write G(x) > 0 and F(x) > 0 for the linear matriz inequalities
(LMIs) defining the constraints of the determinant maximization problem. As
a special case, our formulation reduces to a semidefinite programming problem
whenever G(z) is the identity matrix for all x € RY.

Nesterov and Nemirovskii [190] developed a framework for the design of effi-
cient interior-point algorithms for general and specific classes of convex program-
ming problems. There (§6.4.3), they also showed that the determinant maximiza-
tion problem can be transformed into a semidefinite programming problem by a
transformation which can be computed in polynomial time. Nevertheless it is faster
to solve the determinant maximization problem directly. Vandenberghe, Boyd, Wu
[258] and independently Toh [252] gave interior-point algorithms for the deter-
minant maximization problem. Both algorithms fit into the general framework of
Nesterov and Nemirovskii. For our implementation we use the software package
MAXDET [280] of Wu, Vandenberghe, and Boyd as a subroutine.

One nice feature of determinant maximization problems is that there is a duality
theory similar to the one of linear programming, which allows one to compute
certificates for a range in which the optimum is attained, the so-called duality gap.
The dual problem of problem (5.5) is (see [258, Sec. 3])

maximize logdet W — trace(GoW) — trace(FpZ) +m
(5.6) subject to trace(G;W) + trace(F;Z) =¢; fori=1,...,d,
W >=0,7Z>0.

Here, W € R™*™ and Z € R™*" are symmetric matrices of the same size as the
G; and F; respectively.

The knowledge of a vector & with G(x) > 0 and F(x) = 0, and of a pair (W, Z),
with trace(G;W) + trace(F;Z) = ¢; fori = 1,...,d, and W = 0, and Z > 0, gives
upper and lower bounds for the optimal value p* of (5.5) by

log det W — trace(GoW) — trace(FyZ) +m < p* < c'x — log det G(z).

If &, W and Z have rational entries only, we can compute lower and upper bounds of
p* that are mathematical rigorous. For the proofs in Section 5.3 we have therefore
developed a program rmd (rigorous MAXDET) which calls MAXDET to find floating
point values of a vector  and a pair (W, Z) satisfying the constraints. Then it
approximates & and (W, Z) by rational numbers and checks whether these rational
approximations satisfy the constraints. In such a case they guarantee a certified
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duality gap. In case of a certified zero duality gap, we have a certificate (com-
putational proof) for local optimality. The interested reader can download rmd
[285].

5.1.3. An LMI constraint for the inhomogeneous minimum. In this
section we will give a linear matrix inequality in the parameters ¢;; of a PQF
@ = (gij), which is satisfied if and only if the inhomogeneous minimum of @ is
bounded, say ©(Q) <  for some S > 0. For this it is crucial to observe that
z'Qy = (Q, zy") is a linear expression in the parameters (¢;;). The PQF Q = (¢;;)
defines the inner product of a Euclidean space (R?,(-,-)) by (z,y) = ='Qy. It
induces a distance )

lz—yl=(x-yz-y).

From a result of Delone, Dolbilin, Ryshkov and Stogrin [77, §3] we can extract
the following proposition which will be central in our further discussion. In it we
denote by pr (Q) the squared circumradius of L with respect to (-, -) (respectively Q).

PROPOSITION 5.1. Let L = conv{0,vy,...,v4} C R? be a d-dimensional sim-
plex. Then ur(Q) < B for some B > 0 if and only if the following linear matriz
inequality (in the parameters g;;) is satisfied:

43 (v1,v1) (v2,v2) ... (vg,vq)
(vi,v1) (vy,v1) (v1,v2) ... (v1,vq)

BR. 3(Q) = (v2,v2) (v2,v1) (v2,v2) ... (v2,v4) = 0.
('vd,"vd) (vd,.vl) (vd,‘v2) (vd,'vd)

In [77] Delone et al. used this proposition as the key ingredient for showing that
the set of PQFs which determine a circumsphere of L with radius at most R is con-
vex and bounded (see Proposition 5.6). Because of the importance of Proposition
5.1 and for the convenience of the reader we give a short proof here.

PrOOF. We make use of Cayley-Menger determinants. The Cayley-Menger

determinant of d + 1 points vy, . .., vq with pairwise distances |v; — v,] is
0 1 1
1 |vg—wvol?> ... |vg—vgl?
CM(vyg,...,vq) = .
1 |jvg—v? ... |vg—vgl?

The squared circumradius R? of the simplex L equals (cf. [38, Prop. 9.7.3.7])
1 det (o =il oy i
2 CM(vo,...,vq)

Replacing |z — y|? by (z,x) — 2(z,y) + (y,y), using vy = 0, and performing
elementary transformations of the determinants turns the above formula into

R? =

0 (v1,v1) (v2,v2) ... (va,v4q)

(v1,v1) (vi,v1) (v1,v2) ... (v1,vq)

| wav) Gav1) (0ovs) ... (0400)

(5.7) R? = -5 RS .
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The inequality R < B% is then equivalent to

0 (vi,v1) (v2,v2) ... (vg,vq)
(v1,v1) (vi,v1) (vi,v2) ... (vi,va)
46 - det ((vi,v))1; 5<a + : : : . : 20,
(va,vq)  (va,v1) (va,v2) ... (va,va)
which is equivalent to
406 (v1,v1) (vo,v2) ... (vg,vq)
(vi,v1) (v1,v1) (v1,v2) ... (v1,v4)
(va,va) (va,v1) (va,v2) ... (va,va)
The minors in the lower right are all determinants of Gram matrices and therefore
non-negative. Hence, the matrix BRy, g(Q) is positive semidefinite. O

COROLLARY 5.2. For any d-dimensional simpler L C R with vertex at 0,
B>0and Q € Sio we have

IBRz3(Q)| >0 <= BRz3(Q) > 0.

EXAMPLE 5.3. Let us compute the matrix linear inequality BRz (@) > 0,
Q = (41§21, for the two-dimensional simplex L = conv{(J), (}), (;)}. We have

43 q11 q11 + 2qo1 + g22
BR.s(Q) = q11 q11 Q11 + q21
qi1 +2¢q21 +g22 qu1 g1 qu1 + 2ge1 + qo2
43 0 0 0 1 1 0 0 2 0 0 1
=10 0 OJ+qg1|1 1 1)4+¢gn1 |0 0 1]+4+¢go|0 0 0
0 0 0 1 1 1 2 1 2 1 0 1
O

For a Delone polytope P of @ (not necessarily a simplex) let pp(Q) denote its
squared circumradius with respect to . Then pp(Q) < g if and only if ur(Q) < 8
for some d-dimensional simplex L with vertices in vert P. Two Delone polytopes
P and P’ with vertices in Z? are called GLg(Z)-equivalent with respect to a given
Q € 8¢, if there exists a U € Aut@Q and a v € Z? with P = v + UP’. Note that
in particular P and —P are always GL4(Z)-equivalent.

Since a block matrix is semidefinite if and only if the blocks are semidefinite, we
have the following proposition which allows us to express the constraint “u(Q) < 37
locally by a single linear matrix inequality.

PROPOSITION 5.4. Let Q € Sio be a PQF and let Py,..., P, be a represen-
tative system of d-dimensional Delone polytopes in Delya(Q), which are GL4(Z)-
inequivalent with respect to Q. For every P; choose a d-dimensional simplex L;
with vert L; C vert P;. Then for 3 >0

BRth(Q) 0 0

wQ)<p = 0 BRL,5(Q)| ’ = 0.
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Given a Delone subdivision D with vertex-set Z¢, the proposition can in par-
ticular be applied simultaneously to all PQFs @ in the secondary cone A(D). If
we additionally restrict to PQFs @ which are invariant with respect to some fi-
nite subgroup G C GL4(Z), we may reduce the number of blocks to one for each
G-equivalence class of Delone polytopes.

5.1.4. Algorithms for solving covering problems. In this section we de-
scribe algorithms which in principal solve the lattice covering problem and the
lattice packing-covering problem in any dimension d. They are based on Proposi-
tion 5.4, which allows to formulate these covering problems locally as determinant
maximization problems. The size of these optimization problems can be reduced by
Proposition 5.4, if we restrict to PQF's invariant with respect to some finite group
G C GL4(Z). This is the essential ingredient for our systematic search for new best
known configurations, which we describe in Section 5.3. We also indicate in this
section how this can be generalized to rational standard periodic sets.

Our algorithm for the lattice covering problem computes all locally optimal
lattice coverings of a given dimension. These are only finitely many. In fact, by
Proposition 5.7, for every fixed Delone triangulation D there exists at most one
PQF lying in the topological closure of the secondary cone of D giving a locally
optimal covering density. So, we fix a Delone triangulation and try to find the PQF
which minimizes the density function in the topological closure of the secondary
cone of the fixed Delone triangulation. We formulate this restricted lattice covering
problem as a determinant maximization problem. Our algorithm for the lattice
packing-covering problem operates similarly. For every Delone triangulation we
have to solve a semidefinite programming problem.

5.1.4.1. Solving the Lattice Covering Problem. For every Delone triangulation
D we solve the optimization problem

maximize detQ@

(5.8) subject to Q € A(D),
@) < 1.

The relaxation of no longer requiring 1(Q) = 1 in the third constraint does not give
more optimal solutions because if @) satisfies the constraints, then so does #Q)Q.
Now, we have to show that this is indeed a determinant maximization problem. We
have seen in Section 4.1 that the first constraint can be expressed with inequalities
linear in ¢;;. The constraint 1(Q) < 1 can be expressed by a linear matrix inequality
as in Proposition 5.4.

The optimization vector & € R¥4+1)/2 is the vector of coefficients of Q. The
linear matrix inequality G(x) > 0 is given by G(x) = . We encode the two
other constraints @ € A(Q) and pu(Q) < 1 by block matrices in the linear matrix
inequality F'(x) = 0. For any linear inequality which is needed to describe the
secondary cone we have a 1 x 1 block matrix. For any inequivalent d-dimensional
simplex L € D we have the (d + 1) x (d + 1) block matrix BRy 1(Q).

5.1.4.2. Solving the Lattice Packing-Covering Problem. Along the same lines
as above we formulate the lattice packing-covering problem as a finite number of
semidefinite programming problems. From the discussion for the lattice covering
problem we know how to deal with the constraint (@) = 1. But how do we maxi-
mize A(Q)? A theorem of Voronoi (see [263, §55] or [69, Ch. 21, Th. 10]) implies
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that a shortest vector v € Min @ gives the edge [0, v] in the Delone subdivision of Q.
In a fixed Delone subdivision D there are only finitely many (at most 2(2¢ — 1),
see [263, §55]) edges of the form [0,v]. We can maximize A(Q) for Q € A(D) as
follows: We introduce a new variable C' which we want to maximize subject to the
constraints Q[v] > C where v runs through all edges of the form [0, v] in D. This
assures A(Q) = C when C attains a maximum. All these expressions are linear
in the coefficients ¢;; of ). Hence we have to solve the following semidefinite pro-
gramming problem for every inequivalent Delone triangulation D in order to solve
the lattice packing-covering problem:

maximize
subject to Q € A(D),

wQ) <1,
Q[v] > C, where [0, v] is an edge in D.

(5.9)

5.1.4.3. Extension to periodic sets. We can adapt the above algorithms for the
lattice sphere covering and the lattice packing-covering problem, to fit our exten-
sions of Voronoi’s theory to periodic sets (see Section 4.2).

For the lattice problems, our algorithmic solution uses the possibility to obtain
a complete system of GLg(Z)-inequivalent Delone triangulations with vertex-set
Z%. By Theorem 4.13 we can also obtain a complete system of GL;(Z)—inequivalent
Delone triangulations with rational standard periodic vertex-set

Ay = 6 ti + 2%,
i=1

where t = (t1,...,t,_1) € Q™1 and (without loss of generality) ¢,, = O.

For each Delone subdivision with vertex-set Ay, there exists a finite system of
GLY(Z)-inequivalent Delone polytopes. Recall from Section 4.2.3 that two Delone
polytopes P and P’ (with vertices in A;) are called GL%(Z)-equivalent (with respect
to a given Q € SZ or a finite subgroup G C GL}(Z)), if there exists a U € GLY(Z)
(UeAutQorU € G) and av € Ay — Ay with P = v+ UP’. With this terminology,
Proposition 5.4 has the following generalization. Recall that for m = 1 we set
Ay = Z% and GLY(Z) = GL4(Z).

PROPOSITION 5.5. Let dym > 1 and t € R>*(m=V . Let Q € S¢, be a PQF
and let Py, ..., P, be a representative system of d-dimensional Delone polytopes in

Dely, (Q), which are GLY(Z)-inequivalent with respect to Q. For every P; choose a
d-dimensional simplex L; with vert L; C vert P;. Then for 8 >0

BRLlﬂ(Q) 0 0 ... 0
pa Q) <8 = 0 BR.,3(@Q)] 0 ... 0 o
0 0 0 ... |BRz,3(Q)

As in the lattice case, using this proposition, for each Delone subdivision D
with vertices in Ay, we can solve the determinant maximization problem (5.8) to
obtain a local optimum for the covering problem. Respectively, we can solve the
semidefinite programming problem (5.9), to obtain a local optimum for the lattice-
covering problem In this way, for a fixed rational ¢, we can obtain the best covering
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and packing-covering sets among all periodic sets AA; with A € GL4(R). By this
we have a theory which enables us to systematically search for good or even best
periodic (possibly non-lattice) coverings or packing-coverings.

5.1.4.4. Extension to linear subspaces T C 8. The extension of Voronoi’s the-
ory in Section 4.3 dealt with the restriction to PQFs lying in a linear subspace
T C S?. This can be applied to the classical lattice theory as well as to the exten-
sion to standard periodic sets Ay mentioned above.

Assume (A1, ..., AgimT) is a basis of T. Then every Q € T can be written as
Q = Z?:‘TxiAi with unique parameters x1,...,Zgm7. The inner product (-,-)
defined by (y, z) = y'Qz (used in Propositions 5.1 and 5.4) can be expressed as

dim T
(y,Z) = <Q7yzt> = Z in<Ai,th>,
i=1
hence as a linear combination of the parameters x;. Thus instead of (dgl) parame-
ters we now deal with dim T parameters. In (5.5), the matrix G(z) is 00 " 2 A,
Depending on T this may reduce the size of the optimization problems tremen-
dously.

We can reduce the size of the optimization problems further, in case T' = T
is an invariant subspace for some finite group G C GL%(Z). Because in this case,
every @ € T as well as their Delone subdivisions are invariant with respect to the
elements in G, we can apply Proposition 5.4 and reduce the number of blocks in
the used block diagonal matrices (by considering only one block per G-equivalence
class of Delone polytopes).

5.1.5. A covering and a packing-covering optimizer. Based on the pro-
gram rmd (rigorous MAXDET) we developed two software tools: coop, a covering
optimizer, and pacoop, a packing-covering optimizer. The programs, together with
a short tutorial can be obtained from the web page [227]. They allow to ap-
proximate — mathematically rigorously — the optimum covering density and the
packing-covering constant with respect to a given T-secondary cone.

To give a short example let us consider possible input and output for coop (see
Figure 1). The first line of the input file contains the dimension, here 2. The second
block contains the number of simplices, here 1, which follow to describe the Delone
triangulation (or more general, simplices that describe the Delone subdivision). All
simplices are assumed to contain the origin. So here, the block describes the simplex
with vertices (0,0), (1,0) and (1,1). The second block describes a basis for the T-
space under consideration. Here we have a 2-dimensional space spanned by the
two symmetric matrices, which are given in lower triangular form. The third block
contains linear inequalities for the coefficients of forms with respect to the basis
given by the T-space. They describes the T-secondary cone under consideration.
In this case we have 2 inequalities for 2 variables 1 and x5. They have to be read
as —xo > 0 and x1 + 9 > 0. The last two entries give some technicalities for the
involved interior point methods. The first number denotes the maximum number
of iterations and the second number gives a size of the duality gap one wants to
obtain. This gap gives information on the quality of the approximation of the
optimal covering density with respect to the given secondary cone. The output of a
call of coop with this input data is shown on the right in Figure 1. The entry after
minimizer approx gives a rational approximation (in homogeneous coordinates) of
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INPUT: OUTPUT:
2 skkok ok ksk ok sk ok ok
* SUMMARY *
1 sk kK ok ok sk ok ok
10
11 * minimizer_approx = [100000000000000000000

299999999999696198571

2 -150000000000064459549]
1

01 * theta_lower_bound ~ 1.209199576

0

10 * theta_upper_bound ~ 1.209199576

2 * duality_gap ~ 1.493172253e-11

0 -1

11 * Thanks for your patience...

500

le-10

FIGure 1. Example input (left) and partial output (right) of coop.

a form attaining optimality within the given secondary cone. Here the answer can
be interpreted to approximately

1 0

2.99999999999696198571 (O 1

) — 1.50000000000064459549 (? (1)> ,

which is very close to a PQF representing a basis of the hexagonal lattice. In cases
where the solution is “obvious” as here one may guess the correct PQF and check
(“prove”), using the software rmd, whether or not it actually is the solution for the
given input data.

5.2. Local analysis of lattice coverings

Since we are dealing with convex optimization problems, we can extract some
structural information about uniqueness and invariance properties of locally optimal
solutions. On the one hand these help us to identify exact coordinates of optimal
solutions. On the other hand they allow us to decide whether we have found an
isolated locally optimal solution or not. Whereas in this section we concentrate on
a local analysis of lattice covering optima (density minima), we complement the
discussion in Section 5.6 by analyzing possible lattice covering maxima.

5.2.1. Properties of local optima. Most of the desired properties follow
from the special structure of sets with PQFs @ attaining certain fixed values (@),
A(Q) or det Q. Let L = conv{0,vy,...,v4} C R? denote a d-dimensional simplex
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and D a Delone triangulation. Then for 5 > 0 we consider the sets

Br<s = {Q€8% :|BR.s(Q)| >0},
Br-p = {Q€8% :|BRLs(Q)| =0},
Wp<p = m Br.<g N A(D).
LeD

Hence, by Corollary 5.2 and Proposition 5.4 the PQFs Q € Wp <g are those with
w(Q) < B in A(D). Further, for « > 0 and A > 0 we consider

D, ={Q € 8%, :det@ > a}
and the Ryshkov polyhedron
Pr={Q€8%: MQ) = A}

The following is known (see [77], [211]) and was partially discussed in previous
sections:

PROPOSITION 5.6. Let L = conv{0,vy,...,v4} C R? be a d-dimensional sim-
plex, D a Delone triangulation with vertez-set Z%, D > 0 and X\ > 0. Then

(1) Br,<p, and therefore Wp <p, is convex and bounded.

(2) Br,=p is a smooth (regular) hypersurface.

(3) D, is unbounded, strictly conver and has a smooth boundary.

(4) Py is unbounded and convex and has a piecewise linear boundary.

(5) D, and Py are invariant with respect to the action of GL4(Z) on S4,,.

As a consequence of these properties, it is not hard to derive the following
proposition (see [77], [211]).

PROPOSITION 5.7. Let D be a Delone triangulation with vertex set Z2.

(1) The set of PQFs in A(D) attaining min  ©O(Q) is a single PQF, together
QeA(D)
with all of its positive multiples. It is invariant with respect to the action
of D’s automorphism group

Aut(D) = {U € GLy(Z) : UD = D}.

(2) The set of PQFs in A(D) attaining min_~(Q) is convex and contains
QeA(D)
a subset which is invariant with respect to Aut(D).

A first, but non-geometric proof of property (1) was given by Barnes and Dick-
son [27]. There they also observed, as Ryshkov [211] did for the lattice packing-
covering problem, that it suffices to optimize among all PQFs whose automorphism
group contains the group Aut(D). This was one of the motivations to develop the
theory of G-secondary cones, described in Chapter 4.

COROLLARY 5.8. If Q is a local optimum of the lattice covering or lattice
packing-covering problem among all PQFs in A(D) whose automorphism group
contains Aut(D), then Q is a locally optimal solution.

Note that the statement of Corollary 5.8 holds only if @ lies in the relative
interior of the closed cone A(D). For local optima on the boundary of secondary
cones we may apply the following trivial proposition.
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PROPOSITION 5.9. A PQF Q is a locally optimal solution with respect to ©
or v if and only if it is an optimal solution for all Delone triangulations D with

Q € A(D).

Computational experiments suggest that there exist two locally optimal solu-
tions with respect to v in dimension 5 which both lie on the boundary of some
secondary cones (see the proof of Theorem 5.25). In dimension 5 and lower every
locally optimal solution with respect to © lies in the interior of some secondary
cone. However, in higher dimensions there exist locally optimal solutions lying on
the boundary. The Leech lattice gives such an example as we show in Section 5.5.

5.2.2. Rigorous certificates. Using convex optimization software to solve
the covering or packing-covering problem, we are often limited to determining a
certain certified range (see Section 5.1.2) in which the optimum value is attained.
To use Proposition 5.9 it is desirable to decide computationally whether or not
the optimum is attained on the boundary or even on a specific facet of A(D). In
many cases this is possible by using the following proposition which is a simple
consequence of the convexity of determinant maximization problems.

PRrROPOSITION 5.10. Consider the determinant mazimization problem

minimize f(x)
subject to G(z) > 0 and F(x) = 0,

where f(x) = ctz — logdet G(x).

(1) Letyy be the optimal solution of (5.10), and let y, be the optimal solution
of (5.10) with the additional constraint F(x) = 0. If f(y1) < f(y,), then
F(yy) =0.

(2) Lety, be an optimal solution of (5.10) with the additional linear constraint
ntx > 0, and let y, be an optimal solution of (5.10) with the additional
linear constraint ntx < 0.
(a) If f(y1) < f(y2), then n'y, = 0.
(b) If f(y1) > f(ys), then nty, <O.

Let Qopt denote a PQF with p(Qopy) = 0 attaining an optimum in A(D) for
O. The lattice packing-covering case is similar. Let [ and u be a lower and an
upper bound for a minimum of f(Q) = —logdet @. Here and in the sequel we use
up(Q) < B as an abbreviation for the linear matrix inequality in Proposition 5.4
guaranteeing that the circumradius (with respect to Q) of all the simplices of the
triangulation D is at most ﬁ% (8> 0).

The first part of Proposition 5.10 gives a sufficient criterion for Qopt lying on
the boundary of A(D). Suppose the upper bound of f on {Q € 8, : up(Q) < 5}
is smaller than . Then we have a certificate for Qpr € bd A(D).

The first half of the second part of Proposition 5.10 gives a sufficient criterion
for Qopt lying on a specific facet F' of A(D). Let H denote a hyperplane containing
F and let H~, H" be the closed halfspaces containing A(D), respectively not

containing A (D). If the upper bound of f on
{QeSly: Qe H and up(Q) < B}

is smaller than [, then we have a certificate for Qopt € F'.

(5.10)
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The second half of the second part of Proposition 5.10 gives a sufficient criterion
for Qopt not lying on a specific facet F' of A(D). If the lower bound of f on

{Qe Sy : Qe H and up(Q) < B}
is larger than u, then we have a certificate for Qopty & F. Clearly, such a certificate

for all facets of A(D) gives a certificate for Qopt € A(D).
Note that these certificates give mathematical rigorous proofs when we proceed
as described at the end of Section 5.1.2.

5.2.3. Outer normal cones. Next we assume a PQF Q is given and we want
to decide computationally if it is a locally optimal solutions to the lattice covering
or lattice packing-covering problem. Before considering locally optimal solution we
have to do some local analysis. Here, we shall compute the normal cones of the sets
Whp <3, Px and D, at a given PQF ). As a general reference to the basic concepts
in convex and differential geometry used in the sequel we refer to the book [222]
by Schneider.

We consider S% as Euclidean space with inner product (-, -). Let

H={SeS8: (N,S)=a}

be a hyperplane with normal vector N € S\ {0} and C' a convex set with boundary
point ). Then H is said to be a supporting hyperplane of C' at () with outer normal
vector N, if
CCH ={Se8:(N,S)<(N,Q)}.

The (outer) normal cone of C' at @ is then given by all outer normal vectors of
supporting hyperplanes at @ together with the zero vector. Clearly the normal
cones are convex. A hyperplane H is called a separating hyperplane for two convex
sets with a common boundary point @, if it is a supporting hyperplane of both
sets, but with opposite outer normal vectors. Such a hyperplane exists if and only
if the corresponding normal cones N; and N, at Q satisfy —N7 NN, # 0.

Let us now compute the normal cones of the sets Wp <g, Py and D, at some

PQF Q.

PROPOSITION 5.11. Let D be a Delone triangulation and Q@ € Wp <g a PQF
with (Q) = B > 0. Then the normal cone of Wp <g at Q is equal to

—cone{gr3(Q): LeD and Q € B =g},
where

91,5(Q) = grad | BRL 5 [(Q)
denotes the gradient of the regular surface By —g at Q.

PrROOF. First, —gr 3(Q) # 0 exists and is the unique outer normal vector of
Br.<p at Q, since By, —p is a regular surface defined by the polynomial equation
IBRL,s(Q)| = 0. Second, we see that Wp <3, in a sufficiently small neighborhood
of @, is equal to the intersection ﬂQeBL,:[i Br,<p. Therefore, the normal cone of
Wp < at Q is equal to cone{—gp, g(Q) : Q € Br =3} (see [222, Th. 2.2.1]) and the
assertion follows. O

From Section 3.1.3 and the proof of Theorem 2.3 we obtain the outer normal
cones for D, and the Ryshkov polyhedra Py. For latter we obtain exactly the
negative of the Voronoi domain V(Q) = cone{vv’ : v € Min Q}.
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PROPOSITION 5.12. The outer normal cone of Daes g at Q is given by

—cone{Q'}.
PROPOSITION 5.13. The outer normal cone of Pxqy at Q is given by —V(Q).

5.2.4. Necessary and sufficient conditions for local optima. Based on
the information about the outer normal cones derived in the previous section, we
can give sufficient conditions for local optimality. For this we distinguish the cases
where @ lies in the interior or boundary of the closure of a secondary cone of some
Delone triangulation.

5.2.4.1. Interior Cases. Because of the convexity of Dyet @, Pa(g) and Wp < a
separating hyperplane at a PQF Q of Wp < with 1(Q) = (3 and one of the other two
sets yields a necessary and sufficient condition for @ to be a locally optimal solution
to either the lattice covering or the lattice packing-covering problem. Therefore a
necessary and sufficient condition can be derived from the normal cones at @) with
respect to these sets.

PROPOSITION 5.14. Let D be a Delone triangulation with vertez-set Z¢, and
let Q € A(D) be a PQF with u(Q) =3 > 0.

(1) (127]) Then Q is a locally optimal solution to the lattice covering problem
if and only if

cone{Q '} N —cone{gr 3(Q): L €D and Q € By —p} # 0.

(2) Then Q is a locally optimal solution to the lattice packing-covering problem
if and only if

V(Q) N —cone{gr 3(Q) : L €D and Q € By, —3} # 0.

Recall that @ is called eutactic, if @' € relint cone{vv’ : v € MinQ}. Thus
combining the two statements of the proposition, we obtain a criterion for a unique
local optimum with respect to the lattice packing-covering problem.

COROLLARY 5.15. Let D be a Delone triangulation with vertez-set Z¢. Then
Q € A(D) is a unique locally optimal solution to the lattice packing-covering prob-
lem, if Q is eutactic and a locally optimal solution to the lattice covering problem.

EXAMPLE 5.16. We can use Corollary 5.15 to show that A}, d > 2, with

v(AL) =4/ d,—‘gQ is locally optimal for the lattice packing-covering problem. Ryshkov

[211] gave another proof of this fact. The lattice A} is known to give a locally
optimal lattice covering (see [112], [113], [42]). A quadratic form Qa+ associated
with A% is

d -1 - -1
-1 T T

Qas =1 . ;
S |
1 .. —1 4

with p(Qax) = % and A(Qa+) = d. The set Min Qa+ contains exactly 2(d+1) el-

ements, namely the standard basis vectors eq, . .., e4, their negatives and + 2?21 e;
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(see [69]). Thus in particular

2 1 ... 1
_ 1. e
(d‘i'l)'QAzl:QAd: o . = Z vl
: " o1 vEMin Qpx
1 ... 1 2

Hence, Qa is eutactic because Q;g € relint V(Qa;) and therefore the assertion
follows.

5.2.4.2. Boundary cases. In Proposition 5.14 we assume that D = Delyq(Q) is
a Delone triangulation. If this is not the case, the situation becomes more compli-
cated, in particular for the lattice packing-covering problem. Assume (@ is on the
boundary of a secondary cone of a Delone triangulation. Then we need to replace

—cone{gr3(Q): L eDand Q € By =3}

by a more general expression.
We not only have to consider one secondary cone, but closures of all in which
Q lies. For this let D = Delz4(Q) and

Wps= |J {QeAD):QeBycpforal LeD},
D'<D

where D’ < D denotes that D’ is a Delone triangulations refining D. This set is
a subset of {Q € 8%, : u(Q) < B}. We require that Wp 5 is separable at Q, that
is, there exists a supporting hyperplane of Wp g through (). This is in particular
the case, if there exists a small r > 0 such that (Q + rB) N Wp g is convex, where
B ={X €8%: (X, X) = 1} is the unit ball in S%. In this case, the outer normal
cone of Wp 3 at @) is

—cone{gr3(Q): L €D <D and Q € Br—3}.
As a consequence we obtain the following criterion for local optimality.

PROPOSITION 5.17. Let D be a Delone subdivision with vertex-set Z% and @ €
A(D) with u(Q) = 8. Then
(1) Q is a locally optimal solution to the lattice covering problem, if and only
if Wp g is separable at ) and

cone{Q '} N —cone{grs(Q): LE€D' <D and Q € B} #

(2) Q is a locally optimal solution to the lattice packing-covering problem, if
Whp 5 is separable at Q) and

V(Q)N —cone{gr3(Q): LeD' <D and Q € By -3} # 0.

In case of the lattice packing-covering problem the “only if” part is missing,
because we cannot exclude the case of a locally optimal solution Q'with Wp 5 not
being separable at ’. This is due to the fact that the boundary of the Ryshkov
polyhedron {Q € 8% : A(Q) > A\(Q’)} is not smooth in contrast to the boundary
of {Q € 8 :detQ > det Q'}.

This phenomenon seems to happen to PQFs associated to the root lattice Eg.
This lattice is known to give a globally optimal solution to the lattice packing
problem, but not a locally optimal solution to the lattice covering problem (see
Section 5.5.5). Nevertheless, computational experiments support the conjecture
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that the root lattice Eg gives a locally optimal solution for the lattice packing-
covering problem. Note that Zong [272] even conjectured that Eg gives the unique
globally optimal solution to the lattice packing-covering problem in dimension 8.

5.2.5. Conditions for isolated local optima. Locally optimal solutions to
the lattice packing-covering problem may not be isolated optima, in contrast to
solutions to the lattice covering problem. To determine computationally if a given
locally optimal solution @ is isolated, we have to check if there exists a segment
[Q, Q'] which lies in the boundary of Py and in the boundary of Wp <5 at Q.
For simplicity we only deal with the case where Delyq(Q) is a triangulation.

PROPOSITION 5.18. Let D be a Delone triangulation with vertex-set Z¢ and let
Q € A(D) be a locally optimal solution to the lattice packing-covering problem with
w(Q) =06 >0. Then Q is not an isolated local optimum if and only if there exists
an S € 8¢ with
(1) (vv',S) = Sw] >0 for all v € MinQ,
(2) (9r.8(Q),S) >0 for all L € D with Q € B, -3,
(3) hr(Q)S =0 for all L € D with Q € Br,—p and {g13(Q), S) = 0.

ProoOF. The first condition says that there exists an €; > 0 so that the segment
[Q,Q + €15] lies in Py () because Py (o) has a piecewise linear boundary. The first
condition together with the second condition plus the local optimality of @ are
equivalent to the fact that S is in the tangent space of By, < at @ and in the tangent
space of Py(q) at Q. Thus Q+e2S is in the boundary of Wp <4 for sufficiently small
€2 > 0 if and only if the corresponding smooth hypersurfaces B, —3 have curvature
0 in direction S. This is equivalent to S being an eigenvector of eigenvalue 0 of the
Hessian hp(Q)) = hess|BRy g |(Q) which is the third condition. Hence, all three
conditions are fulfilled if and only if there exists a segment [@, Q'] in the boundary
of the two sets Py () and Wp <5, where Q' = @ + min(eg, €2)S. |

To this point we do not know whether or not there exist a locally optimal
solution to the lattice packing-covering problem which are not isolated. Their
existence would for example follow if there would exist a locally optimal solution
to the lattice packing-covering problem which does not have all the symmetries of
the corresponding Delone subdivision.

5.2.6. Local lower bounds via moments of inertia. In this section we
give simple and efficiently computable local lower bounds for the lattice covering
density and the lattice packing-covering constant. These bounds are “local” in
the sense that they only apply to those PQFs lying in the topological closure of
the secondary cone of a given part of a Delone triangulation (see Section 4.4 for
the concept of secondary cones of polyhedral complexes). In order to compute the
bounds we only need to know the coordinates of the considered simplices. These
bounds are therefore useful tools in a heuristic search for “good” PQFs. Sometimes
they can be used to obtain a proof for local optimality of a lattice covering, as we
shall see in Section 5.5 for the Leech lattice. For complete Delone triangulations, the
method goes back to Ryshkov and Delone. It is called the method of the moments
of inertia because the central idea in its proof is analogous to the Parallel Axis
Theorem of Steiner in classical mechanics (see [3]).

Let L = conv{vy,...,v4:1} C R? be a simplex in the d-dimensional Euclidean
space with inner product given by the PQF Q. Its centroid is m = # > vi. Let
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¢ be the center of its circumsphere and let r be its circumradius. Using Apollonius’
formula (see [38, §9.7.6]) we get

2 1
R —Q[C—m]ﬂLm;Q[vk—vl]-

Based on this relation we can bound the inhomogeneous minimum.

PRrROPOSITION 5.19. We consider a collection of Delone simplices

Ly =conv{vi1,...,v1,a11},-.., Ln = conv{v,1,...,Vn 441}
of Q with vertices in Z¢ and with circumradii Ry, ..., R,. Then the inhomogeneous
minimum is bounded by
1
5.11 > R?> ——— ik — il
(5.11) #(@Q) = max Z_n(dH)Q;k;Q[v =i

The proof is straightforward. We can use this proposition to get local lower
bounds for the covering density and the packing-covering constant of PQFs having
Ly,..., L, as Delone simplices. We fix the determinant of () and minimize the right
hand side of (5.11), which is a linear function (F)-) with the PQF

1
(5.12) F=—— (Vik — Vi) (Vi — Vi)'
n(d+1)2 zz: ;

Given an arbitrary PQF F' defining a linear function (F),-), we can determine
its minimum on the determinant-a-surface:

PROPOSITION 5.20. Let o > 0. A linear function f(Q') = (F,Q’) with a PQF
F has a unique minimum on the determinant-c-surface

{Q eS8, :detQ = a}.
Its value is dv/ o det F and the minimum is attained by the PQF v adet FF~1.

PRrROOF. A proof follows directly from the fact that F' is the normal of the
smooth determinant-a-surface at Vadet FF~! (see (3.15)). O

Together, Proposition 5.19 and Proposition 5.20 yield a bound for the lattice
covering density.

PROPOSITION 5.21. As in Proposition 5.19, let Ly,..., Ly, be a collection of
Delone simplices of a PQF Q). Then

0(Q) > Vdddet F - vol(BY),
with the PQF F in (5.12).

PROOF. By definition O(Q) = \/% vol(B4). We use the bound (5.11) for
1(Q) and choose o = det @) in Proposition 5.20. |

For a local lower bound on the lattice packing-covering constant we minimize
the linear function (F,-) over all PQFs with a fixed homogeneous minimum. In
the above, we just replace the determinant-a-surface (the boundary of D) by the
homogeneous-minimum-A-surface

{Qe 8 MQ) = A},
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the boundary of the Ryshkov polyhedron P,. Using the fact that the Voronoi cone
V(Q) is the normal cone of Py at @, we find:

PROPOSITION 5.22. Let A > 0. A linear function f(Q') = (F,Q’) with a PQF
F has a unique minimum on the homogeneous-minimum-A-surface. It is attained

by Qr if and only if F € V(QF).

Then a similar argument as in the proof of Proposition 5.21 yields a local lower
bound for the packing-covering constant:

PROPOSITION 5.23. As in Proposition 5.19, let Ly,..., Ly, be a collection of
Delone simplices of a PQF Q). Then
<Fa QF>
Q) =24 A~
@)= Nen

with the PQF F in (5.12) and with Qp such that F € V(QF).

Note, if Q is eutactic and F = Q ', then Proposition 5.23 is immediately ap-
plicable with Q@ = @. In Section 5.5.4 we use this fact and apply Proposition 5.23
to the Leech lattice.

5.3. New, best known coverings and packing-coverings

In Section 5.1.4 we developed algorithms for the solution of the lattice covering
and the lattice packing-covering problem. Here, we want to demonstrate that these
algorithms are not purely of theoretical interest. We implemented the algorithms
in C++, using the package MAXDET [280] of Wu, Vandenberghe and Boyd and the
package 1rs [278] of Avis as subroutines. The interested reader can download the
implementation from our web page within our package rmd (rigorous MAXDET)
[285].

With the implemented algorithm we are able to determine the solution of the
lattice covering problem and the lattice packing-covering problem in dimensions
d=1,...,5. This hereby reproduced the known results. For dimension d = 5 this
computation took on a 2GHz Intel Pentium computer less than 90 minutes. By
our computations we get a conjectural list of approximations of all locally optimal
solutions. In Section 5.3.1 we give some details.

More important, with the help of a heuristic method, which we describe in
Section 5.3.2, this approach produces interesting new lattices in dimensions d = 6
which give better coverings and packing-coverings than previously known ones. We
analyze them in Section 5.3.3 and in Section 5.3.4 where we give rigorous proofs of
some facts concerning these lattices which we found experimentally. This analysis
turned out to be fruitful: The new 6-dimensional lattices were our starting point
to find new best-known covering lattices in dimensions 7 and 8. We describe the
7-dimensional case in Section 5.3.5. The 8-dimensional case is explained in Sec-
tion 5.5.5. Using the extensions of Voronoi’s reduction theory described in Chap-
ter 4, we obtain new best known covering lattices in dimension 9-15, as explained
in Section 5.3.7 and Section 5.3.8.

5.3.1. Dimensions 1,...,5. We described the solutions to both problems for
the 1, 2, and 3-dimensional cases in Section 1.3 and 1.4. Since in these cases there
is only one type of Delone triangulation, these results are computationally rather
trivial.
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The 4-dimensional case requires more work because there are three inequivalent
Delone triangulations in dimension 4. Baranovskii [13] and independently Dickson
[84] found all three inequivalent locally optimal solutions to the lattice covering
problem in dimension 4. Earlier Delone and Ryshkov showed that the lattice A}
gives the best 4-dimensional lattice covering without determining all locally optimal
solutions. We describe their approach in Section 5.3.2.

For the lattice packing-covering problem the 4-dimensional case was resolved
by Horvath [139]. He shows that there exist, as in the covering case, three isolated,
locally optimal solutions — one for each Delone triangulation. It is interesting that
Horvath’s optimal packing-covering lattice Hos does not belong to the family of root
lattices and their duals. An associated PQF is

2 1 -1 -1 4 1 -2 -2
1 2 -1 -1| 1 1 4 -2 -2
Quoo=|_1 1 o o |T3V3| 2 o 4 1
1 -1 0 2 9 _92 1 4

The first summand, associated to the best packing lattice Dy, lies on an extreme
ray of the secondary cone belonging to Quo,-

In a series of papers Ryshkov and Baranovskii solved the 5-dimensional lattice
covering problem. In [210] Ryshkov introduced the concept of C-types. Two De-
lone triangulations are of the same C-type if their 1-skeletons (the graph consisting
of vertices and edges of the triangulation) coincide. He gave an algorithm to find
all inequivalent C-types in any given dimension. He computed that there are 3
inequivalent C-types in dimension 4 and that there are 76 inequivalent C-types in
dimension 5. Using this list Baranovskii and Ryshkov enumerated 221 (of 222)
inequivalent 5-dimensional Delone triangulations in [21]. They described the tri-
angulations in more detail in [22]. In the last paper of the series [215] they showed
that the lattice Af provides the least dense 5-dimensional lattice covering. In their
proof they do not find all locally optimal lattice coverings. By using estimations
(the method explained in Section 5.3.2 is one of their main tools) they merely show
that all local minima exceed the covering density of Af. Note that, as mentioned
in Section 4.1.3, Ryshkov and Baranovskii missed one Delone triangulation. Fortu-
nately, this does not give a thinner lattice covering than Af.

Using our algorithm, and the techniques described in Section 5.2 to obtain
certificates, we produced a list of inequivalent locally optimal lattice coverings in
dimension 5. This list is conjecturally complete and gives approximations of the
local optima. The computation, including all certificates, takes about 90 minutes
on a 2GHz Intel Pentium computer. We can prove the following theorem rigorously.

THEOREM 5.24. In dimension 5, there exist at least 216 and at most 218 in-
equivalent, local minima of the lattice covering density function ©, ranging from
approximately 2.124286 to approrimately 2.757993. All of them are attained in the
interior of their secondary cones.

PROOF. We take a complete list of 222 inequivalent secondary cones, generated
by scc (see Section 4.1.3 and [286]). For each cone, we applied the program coop
(see Section 5.1.5 and [285]). It computes certified bounds for © within the closure
of a given secondary cone by solving the determinant maximization problem de-
scribed in Section 5.1.4.1. The bounds for the duality gap described in Section 5.1.2
are mathematical rigorous, since we use rational arithmetic only. Solving additional
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determinant maximization problems as described in Section 5.2.2, the program then
tries to obtain certificates for the approximated local optimum to be attained in
the interior or on the boundary of the secondary cone. As a result, there are 216
certified local optima attained in the interior of secondary cones and 4 certified
non-optima attained on the boundary. This leaves two cases which might be local
optima, attained in the interior of their secondary cones. However, if they are at-
tained on the boundary (and the numerical evidence strongly supports this) then
they are not local optima, because the corresponding secondary cones adjacent to
the facets in question contain PQFs with smaller covering density. O

Note that our computations prove rigorously that the PQF of Barnes and Tren-
erry [28] yields the second best locally optimal lattice covering with density of
approximately 2.230117.

In 1986, Horvath [140] solved the lattice packing-covering in dimension 5. The
proof is about 70 pages long (private communication). As in dimension 4, Horvath’s
lattice Hos is not among previously known ones. An associated PQF is

2 1 0 -1 -1 6 3 -2 -2 -2
1 2 -1 -1 0 3 6 -2 -3 -2
1+1
Qo =] 0 -1 2 0 0 ++T3 -2 -2 6 -1 -1
-1 -1 0 2 -1 -2 -3 -1 6 0
-1 0 0 -1 2 -2 -2 -1 0 6

Again, the first summand is associated to the best packing lattice Dy. It has rank
4 and lies on an extreme ray of the secondary cone belonging to Quo, -

By applying propositions of Section 5.2 we were able to reproduce Horvath’s
result and moreover to attain a list of locally optimal solutions. Again this list is
conjecturally complete and gives approximations of the local optima. Compared to
the covering problem, there are many more secondary cones that contain no locally
optimal solution. The computation, including all certificates, also takes about 90
minutes on a 2GHz Intel Pentium computer. We can prove the following theorem
rigorously.

THEOREM 5.25. In dimension 5, there exist at least 47 and at most 75 lo-
cal minima of the lattice packing-covering constant v, ranging from approximately
1.449456 to approximately 1.557564. At least 45 of them are attained in the interior
of their secondary cones.

PROOF. As for the proof of Theorem 5.24, we used the complete list of 222
inequivalent secondary cones, generated by scc. For each cone, we applied the
program pacoop (see Section 5.1.5). It computes certified bounds for v within the
closure of a given secondary cone by rigorously solving the semidefinite program
described in Section 5.1.4.2. Again the program tries to obtain certificates for the
approximated local optimum to be attained in the interior or on the boundary of
the secondary cone. As a result, there are 45 certified local optima attained in the
interior of secondary cones and 147 certified non-optima attained on the boundary.
There are 30 of 222 remaining cases in which the program pacoop did not give
a certificate for the optimum to be attained in the interior or the boundary of
the secondary cone. However, if all of them are attained on the boundary (and
the numerical evidence strongly supports this), there are two local optima on the
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common boundary of three inequivalent secondary cones each. Thus there exist at
least 47 local optima as claimed. O

5.3.2. Heuristic methods. Before going to dimension 6, let us explain one
important heuristic method, which is essential for finding the new lattices. One
of the biggest problem in finding good lattice coverings or packing-coverings in
dimension 6 and higher is that it is not a priori clear which Delone triangulations
admit good ones. Solving a determinant maximization problem is a rather time
consuming task and there are a lot of inequivalent Delone triangulations to consider.
So a desirable tool is a fast computable lower bound, as described in Section 5.2.6.

We can view the set of Delone triangulations as an undirected labeled graph. A
node represents a Delone triangulation and two nodes are adjacent if their Delone
triangulations are bistellar neighbors. Let D be a Delone triangulation. We label
its node by local lower bounds O.(D) or v.(D), obtained from Propositions 5.21
and 5.23 using a complete list of inequivalent Delone simplices of D. We can use
the labeling in two different ways.

On the one hand it is clear that if the labeling of a node is large, then the
considered Delone triangulation does not admit a good lattice covering and lattice
packing-covering respectively. Delone and Ryshkov [78] solved the lattice covering
problem in dimension 4 by this method. However, the five-dimensional lattice
covering problem cannot be solved in this way. From the 222 inequivalent Delone
triangulations there are 20 whose local lower bound is smaller than ©(Af).

On the other hand we can hope that D admits a good lattice covering or
packing-covering if the local lower bound is small. In dimension 6 the hope that
good local lower bounds yield good lattice coverings is partially fulfilled. For a
detailed account we refer to [254] and [229].

5.3.3. New six-dimensional lattices. We have not been able to solve the
lattice covering problem in this dimension. However we found some new interesting
covering lattices. As mentioned in Section 1.3, Ryshkov [208] asked what is the
first dimension d where A}, does not give the least dense lattice covering. Using the
heuristic method described in the previous section, we found about 100 inequivalent
secondary cones containing lattice coverings better than Af. Thus the answer to
Ryshkov’s question is that d = 6 is the smallest dimension where the lattice A}
does not give the least dense lattice covering.

Two of the new lattice coverings were strikingly good. By the computational
optimization we first only obtain numerical estimates of these coverings.

The currently second best-known lattice covering is quite easy to find and comes
out of the heuristic method described above in most of the trials. An approximation
is given by the PQF

1.9982 0.5270  —0.4170 —-0.5270 0.5270 —1.0541
0.5270 1.9982 —-0.4170 —0.5270 0.5270 —1.0541
2 | —0.4170 -0.4170 2.1082 —1.0541 —0.4170 0.8341
6 7 [ -05270 —0.5270 —1.0541 1.9982 —0.5270 —0.4170
0.5270  0.5270 —0.4170 —-0.5270 1.9982 —1.0541
—1.0541 —-1.0541 0.8341 —0.4170 -—1.0541 2.1082

and its covering density is ©(Q§?) ~ 2.466125. The Delone subdivision is a tri-
angulation and its secondary cone has 130 facets. The local lower bound for the
Delone subdivision is approximately 2.318034.
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The currently best known lattice covering in dimension 6 is given by

2.0550
—0.9424
a | 11126
6 ~ | 02747
—0.9424
~0.6153

—0.9424
1.9227
—0.5773
—0.7681
0.3651
—0.3651

1.1126
—0.5773
2.0930
—0.4934
—-0.5773
—0.9804

0.2747
—0.7681

—0.4934

1.7550
—0.7681
0.7681

—0.9424
0.3651
—0.5773
—0.7681
1.9227
—0.3651

—0.6153
—0.3651
—0.9804
0.7681
—0.3651
1.9227

with covering density ©(Q§!) ~ 2.464802. The Delone subdivision is a triangulation
and its secondary cone has 100 facets. The local lower bound is approximately
2.322204.

Concerning the packing-covering problem, we found in the secondary cone of
Q&, the PQF

2.0088  0.5154  0.5154 —0.5154 0.9778  0.5154
0.5154  2.0088  0.5154 —0.5154 —0.5154 —0.9778
pc _ | 05154  0.5154  2.0088 —0.5154 —0.5154 0.5154
@ ~ —0.5154 —0.5154 —0.5154 2.0088 —0.9778 —0.5154 |’
09778 —0.5154 —0.5154 —0.9778 2.0088  0.9778
0.5154 —0.9778 0.5154 —0.5154 0.9778  2.0088

which gives currently the best known lattice packing-covering in dimension 6 with
packing-covering constant y(Q%°) &~ 1.411081.

5.3.4. Beautification and a unified view. In this section we examine the
new PQFs in greater detail. Although we found an answer to Ryshkov’s question,
these results are not fully satisfying. We want to know the exact lattices and
prove rigorously that they have a good covering density and that they are locally
optimal. Even more important, we want to know an interpretation of why these
lattice coverings are good. To accomplish this we collect some more data.

The automorphism group of Delzq(Q§?) has order 3840 and the automorphism
group of Delzq(Q§') has order 240. With the knowledge of the groups it is pos-
sible to compute the extreme rays of both secondary cones (see [88]). It turns
out that the secondary cone C; = A(Delz(Q§%)) has 7,145,429 and the cone
Cy = A(Delza(Qg§!)) has 2,257,616 extreme rays. Both contain an extreme ray
associated to the lattice E§ given for example by the PQF

4 1 2 2 -1 1
1 4 2 2 2 1
2 2 41 1 2
Qes=|9 91 4 1 2
1 2 1 1 4 2
1 12 2 2 4

After transforming Q§' and Q§* by integral unimodular transformations we can
assume that the Delone triangulations of the two PQF's are refinements of the De-
lone subdivision Delya (QEE)' This Delone subdivision was investigated in different
contexts (see [269], [66], [184] and [17]). We briefly review the main results:

PROPOSITION 5.26. In the Delone subdivision of Qg are in a star (for ex-
ample of the origin) 720 full-dimensional 6-dimensional Delone polytopes, and the
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automorphism group of Qgx acts transitively on them. Each polytope is the con-
vex hull of three reqular triangles lying in three pairwise orthogonal affine planes.
FEach polytope has 9 wvertices, 27 facets, and three different triangulations, where
each triangulation consists of nine 6-dimensional simplices. The covering density
is O(QE;) = \/_ -vol(BY) ~ 2.652071.

PrOOF. Except for the possible refining triangulations, all this data is well-
known, see for example [66], Summary for E}.

To describe the triangulations we introduce coordinates. A Delone polytope of
(e; 1s similar to the polytope P = conv{uy, Uy, Uz, V1, Vg, Uz, W1, W, Wz, } where

U, = e, U, = —%el + @eg, Uy = —%el - §€2, v, = e3, U, = —leg + ﬁe;;,
vy = —3e3— @e% wi =es5, w, = —3€5+ ‘/_66, wy = —1e5 — ieﬁ The three
possible triangulations are given by the set of nine 6-dimensional smlphces

To = {convvert P\ {v,,w,}: 22 €{l,w,w}},

T, = {convvert P\ {u,,w,}:z2 €{l,w,o}},

Tw = {convvert P\ {u,,v.}:22 €{l,ww}}.

To finish the proof one has to show that these sets indeed define triangulations and
that they are the only possible triangulations. This can be done by a straightforward
computation using the facts that the minimal affine dependent subsets of vert P
are

{vlvvw; Umwl,ww,ww}, {ul,uw; Uy, W1, Wy, ww}, {ula Uy, Uz, V1, Vy, Uw},

that the facets of P are convvert P\ {u,,v,,w,»} where 2,2, 2" € {1,w,w}, and
by applying the following proposition.

PROPOSITION 5.27. ([200, Prop. 2.2]) Let A C R? be a finite point set, and
let T be a set of d-dimensional simplices with vertices in A. The set T defines a
triangulation of the polytope conv A if and only if the following two conditions hold:
(1) Forall S,8" € T there exists a minimal affine dependency ), 4 Aa@ =0
with Y7 cada =0 s0 that {a € A: X\g >0} C S and{ac A: Xy <0} C

S/

(2) For all S € T and for every (d — 1)-dimensional facet F' of S there exists
either a (d—1)-dimensional facet F' of conv A with F C F' or there exists
another simplex S € T \ {S} also having F as a facet.

O

Using this information we are able to prove that the PQF Qg! is closely related to
QE: -

THEOREM 5.28. The PQF Qg gives the least dense lattice covering among all
PQF's whose Delone subdivision refines the Delone subdivision Delya(QE; ).

PROOF. Our proof is computational and uses a branch and cut method. We
have to show that all secondary cones of a Delone triangulation refining Delya (QEE)
do not contain a PQF with covering density less than ©(Qg'). There are 40 full-
dimensional Delone polytopes of Qg: which cannot be transformed into each other
by translations or by the map & — —z. Since each of these Delone polytopes
has 3 possible triangulations, the number of all periodic triangulations refining
Delya(QE; ) is 340, Tt is not a priori clear how to distinguish between Delone and
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non-Delone triangulations, and it is not possible to generate all 34 triangulations.
We choose a backtracking approach instead.

We arrange partial triangulations in a tree. On every level one of the 40 Delone
polytopes is triangulated so that we have 3" nodes on the n-th level. For every node,
respectively partial triangulation N we define the value

max {detQ :Q €88, Q € Br <1 for all simplices L of N} .

Obviously, from this maximum, we obtain a lower bound ©y for the covering
density of any PQF whose Delone subdivision refines the partial triangulation V.
We can compute a lower bound of this value by solving a determinant maximization
problem similar to the one in Section 5.1.4.1. Note that this can be done rigorously
using rational arithmetic only if we proceed as described in Section 5.1.2. If the
lower bound is larger than 2.464802, we can cut the tree at this node, since the
covering density of Q§! is less than 2.464801 (see Theorem 5.30).

This algorithm visits exactly 432 nodes of depth 40. One of these triangula-
tions equals Delzq(Q§!). All the others are equivalent to Delyq.(QgE!) because the
automorphism group of Delyq (Qg), which has order 240, is a subgroup of Aut(Qe: )
and the order of Aut(Qg:) equals 103680 = 432 - 240. O

This computational proof takes about two weeks on a 2GHz Intel Pentium
computer. The source code e6d.cc is available from our web page as part of the
package rmd [285].

The knowledge of the automorphism groups of Delzq (Qg') and Delzq (Q§?) also
enables us to give a unified view on both lattices. We have

Aut(Delz(Q§")) € Aut(Delza (QF)) € Aut(Qe: ).

The automorphism group Aut(Delza(Q5?)) turns out to be the subgroup of the
group Aut(QE;) stabilizing the minimal vectors ey, and Aut(Delzq(Qg'")) is the
intersection of the two subgroups of Aut(Qg;) stabilizing the minimal vectors +e;
and tes respectively.

The subspace I; of all quadratic forms invariant under Aut(Delzq(Q§?)) is
spanned by the PQFs Qg: and R; (see below). At the same time, I; N C; is a cone
with extreme rays Qg:, R1. By Proposition 5.7, Q¢ has to lie in cone{Qg;, R1}.
The subspace I, of all quadratic forms invariant under the group Aut(Delza(Q§'))

is four-dimensional. The cone I N Cs has six extreme rays QEE ,Ro, ..., Rg, where
12 3 6 6 -3 3 0 0 0 0 0 O 6 4 4 4 0 2
3 7 4 4 3 2 0 5 2 2 3 1 4 11 6 6 5 3
6 4 8 3 1 4 0 2 4 0 2 2 4 6 8 3 3 4
Bi=lg 4 3 8 1 4|0 B2=]0 2 o0 4 2 2[B=|1s 6 3 8 3 4
-3 3 1 1 7 3 0 3 2 2 5 3 0 5 3 3 7 4
3 2 4 4 3 7 0o 1 2 2 3 5 2 3 4 4 4 7
3 2 2 2 0 1 7 3 4 4 -1 2 9 6 6 6 0
2 3 2 2 1 1 3 17 8 8 9 4 6 9 6 6 3 3
mao |2 2 4 1 1 2| o |4 8 12 3 5 6 R 6 6 8 4 2 4
4712 2 1 4 1 2| T |4 8 3 12 5 6 6= 16 6 4 8 2 4
o 1 1 1 3 2 -1 9 5 5 13 7 0 3 2 2 5 3
11 2 2 2 4 2 4 6 6 712 3 3 4 4 3 6

Note that Ry lies in I;. Altogether, this yields the “picture” in dimension 21
given in Figure 2. We refer to [119] for another detailed study of Delone subdivi-
sions related to Ej.

Let us finally try to find the exact coordinates of the PQFs. This is easy for

2. We know that we can scale Q§* so that Q§* = Qgz + xRy, for some x € R>.
Now, the exact finding of x boils down to finding roots of an univariate polynomial:
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invariant subspace Iy

boundary of Sgo

FIGURE 2. Unified view on Qg:, Qg',Q§* and Qg°.

we have to minimize the function 2 — p(Qg; + 2R1)?/ det(Qex + xR1) where we
know, because of the approximate solution, that u(Qg: + xR;) is a polynomial for
all points in a sufficiently small neighborhood of the exact x. This leads to the

Ansatz
V1057 — 1
82 = Qe + TRI-

Now we can use the tools we introduced in Section 5.2 to prove rigorously that this
Ansatz works.

THEOREM 5.29. The PQF QS gives a locally optimal lattice covering. Its
covering density is
B v/1124895337698/1057 — 33713139497730

c2 6
= 1(B®) =~ 2.466121 .
0(Qg) 3513122 vol(B®) 66121650

PrOOF. Our proof is again computational. We provide the MAGMA program
check_g6c2.m at the arXiv.org e-print archive. To access it, download the source
files for the paper math.MG/0403272. Since it uses rational arithmetic only, the
proof is rigorous.

Let us describe the steps. First we compute the Delone subdivision of Qg*:
We compute the Delone subdivisions of the three PQFs Q1 = %Qg: + +5R1,
Q2 = %QEE + %Rl, and Q)3 = %QEE + %Rl. Then we check that they coincide and
that it turns out to be a triangulation. Then we show that Q& € conv{Q1, Q2, Q3}
so that Delzq(Q§?) = Delza(Q1). Now we can compute the circumradii of all the
Delone simplices by formula (5.7) in the proof of Proposition 5.1. This gives the
value ©(Q§?). Finally we prove that Q5 gives a locally optimal lattice covering
using the criterion of Proposition 5.14. We compute the gradients g, 1(QE2) for all
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simplices L € Delzq(Q§?) achieving maximum circumradius. Summing them up
yields a multiple of —(Q§%)~. O

This computational proof takes about one minute on a 2GHz Intel Pentium
computer.

What is the general pattern behind the beautification process? Let @ be a
locally optimal lattice covering with Delone triangulation D. We use the symmetry
of D to find the subspace in which @ lies. This reduces the number of involved
variables. The simplices of the Delone triangulation which have circumradius 1
give equality constraints. Then we maximize the determinant of the quadratic
forms lying in the subspace subject to the equality constraints. For this optimiza-
tion problem, which involves only algebraic equations, we can use Grobner basis
techniques.

Unfortunately, we were not able to solve the corresponding algebraic equations
for Q&' so we have to be satisfied with an approximation.

THEOREM 5.30. The covering density of the PQF Qg is at most 2.464801.

PROOF. The covering density of the PQF Qg; + xR2 + yR3 + 2Ry with x =
0.15266328480099, y = 0.32884740614948, z = 0.13827491241153 is smaller than
2.464801. For a computational proof of this fact we provide the MAGMA program
check_g6cl.m, available from the source files of the paper math.MG/0403272 at the
arXiv.org e-print archive. The steps are similar to the first steps of the proof of
Theorem 5.29. O

On the basis of Theorem 5.28 and our extensive computational experiments we
make the following conjecture.

CONJECTURE 5.31. The PQF Q§' provides the unique least dense lattice cov-
ering in dimension 6.

Using a similar and more successful beautification process for Q5°, we make

the Ansatz
. /798 — 18
6 = Qe + TRL
THEOREM 5.32. QE° is a locally optimal solution to the lattice packing-covering

problem, lying in the interior of its secondary cone. Its lattice packing covering

constant is
7(QIG’C) =21/2V 798 — 56 ~ 1.411081242.

ProoOF. This is similar to the proof of Theorem 5.29. We provide a MAGMA
program check_g6pc.m, available from the arXiv.org e-print archive with the
source files of the paper math.MG/0403272. O

5.3.5. Dimension 7. After analyzing the 6-dimensional case, we got a feeling
of where we have to search for good 7-dimensional lattice coverings. We took Q:
and a lattice vector which is a longest vector of the shortest vectors in the cosets
7 /27:%. We computed the stabilizer group of this vector and the invariant subspace
of this group. By perturbing Qg: in this subspace randomly, we found a PQF whose
Delone subdivision is a triangulation. We solved the determinant maximization
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problem of Section 5.1.4.1 which belongs to this Delone triangulation and found
the PQF

2 1 1 1 1 1 )
1 12 1 1 1 1 5
1 1 12 1 1 1 5
;=11 1 1 12 1 1 )
11 1 1 12 1 )
1 1 1 1 1 12 -6

5 5 5 5 5 -6 14

We are quite surprised that this PQF has rational entries and was not known before.

THEOREM 5.33. Qf is a locally optimal solution to the lattice covering problem,
lying in the interior of its secondary cone. Its inhomogeneous minimum is p = 12

P
its determinant is det Q% = 2 - 115, so that ©(Q%) ~ 2.900024.

PrROOF. Again, this is similar to the proof of Theorem 5.29. We provide
the MAGMA program check q7c.m, available from the source files of the paper
math.MG/0403272 at the arXiv.org e-print archive. O

5.3.6. Coxeter lattices. A new sphere covering in dimension 8 is described
in Section 5.5.6. The new sphere coverings in dimension d > 9 are either Coxeter
lattices A} or closely related to them. The lattices A}, are defined whenever d > 2
and r devides d + 1 (see [72]). A possible definition is via the root lattice

d+1
Ay = {xc 7. sz = 0}.
i=0

The Coxeter lattice is the lattice generated by A; and the vector

d+1
(1/r) (Z ei) — (€1 + werr + €(az1)/r)s
i=1

where e; denotes the i-th standard basis vector. It is the unique sublattice of A
containing A; as a sublattice of index r. In particular A} = Ag“. Other well
known lattices in the series are A2 = E7, A7 = EZ and A? = Es.

Since the symmetric group Sg41 acts on the lattice A, it is possible (with the
help of a computer) to enumerate all its orbits of Delone polytopes and to compute
their covering densities in fairly large dimensions. A detailed description of the
method together with results up to dimension 27 can be found in [92].

Baranovskii [18] computed (by hand) the Delone decomposition of A3, finding
the former best known sphere covering in dimension 9. Anzin [2] computed the
Delone decomposition of A}; and Al establishing the former covering records in
those dimensions. In a private communication he reported on computing the cov-
ering densities of A7, and A}, which were also best known ones in their dimension.
Hence suitable Coxeter lattices provide good covering lattices. Nevertheless, by ap-
plying our theory, we found that all of the five mentioned lattices do not even give
a locally optimal lattice covering. However, these lattices give good starting points.
In fact, we obtained the new covering records in dimensions d = 9,11,13,14,15
by applying our theory to a suitable linear subspace T containing a PQF of the
corresponding Coxeter lattices. More details are given in the next section. For di-
mensions d = 10, 12 we used a lamination technique, which is described thereafter.
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5.3.7. Large subgroups and small linear subspaces. One strategy to
find good covering lattices is to consider subspaces T containing a PQF, which
gives a good or even best known sphere covering. In order to keep the number of
T-secondary cones low (manageable), one preferably chooses a subspace T of low
dimension, e.g. less than or equal to 4. Another problem is the size of Delone
subdivisions to be dealt with. If T" is contained in a space of invariant forms F(G)
of a preferably large finite subgroup G of GL4(Z), then this problem can be reduced
by exploiting the symmetries of the Delone subdivisions, respectively those of the
forms @ € F(G) (see Proposition 5.4).

Dimension 9. We optimized over a 3-dimensional subspace 7' containing a
PQF of the former record lattice Aj. We computed 210 T-generic T-secondary
cones. The new covering record is attained by a PQF which has 34 orbits of Delone
polytopes.

Dimension 11. We optimized over a 3-dimensional subspace T containing a
PQF of the former record lattice A},. We computed 2444 T-generic T-secondary
cones. The new covering record is attained by a PQF which has 99 orbits of Delone
polytopes.

Dimension 13. We optimized over a 2-dimensional subspace T containing
a PQF of the former record lattice AT;. We computed 79 T-generic T-secondary
cones. The new covering record is attained by a PQF which has 134 orbits of Delone
polytopes.

Dimension 14. We optimized over a 2-dimensional subspace T' containing a
PQF of the former record lattice A},. We computed 162 T-generic T-secondary
cones. The new covering record is attained by a PQF which has 983 orbits of
Delone polytopes.

Dimension 15. We optimized over a 2-dimensional subspace T containing a
PQF of the former record lattice Af;. We computed 109 T-generic T-secondary
cones. The new covering record is attained by a PQF which has 203 orbits of
Delone polytopes.

5.3.8. Best coverings from laminations. Another fruitful strategy is the
construction of good coverings from lower dimensional ones. Assume that @ € 82,
is contained in a linear subspace T of S?. We consider a corresponding lattice
L = AZ? with A € GLg(R). Further, we choose a point Ac with ¢ € R? and
consider all lattices Ly in R4t generated by

A Ac
A= (O \ ) € GLa+1(R)
with A > 0 and associated PQF
’ Q Qc d+1
Q= <ctQ cth+)\2> €S0 -
Choosing @ within 7 and A? € R, we obtain a linear subspace 17" of forms Q' with

dimT’ = dimT + 1. If Ac is the center of a Delone polytope P of the lattice L,
then the lattice vectors in the lattice L) belonging to the i-th layer

{(g1 ‘§C> (‘Z’) :vezd}, with i € Z,

have at least distance |i|\ from (Ae,0). Hence, P is a Delone polytope embedded
in L) when )\ is at least the circumradius of P in L.
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Dimension 10. We considered the 1-dimensional linear space T' containing
A3. We look at the linear subspace T” of S'© of dimension 2 constructed with the
center of a Delone polytope having the largest symmetry group in Aj. We computed
6 T'-generic T'-secondary cones. The new covering record is attained by a PQF
which has 4 orbits of Delone polytopes.

Dimension 12. We considered the 1-dimensional linear space T' containing
A}, We look at the linear subspace T" of S'? of dimension 2 constructed with the
center of a Delone polytope. We computed 241 T’-generic T"-secondary cones. The
new covering record is attained by a PQF which has 1206 orbits of Delone polytopes.
Here we tried all different centers. The new covering record was produced by using
a center of a Delone polytope having the third largest symmetry group.

5.3.9. New best known packing-coverings. Finally we mention briefly
that the discussed approaches for the lattice covering problem, can also be ap-
plied to the lattice packing-covering problem. So far, optimizing over suitable
T-secondary cones with respect to 4-dimensional subspaces T of S”, we found a
new best known 7-dimensional packing-covering lattice with (L) = 1.499399....
The former record holder was the lattice E¥ with y(E%) = 1/7/3 = 1.527525.... It
remains to undertake a systematic search for further best known, maybe optimal
packing-covering lattices.

5.4. Classification of totally real thin number fields

In this section we apply our theory to a problem in algebraic number theory.
Recently, Bayer—Fluckiger introduced in [34] the notion of thin algebraic number
fields. A thin algebraic number field is Euclidean due to a special geometric reason,
which we explain in Section 5.4.1. Bayer—Fluckiger proved that there exist only
finitely many thin number fields (see [34, Proposition 11.4]).

In [35] Bayer—Fluckiger and Nebe gave a complete list ([35, Theorem 5.1]) of
17 candidates for totally real thin algebraic number fields. They proved that 13
of them are thin and one of them is weakly thin but not thin. However, in three
cases they did not know how to decide whether the fields are thin or not. Using
our theory we finish the classification of totally real thin algebraic number fields.
In particular we show in Section 5.4.2 that the three open cases do not give weakly
thin fields.

5.4.1. Background and definitions. Let us recall some standard definitions
from algebraic number theory.

Let K be a number field of degree n = [K : Q]. From now on we assume that
K is totally real, that is, for all embeddings of fields ¢; : K — C withi=1,...,n
we have 0;(K) C R.

Let ox be its ring of integers which is a Z-module of rank n. Thus we can
write 0 = Zwi + -+ + Zw,. We embed og into R™ via the map o defined by
o(z) = (o1(x),...,0n(2)). Hence, o(0k) is a lattice of rank n.

By P we denote the set of « € K with o;(ca) >0 for alléi =1,...,n. Then

n

(T, Y)a = Z oi(axy) = ZUi(a)Ui(f)Ui(y)
i=1 i=1
defines an inner product on K and so on R™. Every inner product (-,-) : K xK — R

with the additional property (z,yz) = (xz,y) for all z,y, z € K is of this form.
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We denote by Ak, the lattice which is given by the pair (og, (-, )o) Where
a € P. We say that K is weakly thin if for O(K) = min,ep O(Ak o) we have the
inequality

. vol(B),

@(K) S (det AK,I)

and we say that K is thin if we have strict inequality. By #(K) we denote the
number on the right hand side of this inequality.

Let us briefly explain the motivation of this definition. First note that the
discriminant dx of K equals (det AK,1)2. Let N : K — R be the norm of K which
is given by N(z) = [[\—, oi(x). A number field K is called Fuclidean if its ring
of integers ok is a FKuclidean ring with respect to the absolute value of the norm
function. Equivalently, K is Euclidean if and only if its Fuclidean minimum

M(K) = sup inf |N(z—y)|
xeKyEOK

is strictly less than 1. It is an open problem if there exists a finite or an infi-
nite number of Euclidean number fields. In [167] Lenstra, motivated by work of
Hurwitz, gave several bounds on the Euclidean minimum of a number field using
methods from “Geometry of Numbers”. In [34] Bayer—Fluckiger extended these
results. By using the inequality between the arithmetic and geometric means to
relate the norm function N to the norm [|z|o = /(z,7)0 = /D ., 0i(ax?), she
showed that thin fields are Euclidean fields (see [34, Proposition 11.2]) and that
there exist only finitely many thin fields ([34, Proposition 11.4]).

5.4.2. Classification. By applying the lower bound for sphere coverings of
Coxeter, Few and Rogers [73], Bayer—Fluckiger showed that the degree of a totally
real thin number field is at most 5 (see [34, Proof of Proposition 11.4]). All number
fields having low degree and low discriminant are known ([277]). Using this list
Bayer—Fluckiger and Nebe gave a complete list of 17 candidates of totally real
number fields which might be thin. In Table 1 we list these candidates K together
with the relevant parameters: The degree n, the discriminant dg, the bound ¢(K)
we defined above and the minimum covering density O(K).

Bayer—Fluckiger and Nebe showed by giving a number «, which defines the
appropriate inner product (-,-),, that 13 candidates are thin. For computing an
upper bound of ©(K) as given in the table we used their values o € P in all but
one case. In the case of Q[z]/(2z® + 2% — 3z — 1) their table contains a misprint.
Instead of & = 1 — 18% + 1022 which does not lie in P we use o = 2 — 7 instead.
For one candidate Bayer—Fluckiger and Nebe showed that it is weakly thin. In this
case t(K) = O(K) = ©4 where O, is the least lattice covering density among all
4-dimensional lattices. It is uniquely attained by the lattice Aj.

The other three cases were left open by Bayer—Fluckiger and Nebe and by our
computation it turns out that they do not give thin fields. Generally, for a totally
real number field K, there exists a subspace T of §™ whose dimension equals the
degree of K, and such that O(K) = ©p. The corresponding subspace T is given
by the basis ((w,’,wﬁ%)lgi’jgn, =1,...,n, where o = Zwy + -+ + Zw, and
ai, . ..,q, forms a Q-basis of K with o € P. Thus if there exist only finitely
many inequivalent T-secondary cones, we can compute ©(K) = O by the methods
explained in Section 5.1.
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n| dg K tH(K) O(K) | thin
2| 5 Q[z]/(2% = 5) >2.8099 | <1.2645 | yes
8 Q[z]/(z* —2) >2.2214 | < 1.3463 | yes
12 Q[z]/ (22 - 3) > 1.8137 | <1.2092 | yes
13 Q[z]/(x? — 13) > 1.7426 | < 1.5708 | yes
17 Q[z]/(x? — 17) > 1.5238 | < 1.2497 | yes
21 Q[z]/(2? — 21) > 1.3711 | £1.2242 |  yes
24 Q[z]/(x? —6) > 1.2825 | < 1.2583 | yes
3| 49 Qz]/(z3 + 2% — 2z - 1) >3.1093 | < 1.5584 | yes
81 Q[z]/(2® — 3z + 1) > 24183 | <2.1225 | yes
148 Qlz]/(z3 + 2% — 3z — 1) > 1.7891 | < 1.7014 | yes
169 Qlz]/(2® + 2% — 4z + 1) <1.6743 | > 1.8544 | no
41 725 Q[z]/(z* — 2® =32 + x + 1) >2.9323 [ <2.7045 | yes
1125 Qlz]/(z* — 2® — 42? + 42 + 1) >2.3540 | <2.2935 | yes
1600 Q[z]/(x* + 223 — 522 — 62 — 1) <1.9740 | >2.2853 | no
1957 Qz]/(z* — 42® —x + 1) <1.7849 | > 1.8939 no
2000 Q[z]/(z* — 522 +5) =0y, =0, | weakly
5114641 | Qz]/(z° + 2* — 42 —32% + 3z + 1) | > 2.4318 | <2.2961 | yes

TABLE 1. Classification of totally real thin number fields.

For the field K = Q[z]/(x® + 22 — 4z + 1) we have 7 generic T-secondary cones
and for all lattices A o our computation proves the bound ©(Ak o) > 1.8544. For
the field K = Q[z]/(x* + 22® — 52% — 62 — 1) we have 47 generic T-secondary cones
and for all lattices Ak, our computation shows O(Ag o) > 2.2853. For the field
K = Qz]/(z* — 42® — x + 1) we have 341 generic T-secondary cones and for all
lattices A o our computation gives ©(Ag o) > 1.8939.

The fact that in all these cases the number of inequivalent T-generic secondary
cones is finite comes as a pleasant surprise. In this situation 7" is not the space of
invariant forms of a Bravais group so that we cannot a priori rely on the finiteness
result of Section 4.3.3. It remains an interesting open problem to give a proof of
this fact, which does not rely on the complete enumeration of T-secondary cones.

5.5. The Leech lattice and the root lattice Eg

The Leech lattice is the exceptional lattice in dimension 24. Soon after its
discovery by Leech [164] it was conjectured that it is extremal for several geometric
problems in R?*: the kissing number problem, the sphere packing problem and the
sphere covering problem.

In 1979, Odlyzko and Sloane and independently Levenshtein solved the kissing
number problem in dimension 24 by showing that the Leech lattice gives an optimal
solution. Two years later, Bannai and Sloane showed that it gives the unique
solution up to isometries (see [69, Ch. 13, 14]). Unlike the kissing number problem,
the other two problems are still open.

As mentioned in Section 1.2.4, Cohn and Kumar [63] recently showed that the
Leech lattice gives the unique densest lattice sphere packing in R?*. Furthermore
they showed, that the density of any sphere packing (without restriction to lattices)
in R?* cannot exceed the one given by the Leech lattice by a factor of more than
1+ 1.65-10730,
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At the moment it is not clear how one can prove a corresponding result for the
sphere covering problem. Here, we take a first step into this direction by proving
local optimality.

5.5.1. Local lattice covering optimality.

THEOREM 5.34. The Leech lattice gives a sphere covering which is locally opti-
mal among lattices.

As a direct consequence we obtain the local optimality of the Leech lattice for
the lattice packing-covering problem.

COROLLARY 5.35. The Leech lattice gives a sphere packing-covering which is
locally optimal among lattices.

Surprisingly, a result similar to Theorem 5.34 does not hold for the root lat-
tice Eg, which is the exceptional lattice in dimension 8. As the Leech lattice, Eg
gives the unique solution to the kissing number problem (see [69, Ch. 13, 14]) and
is conjectured to be extremal for the sphere packing problem. As mentioned in
Section 1.2.4, Blichfeldt [43] showed that it gives a optimal lattice sphere packing.
Later, Vetchinkin [261] showed that sphere packings of all other 8-dimensional lat-
tices are less dense. Besides giving another proof of this, Cohn and Kumar [63]
demonstrated that the density of a sphere packing in R® cannot exceed the one of
Es by a factor of more than 1 4+ 1074, In contrast to the Leech lattice, Eg cannot
be an extremal sphere covering in its dimension though. Conway and Sloane note
in [69, Ch. 2]: “It is surprising that Aj, with [covering density] © = 3.6658.. ., is
better than Eg, which has ©® = 4.0587...”. Here, we show that Eg does not even
give a locally optimal lattice sphere covering, by constructing a new 8-dimensional
lattice, which yields a less dense sphere covering and whose Delone subdivision has
a common refinement with the one of Esg.

THEOREM 5.36. There exists a lattice with covering density © < 3.2013 whose
Delone subdivision has a common refinement with the one of Eg.

Note that this new sphere covering beats the old record holder A§ in dimension
8. The proof of Theorem 5.36 relies on the computational methods developed in
Section 5.1. Up to now we can only give an approximation of the best “known” cov-
ering lattice. Nevertheless, by Proposition 5.7 of Barnes and Dickson, Theorem 5.36
yields the following corollary.

COROLLARY 5.37. The root lattice Eg does not give a locally optimal lattice
sphere covering.

By Theorem 5.34, we give a first example of a locally optimal covering lattice
whose Delone subdivision is not simplicial. By this we give an affirmative answer
to a question of Dickson posed in [85]. The Leech lattice gives even a strongest
possible example, in the sense that it is rigid, to be explained in Section 5.5.2. Our
proof there immediately applies to Eg as well, giving a new proof of Eg’s rigidity,
first observed by Baranovskii and Grishukhin [20].

THEOREM 5.38. The Leech lattice and Eg are rigid.

This answers in particular a question of Dickson affirmatively. In [85], he states:
“Whether it is possible for fy [a PQF giving a locally optimal lattice covering] to
occur on the boundary of a cone [...] is still a matter of conjecture.”
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5.5.2. Rigidity of the Leech lattice and the root lattice Eg. Recall from
Section 4.1 (in particular Proposition 4.6) that the secondary cones of Delone sub-
divisions (with vertices in Z?) form a polyhedral subdivision of §¢,. If a face is
contained in the boundary of a second face, then the corresponding Delone subdi-
vision of the second is a true refinement of the first one. If the relative interior of
a face in Sio is of minimal dimension 1, the PQF's it contains are called rigid. For
them, any local change which is not a dilation, changes the Delone subdivision.

We transfer the terminology of Delone subdivisions from PQFs to lattices by
saying that the Delone subdivision of the lattice L’ is a refinement of the Delone
subdivision of the lattice L, if there are associated PQFs @’ and @ so that the
Delone subdivision of @’ is a refinement of the Delone subdivision of Q). A lattice
is called rigid if an associated PQF is rigid.

Now let us introduce the two exceptional lattices, to show that they are rigid.
We gathered the information mostly from [69, Ch. 4 §8,§11].

The Leech lattice A with associated PQF Q4 satisfies det(Qa) =1, A(Qp) = 4
and u(Qa) = 2. Thus, its packing density, already given by Leech [164], is 6(Qx) =
vol(B?*) and best possible among all lattices in R?* (see [63, Th. 9.3]). Its covering
density is ©(Qa) = 4096 - vol(B?*). The first proof of this fact is due to Conway,
Parker and Sloane [69, Ch. 23], where they determine the Delone subdivision of
the Leech lattice (cf. [19] for another approach). There they also classified the
23 different (up to congruences) Delone polytopes of Q4 attaining the maximum
circumradius v/2.

From their list, we will consider Delone polytopes of type A?* to prove the
rigidity in this section and those of type Ay to prove the local optimality in Sec-
tion 5.5.3. To describe them we define Q(n) = {v € Z** : Qx[v] = 2n}. The De-
lone polytopes of type A?* are 24-dimensional regular cross polytopes with respect
to the metric induced by Q4. They are of the form v 4 conv{wvy, ..., v}, v € Z*,
where vg = 0, vos € Qa(4) and all the other v; € Q(2) satisty v; + V104 = vy,
j=0,...,47 (indices computed modulo 48). The Delone polytopes of type Agy are
24-dimensional simplices having 275 edge vectors in Q4 (2) and 25 in QA (3). This
is the only information about Ass we will need in Section 5.5.3.

For the proof of rigidity it is convenient to work with the following coordinates
with respect to the standard basis of R?*: The vectors of squared length 4 of
A are of shape %((14)2022), ﬁ((ﬂ)é‘olﬁ) and %(:F?)(j:l)%), where permitted
permutations of coordinates and permitted positions of minus signs are explained
in [69, Ch. 10 §3.2]. Here, we only need the 22 (224) vectors of the first type, where
all permutations of coordinates and all positions of minus signs are allowed.

The root lattice Eg with associated PQF Qg, satisfies det(Qg,) = 1, A(Qg,) = 2
and p(Qe,) = 1. Thus, its packing density is 6(Qg,) = %6 -vol(B®) and best possible
among all lattices in R® ([43]). Its covering density is ©(Qg,) = vol(B?). The first
proof of this fact is due to Coxeter [71], who gave a complete description of the
Delone subdivision of Qg,. It is a tiling of R® into regular simplices and regular
cross polytopes with respect to the metric induced by Qg,. Define Qg,(n) = {v €
Z8 : Qg.[v] = n}. Note that this slightly differs from the definition of Qa(n)
above. Then the cross polytopes are of the form v + conv{wy,...,vi5}, v € Z58,
where vy = 0, vs € Qgy(4) and all the other v; € Qg (2) satisfy v; + vjis = vs,
j=0,...,15 (indices computed modulo 16). The regular simplices have 36 edge
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vectors in Qg,(2). We shall give more information about this Delone subdivision
in Section 5.5.5.

For the proof of Eg’s rigidity and for the construction of a new sphere covering
in Section 5.5.5 it is again convenient to work with explicit coordinates with respect
to the standard basis of R®. Set

1 8
(5.13) Eg:{wGRS:mGZSU(§+Z)8 and Y z; € 27},
i=1
The automorphism group of Eg is generated by all permutations of the 8 coordinates,
by all even sign changes and by the matrix H = diag(Hy, Hy) where

11 1 1

11 -1 1 -1
Hi=51 1 1 -1 21
1 -1 -1 1

There are 240 vectors of squared length 2 in Eg: 22 (g) of shape ((£1)20°) and 27

of shape ((+1)®) where the number of minus signs is even. The 2160 vectors of

squared length 4 are: 2 -8 of shape ((42)07), 24 (i) of shape ((£1)*0%) and 27 - 8 of
shape (£32(+1)7) where the number of minus signs is odd.

Now we proceed to the proof of Theorem 5.38. We will handle both cases
simultaneously. For this, denote by L the Leech lattice A or the root lattice Eg
and write d for the rank of L. We shall show that every PQF @, whose Delone
subdivision contains the above mentioned cross polytopes, is a multiple of Q7. By
{-,-) we denote the inner product given by Q, i.e. (z,y) = !Qry, and by (-,-) we
denote the inner product given by Q.

Let v, w € Q(2) with (v, w) = 0. So, v+w € Q(4). Therefore, 0, v+w, v, w
are vertices of a Delone cross polytope, as considered above. Let ¢ be the center of
its circumsphere, hence Q[0 — ¢] = Qv+ w — ¢] = Qv — ¢] = Q[w — ¢]. Then a
straightforward calculation reveals (v, w) = 0.

Now we switch to coordinates with respect to the standard basis. Choosing a
basis A of L gives the associated PQF Q1 = A'A. Obviously, Q = A*(A")"1QA1A.
We denote the entries of C' = (A")"*QA~! by (¢;;) and by e; we denote the i-th
canonical basis vector of R%. Let v; € R% be the coordinate vector of e; with re-
spect to the basis A, that is Av;, = e;. Then by our choice of coordinates and by
the argument above we have for ¢ # j the orthogonality

0 = (eitej)(e—ej)=(vi+v))Qrlvi—vy)
= (vi+v;)'Qvi —v;) = (e; +€;)'Cle; — €)) = cii — ¢jj.
Moreover, for pairwise different indices 14, j, k, [, the orthogonality yields
0= (+e; L e;) (Ley te)=tcy i+ tcj.
Hence, the matrix C' is a multiple of the identity matrix and so @ is a multiple of

Qr, which proves Theorem 5.38.

5.5.3. Local covering optimality of the Leech lattice. For the proof of
Theorem 5.34 we use the fact that any non-empty set \/%QA(TL), n > 0, forms a

spherical 11-design ([69, Ch. 7, Th. 23]) in the Euclidean space with inner product
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(+,-) (defined by Q). Generally, a spherical t-design X is a non-empty finite subset
of the unit sphere S9! = {x € R?: (z, z) = 1} satisfying

1 1
e [, @ = 2 Y f)

rzeX

for every polynomial f : R? — R of degree at most t. Here, vol S4~! denotes the
surface volume of S9!, not the volume of the enclosed ball. Equivalently, X is a
spherical ¢-design if and only if it satisfies the equalities (see [260, Th. 3.2]):

Ywex (@ y)F =0, for all y € R? and all odd k < t,
Zwex@,y}k = M|X\<y,y>k/2, for all y € R? and all even k < t.

For the proof of Theorem 5.34 the following spherical 2-design property is even
sufficient:

LEMMA 5.39. Let Q € 8¢, and let X C R? denote a spherical 2-design with
respect to the inmer product given by Q. Then

t_ Xl
wa— dQ .

Note that the Lemma shows in particular that a PQF @ whose minimal vectors
Min @ form a spherical 2-design, is strongly eutactic (see Section 3.3.5). In fact, the
opposite is true as well. The minimal vectors Min @ of a strongly eutactic PQF @
form a spherical 2-design (see [174, Corollary 16.1.3]).

ProOOF OoF LEMMA 5.39. Since X forms a spherical 2-design, we have
2 X
> (2'Qy) = %(thy)-

xzxeX
On the other hand

Y (@Qy)’ =Y ¥'Qzx)Qy = ¥'Q <Z mt) Qy.
reX zeX zeX

Thus because both identities are valid for all y € R? we derive the equality stated
in the lemma. (]

Now we are in a position to prove Theorem 5.34.

PrOOF OF THEOREM 5.34. Let L be a Delone simplex of Q5 of type Agy. We
apply Proposition 5.21 to the orbit of L under the automorphism group Cog =
{T S GL24(Z) : TtQAT = QA} of Q.

For every PQF @ for which the simplices TL, T' € Coq, are Delone simplices,
we have ©(Q) > V2424 det F - vol(B?**) with F = m Y TeCo, 2o €€, Where
e runs through all the edge vectors of T'L. Since L has 275 edges in QA (2) and 25
edges in QA (3) and because of the transitivity of Cog on Q4 (2) and Qa(3) ([69,
Ch. 10, Th. 27]) we get

1 275| Coy | ¢, 25[Coq | t
r— ee’ + ———— ee
252|Coo | | 1Qa(2) EEQZA(Q) Qa3 eeQZA@
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By Lemma 5.39 (applied to Q4 /4 and QA /6) this yields

1 275 |Qa(2)] 1 25 |Qa() _1> [
5.14) F = — . + . — )
610 =g (g e ) =
Since det Qxl = 1, it follows det F = @ and finally, by Proposition 5.21, we
derive ©(Q) > 4096 - vol(B*) = ©(Qx). O

5.5.4. Local packing-covering optimality. Together with the local lattice
packing optimality of the Leech lattice we immediately derive the local optimality
of the Leech lattice with respect to the lattice packing-covering problem. However,
using Proposition 5.23 we can also give a short direct proof.

PROOF OF COROLLARY 5.35. We apply Proposition 5.23 to the same orbit T'L
(T € Cop) of Delone simplices as in the proof of Theorem 5.34.

We use F as in (5.14) and since Q4 is eutactic we may use QrF = Qa in
Proposition 5.23. With A(Qa) = 4 we derive

1
1 .94
Q) =2\ —=

4
for all PQFs @ with Delone simplices T L, T € Cog, which proves the assertion. [

V2 =7(Qx)

For Eg the situation seems to differ from the covering case: Given a fixed Delone
triangulation, the problem of finding the minimum ~ among all lattices with the
same Delone triangulation can also be formulated as a convex optimization problem.
In contrast to the covering case, the application of MAXDET to the triangulation
constructed in Section 5.5.5 indicates that vy(Eg) = /2 may in fact be a local
optimum, as conjectured by Zong [272]. Note that he even conjectured that Eg
gives the global optimum.

Note the remarkable fact that d = 1,2 are the only known cases where the
minimum covering density and the maximum packing density — and therefore the
minimum packing-covering constant 4 = miny, y(L) — are attained by the same
lattice. Maybe this is also yet another exceptional property of the beautiful Leech
lattice?

5.5.5. Local covering non-optimality of the Eg root lattice. If we apply
the method of Theorem 5.34 to Eg we get a local lower bound of /(8/9)8-vol(B%) ~
0.6243 - vol(B®). But ©(Eg) = vol(B?®), since the circumradius of the regular cross
polytopes in Eg’s Delone subdivision is 1. Despite this gap, Eg could be a locally
optimal covering lattice. The following proof of Theorem 5.36 shows that this is
not the case. By Proposition 5.7 it suffices to find a PQF @ with ©(Q) < ©(Qg,)
so that Delzs(Q) and Delys (Qg,) have a common refinement.

Below, we describe a systematic way to attain a refining Delone triangulation
of Delzs (Qg,). Given such a triangulation we can find an approximation of the
unique PQF minimizing © among all PQFs in the closure of its secondary cone (as
described in Section 5.1). We give such an approximation at the end of this section
and explain how to verify its properties with a simple computer program. Since we
carry out the verification using exact arithmetic only, the proof of Theorem 5.36 is
rigorous.

First, we describe all Z8-periodic triangulations refining the Delone subdivision
of Qg,, that is, all sets P of simplices satisfying the following conditions:
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no additional vertices: all vertices of simplices L € P lie in Z5.
periodicity: VL € P,v € Z8 v+ L € P.

face-to-face tiling: VL, L' e P: LNL € P.

refinement: VL € P 3L’ € Delzs (Qg,) : L C L.

covering: Ve € REIL € P:x € L.

Recall from Section 5.5.2 that Delzs (Qg, ) consists of simplices and cross polytopes
only. Thus for a Z%-periodic triangulation refining Delzs (Qg,) we have to specify
how to split the 8-dimensional cross polytopes into simplices.

We say that two polytopes P and P’ are Z8-equivalent if P! = v + P for some
v € Z8. Every w € Qg,(4) defines a Delone cross polytope Py, = conv{vo,...,v15}
with vg = 0, vg = w and all other v; € Qg (2) with v; + vj;5 = vg (indices
computed modulo 16).

Two w,w’ € Qg,(4) define Z8-equivalent cross polytopes if and only if w’ €
w + 278, because then the difference %w’ — %w of their centers is in Z®. Under
this equivalence relation the set Qg,(4) splits into 135 classes, containing 8 pairs
of mutually orthogonal vectors +ws,...,tws. Each of the w; equivalent to w
is a diagonal of P, e.g. w; = v; — viys, ¢ = 0,...,7. In the coordinate system
introduced in (5.13) the 135 classes are (see [69, Ch. 6, §3]):

: 1 class: +2eq,...,+2esg.

: 70 classes: 8 elements +e, + e, + e. £+ €4 with an even number of minus
signs and 8 elements +e. + ey & e, £ e;, with an even number of minus
signs and with {a,...,h} = {1,...,8}; or the same with an odd number
of minus signs.

: 64 classes: 8 pairs of vectors of shape (+3(£3)7) with odd number of
minus signs, where the position of :I:% is permuted to all 8 coordinates.

We can split each cross polytopes P, into simplices in eight different ways by
adding a diagonal. Without loss of generality we add the diagonal conv{vg, vs} and
split the cross polytope P, into the 128 simplices conv{0, vs,v;,,...,v;,}, where
jr € {k,k + 8}. Thus altogether we get 8!3° different Z®-periodic triangulations
refining Delys (Qg, ).

Now, which of these periodic triangulations are Delone triangulation for some
PQF? To decide this, we take a closer look at the tiling Delzs (Qg, ) and at secondary
cones A(7) of Delone triangulations 7 refining Delzs (QE, ).

We already described the cross polytopes of Delzs (Qg,). Centers of simplices
of Delzs (Qg,) containing the origin are the 17280 vectors $v, where v is a vector of
Q&4 (8) not in 2Qg, (2). We say two polytopes are adjacent in the tiling, if they share
a facet. Each simplex is adjacent to 9 cross polytopes and each cross polytope is
adjacent to 128 simplices and 128 cross polytopes. A simplex and a cross polytope
both containing the origin are adjacent if and only if the inner product, with respect
to QEg, of their centers equals %. Two cross polytopes both containing the origin
are adjacent if and only if the inner product of their centers equals %.

For some computations it is useful to have coordinates of vertices, with respect
to the coordinate system (5.13): The vertices of the cross polytope P defined by
the center e; are 0,2e1,e; +e;, 71 =2,...,8. An adjacent Delone cross polytope is
defined by the center ¢ = (%, f%, %, %, %, %, %, i) Its vertices are 0, 2¢, e1 — €3, 2c—
(e1 —es),e; +e,2c— (e1 +e;), i =3,...,8. A Delone simplex adjacent to P is
defined by the center ¢/ = (%, %, %, %, %, %, %, %) Its vertices are O, (%, e %),el +
e;, i =2,...,8. Since the automorphism group of Eg acts transitively on vectors
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of squared length 4 and since the stabilizer of +2e; in Eg’s automorphism group
is the group generated by even sign changes and by permutations of the last 7
coordinates, the knowledge of the coordinates given is enough to describe the whole
Delone subdivision.

By Voronoi’s theory reviewed in Section 4.1.2; the secondary cones A(7) are
open polyhedral cones defined by linear forms (N, 1, -) (regulators) on 8%, one for
each pair of adjacent simplices L = conv{vy,...,vs}, L' = conv{vy,...,v9} in 7T:

A(T)={Q € S8%: (N,1,Q") > 0 for adjacent simplices L, L' € T} .

Recall that these are only finitely many linear conditions because of Ny r/4y =
NL,L/ for all v € Z8.

For a triangulation 7 which is a refinement of Delzs (Qg,) we distinguish be-
tween three types of pairs of adjacent simplices (L, L’). In the first case one of the
simplices is a simplex of Delzs(Qg,) and the other one is not. In the two other
cases both simplices are not simplices of Delzs (Qg, ). In the second case they refine
adjacent cross polytopes, in the third case they refine the same cross polytope. In
the first two cases we have (N 1/, Qg,) > 0 and in the last case (N 1/, Qg,) = 0.
Since Eg is rigid, the closures of secondary cones of Delone triangulations refining
Delzs (Qg,) cover a sufficient small neighborhood of the ray containing multiples of
Qe,. Thus, 7 is a Delone triangulation for some PQF refining Delzs (Qg,) iff

{Q SR (Np,1/,Q) >0, (L, L") refining same cross polytope of Delzs(QES)}

is not empty.

The three types of regulators are easily computed, e.g. with help of the coordi-
nates given above. In the first case, let P = conv{vy,...,v15} be a cross polytope
of Delys (Qg,) with the notational convention: vs € Qg,(4), v; + vits = vs. Let
L' = conv{vy,...,v5} be a simplex of Delzs(Qg,) with v}, = v;, i =0,...,7. Let

c be the centroid of P and ¢’ be the centroid of L'. Then ¢’ = § (v( + ... + v)

and ic—i— %c’ = %(vo +---+wy). Suppose the edge conv{vg,virys}, k € {0,...,7},

belongs to 7. We have ¢ = § (v + vi4s) and we derive §(vj + vpts) + 15(vh +

vy + -+ v7) = %(vo + -+ -4+ v7). Therefore we get the regulator

(515) (N, Q) = Qlowl + Qlonss] + 2 Qet] — 5Qlwo] -+ — 1 Qlor]

In the second case, let P, = conv{vy,...,v15} and P, = conv{vy,...,v}5} be
two adjacent cross polytopes with the usual notational convention and with v; = v}
for ¢ = 0,...,7. Then the centers ¢ = %’Ug and ¢ = %vg of the cross polytopes
satisfy the relation 3 (¢ + ¢/) =  (vg + - - - + v7). Let us assume that the diagonals
conv{vy, viis} and conv{v},, vy, g} with k, k" € {0,...,7} belong to 7. Then,
since ¢, ¢’ are the centers of these diagonals, we derive vy + vjyg + v} + v}/ g =

%vo 4o+ %v7. Therefore we get the regulator

1 1
(5.16) (Ni,1r, Q) = Qor] + Qors] + Qui] + Qv 4.5] — 5 Qlwo] =+ = 5 Q[vr].
In the third case, let P = conv{vy,...,v15} be a cross polytope with the usual

notational convention. Then adjacent simplices are of the form

/
L = conv{0,vs,v;,,...,v5,}, L' =conv{0,vs,vj,...,v;},
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# | representative | orbit size || # | representative | orbit size
1. 2000000 1 11. | 3(31111111) )
2. 0200000 7 12. | L(3T111111) (g)
3. | 11110000 (7 13. | $(3TIIIIID) (1
4. | 11110000 7(5) 14. | 1(13111111) 7(3)
5. | 1moooo | 7(%) [ 15| fastini) 7(§)
6. | 11110000 (g) 16. | 1(13T11111) 7(3)
7. 01111000 (42 17. | 1(13111111) 7(3)
8. | 01111000 7(3) 18. | $(13111111) 7(%)
9. | 01111000 %(;2 (5) || 19. | 1(13111111) 7(%)
10. | 3(3T111111) @) 20. | $(13111110) ()

TABLE 2. Orbits of length 2 vectors in Eg. Minus signs are given by bars.

where ji, j;. € {k,k + 8} and j;, = ji + 8 only for one k € {1,...,7}. Because of
v;, + vj,+8 = Vg + Vg We get seven regulators

(5.17) (Nr,1r, Q) = Qv ] + Qlvj,4s] — Qvo] — Qlus], k=1,...,7.

Note that these conditions are equivalent to Qvg] < Qv;, —wvj, ], k=1,...,7,
which means that the chosen diagonal wvg is shorter than the other seven with
respect to the metric induced by Q.

We tried to generate all Delone triangulations refining Delzs (Qg,) by an ex-
haustive computer search. But this seems to be hopeless since they are far to many.
So we decided to generate a Delone triangulation which has a fairly large symmetry
group. For this we choose a subgroup G' of Qg,’s automorphism group which, in
the coordinate system (5.13), is generated by permutations of the last 7 coordinates
and by the involution x +— —ax.

PROPOSITION 5.40. There are exactly four Z8-periodic triangulations refining
Delys (Qg,) invariant under the group G. Ezactly two of them are Delone triangu-
lations and both are equivalent under the action of Qg,’s full automorphism group.

ProOF. To show that there is essentially one Delone triangulation with the

prescribed symmetries, we will again work with the coordinate system (5.13). In
Table 2 we list the orbits of squared length 4 vectors under the action of G.
To define a Z%-periodic triangulation refining Delzs (Qg,) we have to choose a col-
lection of orbits (O;);er, I C {1,...,20}, so that for every of the 135 classes of
possible diagonals C' we have ’Uze ;0N C" = 2. This restriction immediately gives
{2,4,5,8,9,14,15,16,17,18,19} NI = (). For example, the four vectors £02000000,
+00200000 are in O2 NC'. On the other hand we have to have {1,6,11,12,13} C I.
Now there are two binary choices left: either we have 3 € I or 7 € I and either
we have 10 € I or 20 € I. From these four triangulations only those given by
I, ={1,3,6,10,11,12,13} and I = {1,6,7,11,12,13,20} are Delone triangula-
tions: Under the prescribed symmetry we can assume that there are numbers «, 3,
v, 0 with

a=(e,er), B=(e,€), v=(ee), d=(e,e;), i=2,...,8,j=i+1,...,8.
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Suppose we choose orbit 3. By (5.17) this implies the inequality

1 1 1
(5(11111111), 5 (111TITT)) = (o + 65 — 5 — 66) <0,

then choosing orbit 20 implies
(1(1T000000), 2(TIIITIIT)) = 2 (—a — 68+~ + 60) < 0,

yielding a contradiction. Hence we have to choose orbit 10 instead. A similar
calculation shows that if we choose orbit 7, then we have to choose orbit 20. To
see that these triangulations are Delone triangulations we still have to give a PQF
satisfying all regulators in (5.17). We postpone this to the end of this section.

By applying the transformation HAH, where A exchanges the first and fifth
coordinate and their signs, and H is the transformation H = diag(Hy, Hy) we see
that both Delone triangulations are equivalent. The transformation HAH is an
element of Eg’s automorphism group exchanging the relevant orbits of vectors of
size 2 by 01 s 013, 03 — 07, 06 s 011, 010 — 02(), 012 s 012. O

Given the Delone triangulation 7 refining Delys (Qg,), attained in this way
or another, we can compute an approximation of the unique PQF minimizing the
covering density © among all PQFs in the closure of its secondary cone, using
our software coop (see Section 5.1.5 and our package [285]). We found a PQF

Q = 3422918976911 — 17121746137Q2 with covering density © ~ 3.2012. Here

1 0 0 0 0 0 0 2
0 4/7 -2/3 0 0 0 0 0
0 —-2/3 4/3 -—2/3 0 0 0 0
0 0 -2/3 4/3 -2/3 0 0 0
@ = 1y o 0 —2/3 4/3 -2/3 o o] nd
0 0 0 0 —2/3 4/3 -—2/3 0
0 0 0 0 0 -2/3 4/3 0
2 0 0 0 0 0 0 4
0 1 0 0 0 0 0 7/2
1 0 -2/3 0 0 0 0 0
0 -2/3 4/3 -2/3 0 0 0 0
o o -—2/3 4/3 —2/3 o0 0 0
@ = 0 0 0 —2/3 4/3 -2/3 0 0
0 0 0 0 -2/3 4/3 -2/3 0
0 0 0 0 0 -2/3 4/3 0
7/2 0 0 0 0 0 0o 7

form a basis of the subspace of S® invariant under the group G intersected with the
subspace given by regulators (Ny, 1, -) of (5.15), (5.16), (5.17) with (Np 1/, Q) = 0.
To give a rigorous proof of Theorem 5.36 we have to verify that one of the two
triangulations we constructed in Section 5.5.5 is a refining Delone triangulation of
Q’s Delone subdivision and that its covering density is at most 3.2013. To do this we
supply the MAGMA program newcovering8.m available from the arXiv.org e-print
archive. To access it, download the source files for the paper math.MG/0405441.
The program newcovering8.m first verifies that there is a PQF, called Qinterior,
which strictly satisfies the inequalities (5.17) for the triangulation given by I (see
proof of Proposition 5.40). By this we know that the triangulation is a Delone
triangulation. Then the program checks that Q satisfies all inequalities (5.15),



122 5. LOCAL ANALYSIS OF COVERINGS AND APPLICATIONS

(5.16), (5.17) given by regulators. This verifies that the Delone triangulation is in
fact a refinement of Q’s Delone subdivision. Finally we compute the circumradii of
a representative system of simplices with respect to the inner product (-, -) induced
by Q. The squared circumradius R? of the simplex L = conv{0,v1,...,vg} is
given by (5.7). All these evaluations involve only rational arithmetic and they can
be carried out on a usual personal computer in less than 15 minutes.

5.5.6. A new eight-dimensional sphere covering. The following came
out of a computational analysis of @ and A(7): The PQF @ lies on the boundary
of the secondary cone A(T). The closure of A(7) has 428 facets and only one
of these facets does not contain Qg,. We applied the optimization to the Delone
triangulation which belongs to the secondary cone adjacent to this facet. There we
found a PQF with covering density © = 3.1423, which is the best known covering
density in dimension 8 so far. An approximation of its Gram matrix is

3.1917  —1.5938 —0.0000 0.0000 —0.0000 —0.0000 —0.0000 0.8051
—1.5938 19158 —1.1726 —0.0000  0.0000 —0.0000  0.0000 0.0000
—0.0000 —-1.1726 2.3453 —1.1726  0.0000  —0.0000 —0.0000  0.0000

0.0000 —0.0000 —1.1726 2.3453 —1.1726 —0.0000 —0.0000 0.0000
—0.0000  0.0000 0.0000 —1.1726 2.3453 —1.1726 —0.0000 —0.0000
—0.0000 —0.0000 —0.0000 —0.0000 —1.1726 2.3453 —1.1726  0.0000
—0.0000  0.0000 —0.0000 —0.0000 —0.0000 —1.1726 2.3453 —0.0000

0.8051 0.0000 0.0000 0.0000  —0.0000  0.0000 —0.0000 1.6103

It seems that the PQF we approximated by Q is not locally optimal. This
would follow by Proposition 5.7, if we knew that the by Q approximated PQF lies
on the boundary of A(7). In any case we are left with the open problem to find a
globally best covering lattice in dimension 8. Currently we do not know where to
search for such a lattice.

5.6. Local lattice covering maxima and pessima

For the lattice sphere packing problem we have finitely many local density
maxima, but no local density minima (on the space R50\8%,/GL4(Z) of similarity
classes of d-dimensional lattices). We show in this section that the lattice cover-
ing problem is quite different. Although we have only finitely many local density
minima, it turns out that there also exist local density maxima. Here, we say a
lattice and a corresponding PQF @ is a local lattice (sphere) covering mazimum
if any local change of R5oQ in R5¢\S%, decreases the lattice covering density ©.
Moreover, it turns out that there exist lattices as the root lattice Eg, which do not
give a local lattice covering maximum, but for which almost all local changes yield
a decrease of the density function. Following a suggestion of Peter McMullen, we
call such lattices covering pessima.

This section is structured as follows: From a local analysis in Section 5.6.1,
we obtain in Section 5.6.2 and Section 5.6.3 a necessary (Theorem 5.42) and a
sufficient condition (Theorem 5.45) for a local lattice covering maximum. From
these conditions we obtain a complete classification of local lattice sphere covering
maxima up to dimension 6 (see Corollaries 5.44 and 5.46). A class of lattice covering
pessima (including the root lattices D4 and Eg) is obtained in Section 5.6.4.
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5.6.1. Local analysis of the covering density function. In this section
we start by further studying the behavior of the covering density function © in the
neighborhood of a given PQF @. In Lemma 5.41 we identify the regions where the
covering density function increases and where it decreases.

Let us first collect the necessary background from previous sections. Recall
from Section 5.2.1 and from (3.15) that D, = {Q € 8, : det Q > a} is a strictly
convex set and that the tangent hyperplane of Dgc g at @ is

Hdct(Q) = {Q/ € Sd : <Q/ - Q7Q71> = 0}
Recall the definition of the smooth hypersurface
Br—s ={Q€ 8% : p(Q) =58},

for a d-dimensional simplex L with vertices in Z¢ (one of them the origin) and a
positive 8 > 0. (ur(Q) denotes the squared circumradius of L with respect to Q.)
The tangent hyperplane of By _,, (@) at @ is

HL(Q) ={Q €8V (Q — Q. 9L, () (Q)) =0},
where g1, 3(Q) = (grad | BRL 5 ])(Q) (see Section 5.2.1).
The set B, <p of all PQFs with ur,(Q) < § is convex and —gr, ., (0)(Q) is the
outer normal vector of it at Q. The hyperplane Hy(Q) divides S¢ into the closed
half space

HE'(Q) ={Q' € 8" (Q' ~ Q. g (Q) = 0}
and the open half space H3°(Q) = S\ HZ%(Q).
For a Delone polytope P with vertices in Z%, we define the P-covering density

function by
pp(Q)? d
=4/ ———— -vol(B%).
0r(Q) \/ det Q vol(B)
Then in particular

5.18 S} = (C] .
(5.18) (@) e o) P(Q)
Note that all simplices L with vert L C vert P satisfy ©1(Q) = Op(Q).
The following lemma tells us where ©p, increases and where it decreases.

LEMMA 5.41. Let Q € 8¢ be a PQF and let L = conv{0,v1,...,vq} be a d-
dimensional simplex with v1,...,vq € Z%. For a PQF Q' € Haet(Q) we distinguish
between two cases:

(a) If Q' € H7(Q), then ©L(Q") > OL(Q) whenever Q' # Q.
(b) If Q" € H;°(Q), then there exists an € > 0 so that

@L((l — €)Q +5Q’) < @L(Q)

PROOF. We consider the ray in S? starting at the origin and going through @’.
On this ray the L-covering density is equal to ©1(Q’). We define the number ap
by the property that det(ap@’) = det Q). Correspondingly, we define the numbers
ap and ap such that ay Q' € Hp(Q) and apQ’ € By —,(0)-

What are the possible relations between these three numbers? If Q = @', then
they are all equal to 1. Otherwise we always have 1 < ap and ap < ap because
Dycs @ and By, < u(@) are convex and have a smooth boundary.

We distinguish between the two cases of the lemma:
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(a) If Q' € H7(Q), then ap < 1. In this case the PQF apQ’ satisfies
pr(ap@’) = pr(Q) and det(apQ’) < det Q whenever @ # Q' which settles (a).

(b) If Q" € H;7°(Q), then ayy > 1. In this case the convex sets Dgerq and
BRr <y, (@) have a full-dimensional intersection because they have a smooth bound-
ary. So there is an € > 0, so that for @’ replaced by (1 — &)@ + Q' we have

1l <ap <ag < ay.

Then, det(apQ') = det @ and pr(ap@’) > pur(Q), and hence O1(Q") < OL(Q),
which settles (b). O

In the following two sections we use Lemma 5.41 to give computationally
testable, necessary and sufficient criteria for a given PQF to attain a local maximum
of the lattice covering density © on R>0\Si0.

5.6.2. Necessary conditions for a local lattice covering maximum.
Recall some properties of the secondary cone A(Z?, P) of a d-dimensional polytope
with vertices in Z?: It is a relative open polyhedral cone (see Proposition 4.22),
containing all PQFs for which P is a Delone polytope. In fact, it is a face of every
Baranovskii cones A(Z4, L), where L is a d-dimensional simplex L with vert L C
vert P (see Section 4.4.2). A Delone polytope is called extreme if A(Z4, P) has
dimension 1, that is, if its secondary cone is a ray.

THEOREM 5.42. Suppose Q) € Sgo attains a local mazimum of the lattice cov-
ering density ©. Then every Delone polytope P € Delza(Q) with Op(Q) = O(Q) is
an extreme Delone polytope.

PROOF. Suppose there exists a Delone polytope P € Delzq(Q) with ©p(Q) =
O(Q) which is not an extreme Delone polytope. Then the relative open polyhedral
set A(Z%, P) containing @ is not a ray. Factoring out positive scaling, we know that
the function Op is a strictly convex function on the compact set Ro\A(Z4, P).
In it, R>oQ is a relative interior point. Thus ) cannot attain a local maximum of
Op, and because of (5.18), it also cannot attain a local maximum of ©. O

As immediate consequences we derive the following corollaries. First, extreme
Delone polytopes can only occur for rigid PQF's, that is for PQFs with A (Delzq(Q))
being a ray. Since for a given dimension d there exist only finitely many GL4(Z)-
inequivalent secondary cones, there exist only finitely many local lattice covering
maxima for a fixed dimension d. In lattice terminology this gives:

COROLLARY 5.43. A lattice giving a local mazimum for the covering density
function is rigid. In particular, up to similarities, there exist only finitely many
local lattice covering maxima for a given dimension d.

Since there exist no extreme Delone polytopes in dimensions d = 2,...,5 (see
[104]; cf. Section 4.4.1), there exist no local maxima for © in these dimensions.

COROLLARY 5.44. There exists no local lattice covering mazima in dimension
d=2,...,5.

Note that the one-dimensional integer lattice Z trivially attains a local maxi-
mum (and minimum) of ©.
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5.6.3. Sufficient conditions for a local lattice covering maximum. We
want to give a sufficient and computable criterion for a local lattice covering max-
imum. Assume a PQF @ satisfies the necessary condition of Theorem 5.42. We
consider all d-dimensional simplices L with vert L C vert P for some extreme Delone

polytope P € Delza(Q) with u(Q) = pp(Q). Then in particular p(Q) = prn(Q).
Recall that the Baranovskii cone A(Z%, L) is the cone of all PQFs that have L as
a Delone simplex. Assuming A(Z<, L) is non-empty, we know that @ lies on a ray
of the closed polyhedral cone A(Z?, L). This ray is the secondary cone A(Z4, L).
Let N4 1(Q) denote the outer normal cone of A(Z? L) at Q. (The normals gen-
erating Nza ,(Q) are of type —Nyert £, With w € vert P\ vert L; see (4.3) and
Proposition 4.8.)

We want to study the change of O, if we change Q to some Q' in A(Z4, L), close
to Q. We may assume Q' € Haet(Q), which allows us to apply Lemma 5.41. In
order to state a sufficient computable criterion, let 74 be the orthogonal projection
of S¢ onto the hyperplane

H={Q eS&8":(Q,Q™") =0},
parallel to Hqet (Q)-
THEOREM 5.45. Let Q € 8%, be a PQF. Suppose that every Delone polytope P
in Delza(Q) with up(Q) = u(Q) is extreme. Assume further that for every of these

extreme Delone polytopes with 0 € vert P and every d-dimenstonal simplex L, with
0 € vert L C vert P and A(Z%,L) # ), we have

(5.19) WH(—gL,H(Q)(Q)) € relint '/T’)—{(NZdﬁL(Q)).

Then Q attains a local mazimum of the lattice covering density function.

PRrROOF. Let Q' ¢ R>oQ be a PQF in a sufficiently small neighborhood of
Q. We assume in particular that Delz(Q’) is a refinement of Delza(Q) and that
P’ € Delzq(Q') satisfies ©p/(Q') = ©(Q’). Then (by @ sufficiently close to Q)
there exists at least one simplex L such that Q,Q" € A(Z4,L) and such that
OL(Q) = O(Q) and vert L C vert P’ C vert P for some extreme Delone polytope
Pe DelZd(Q).

We are going to apply Lemma 5.41. We scale Q" so that it lies on the hyperplane
Haet(Q) = H + Q. Then, Q" — Q € H. Let Nza (Q) = cone{N; : i = 1,...n} be
generated by outer normals Ny, ..., N,. By condition (5.19) we know that

TH(=9L,u.0)(Q)) = Z a; N;
i=1

with suitable o; > 0. Since (Q', N;) <0 for i = 1,...,n, with strict inequality for
at least one index i, we obtain

<Q/ - Qyﬂ-H(*ngL(Q)(Q)» <0.
Because of (Q' — Q, Q™ ') = 0 this immediately gives

(Q = Q, =91, (0)(Q)) <0.

So we are in case (b) of Lemma 5.41 saying that when @’ is sufficiently close to Q,
then

0(Q") =0.(Q") <0L(Q) =0(Q).
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By a result of Dutour [86], the Schlifli polytope is the only extreme Delone
polytope in dimension 6. It determines the root lattice Eg, which thereby is the
only candidate for a local lattice covering maximum. In fact, up to isometries
the Schlafli polytope is the only Delone polytope of Eg. So the first requirement
of Theorem 5.45 is satisfied. Thus in order to show that Eg is a local lattice
covering maximum it remains to check condition (5.19). The Schlifli polytope
has 27 vertices and it is known that all simplices refining it are Delone simplices with
a non-empty Baranovskii cone. Using MAGMA (see http://fma2.math.uni-magdeburg.de/
~latgeo/covering_max_e6.m) we find that there are precisely 101360 full dimensional
Delone simplices with this property. All of them turn out to satisfy the criterion of
Theorem 5.45. Thus we obtain the following corollary.

COROLLARY 5.46. The root lattice Eg gives the only local lattice covering mazx-
imum n dimension 6.

Going to higher dimensions, it is more and more difficult to apply Theorem 5.45,
due to the increasing number of Delone simplices which one has to consider. How-
ever, it is sufficient to apply the criterion of Theorem 5.45 to only one simplex of
each orbit under the symmetry group of the given lattice. For example, according
to Dutour Sikiri¢ (private communication), under the symmetries of Eg, there exist
only 31 orbits of 6-dimensional Delone simplices refining the Schléfli polytope.

In the forthcoming paper [94] we give another sufficient criterion, which is easier
to apply in higher dimensions: @ € Sio gives a local lattice covering maximum,
if every Delone polytope P attaining p(Q) is extreme, and if for all of them there
exist a, > 0 for v € vert P such that

1) 1= ) o,

vEvert P
(2) 0= Z ay(v —c),
vevert P
@) o= S oo

vEvert P

Here, ¢ denotes the center of P’s circumsphere with respect to ). The latter
conditions are in particular satisfied if the vertices of P form a spherical 2-design
with respect to Q.

This new criterion can be applied not only to Eg, but also to many other lattices.
By it we show in [94] that the two known extreme Delone polytopes in dimension 7
(the Gosset polytope defining the root lattice E; and a 35-tope constructed by
Erdahl and Rybnikov [106]) determine local lattice covering maxima. Furthermore,
it turns out that the Barnes-Wall lattice is a local lattice covering maximum and we
even find an infinite series of lattice covering maxima. We think this topic deserves
further attention.

5.6.4. Covering Pessima. Aside of the existence of local lattice covering
maxima, we find another, closely connected phenomenon of the lattice covering
density function: The existence of lattices and PQFs for which almost every local
change decreases the covering density. We call a PQF @ (and a corresponding
lattice) a covering pessimum, if the set of directions N € S% with ©(Q + eN)
increasing for small enough € is a non-empty measure zero set (with respect to the
usual Lebesgue measure on S%).
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Such covering pessima occur whenever all Delone polytopes attaining the cov-
ering radius satisfy condition (5.19) in Theorem 5.45, and if in addition none of
them is a simplex, and at least one is not extreme.

THEOREM 5.47. Let Q € Sio be a PQF. Suppose that Delone polytopes P in
Delza(Q) with up(Q) = n(Q) are not simplices, and that at least one of them is not
extreme. Assume further that for every of these Delone polytopes with 0 € vert P
and every d-dimensional simplex L, with 0 € vert L C vert P and A(Z%, L) # 0,
we have

(5.20) WH(*QL#L(Q)(Q)) € relint '/T’)—{(NZd7L(Q)).

Then @ is a covering pessimum.

PrOOF. The argument in the proof of Theorem 5.42 shows that the covering
density increases within the secondary cones A(Z?, P), where P is a non-extreme
Delone polytope with pup(Q) = u(Q). Since we assume that such P are not sim-
plices, A(Z?, P) and hence the corresponding directions of change (preserving P
as a Delone polytope) are measure zero sets.

In directions outside these measure zero sets, the arguments in the proof of
Theorem 5.45 show (by (5.20)) that the lattice covering density decreases in di-
rection N = Q' — @, unless (Q',N;) = 0, for ¢ = 1,...,n (where Ny,..., N,
are the outer normals of A(Z? L) at Q). Here, L is a Delone simplex with
vert L C vert P for some Delone polytope P in Delz«(Q). If P is extreme, this
cannot happen for Q' & R>oQ; if P is not extreme, it could. However, by our as-
sumption that P is not a simplex, it can only occur on a measure zero set, namely
on{X eS8 (X N;)=0,i=1,...n}. |

As a corollary we find that the root lattices Dy and Eg give covering pessima.
Both lattices have the property that their covering radius is attained only by regular
cross polytopes, that is a polytope similar to conv{te; : i = 1,...,d}. Note that
this applies also to the lattice Z2.

COROLLARY 5.48. Letd > 2 and Q) € Sio. If all Delone polytopes P of @ with
wp(Q) = u(Q) are regular cross polytopes (with respect to @), then Q is a covering
pessimum.

PrROOF. We change coordinates such that P = e; + conv{te; : i = 1,...,d}
is a Delone polytope with respect to idg and a lattice A (A = AZ? for suitable
A € GLg(R) with Q = A'A). Assume L is a d-dimensional simplex refining P.
Without loss of generality we assume that conv{0, 2e; } is an edge of L. (The other
d — 1 vertices of L are then one out of each pair +e;, i = 2,...,d.)

The outer normal cone N 1, of A(A, L) at id is generated by N; = e1e} —e;el,
i=2,...,d. Hence for Q" € A(A, L) we have (N;,Q") = Q'[e1] — Q'[e;] < 0. We
may interpret this saying “if L is a Delone simplex, then the diagonal conv{0, 2e; }
of P is shorter than the diagonal e; + conv{+e;}”.
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Because of id;! = idq we find H = {X € S% : trace X = 0}. To compute
gr,1(idg) = (grad | BRy 1 |)(idq) we first observe by elementary operations

4 —4q11 0 @o2—qu1 - qda—qu1
0 q11 q12 q1d

IBRL1(Q)] =4 [g22 —q11 @12 g2

qdd — 411 {q1d T T qdd

Applying the chain rule to fog = |BRy 1| with f = 4det and g : S¢ — R@FDx(d+1)
assigning the matrix above yields

gr.1(idg) = —16elet1.

We may interpret this result saying “the circumradius of L has the steepest in-
crease if we change the PQF id, in such a way that the length of the longest edge
conv{0,2e;} of L has the largest increase”. Now

m(—gr,1(ida)) = adiag(d — 1,-1,...,-1)
with a > 0, which shows that

d
WH(—gLJ(idd)) =« Z Ni.
=2

Thus we can apply Theorem 5.47. (]

We note that the existence of covering pessima shows in particular that © is
not a topological Morse function, which is a major difference to the lattice packing
density (see [4]).

5.7. Local covering maxima of subspaces and Minkowski’s conjecture

Instead of considering local covering maxima with respect to Sio, we may
ask more generally for local covering maxima with respect to subsets of 8¢,. It
could happen, depending on the considered subset, that there exist infinitely many
inequivalent local covering maxima. In case of a linear subspace T C S¢, we can
use the theory developed in Section 4.3. It enables us to enumerate all inequivalent
local covering maxima with respect to T'NS%,, in case there are only finitely many.

We explain below that due to a recent result of C.T. McMullen [176], this tech-
nique can (in principle) be used to computationally verify the so-called Minkowski
conjecture in a given dimension.

5.7.1. Minkowski’s conjecture. Let N(x) = |z122 - - - 4| be the norm func-
tion on R%. Then the Minkowski conjecture (cf. [97]) can be stated as follows.

CONJECTURE 5.49. Lattices L C R? with det L = 1 satisfy

sup inf N(z —y) <27¢
zcRd YEL

and equality holds if and only if L = diag(ay, ..., aq)Z* with N(a) = 1.
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The conjecture arose in the study of algebraic integers and yields a bound for
their density in totally real number fields. Due to the inequality

N(z)'* <\ (a@?+... +23)

between the arithmetical and geometrical mean, it has been observed (cf. the survey
[12]) that the conjecture follows if one verifies the following two assertions:

(i) Well-roundedness: For a lattice L C R? there exists an a € R? with
N(a) = 1, such that L' = diag(a,--- ,aq)L is well-rounded, that is, the
minimal vectors of L’ span R%.

(ii) Covering conjecture: The covering density of any well-rounded lattice
L satisfies

(5.21) o(L) < (@)dvoqu) — 0(z%)

and equality holds if and only if L is similar to Z%.

The Minkowski conjecture has subsequently been verified in dimensions 2,...,5
by Minkowski himself [182], by Remak [202], Dyson [97] and Skubenko [238, 237]
(see [12] a detailed account). Woods [268] proved that the covering conjecture is
true in dimension 6 (cf. [132]). A major breakthrough was achieved by Curtis
McMullen [176], who proved (i) for every dimension. Due to the result by Woods,
the Minkowski conjecture has therefore been verified for dimensions d < 6 so far. Of
course, the main focus is now on the covering conjecture. Just recently Hans-Gill,
Raka and Sehmi [131] announced a proof of the covering conjecture (and hereby
of Minkowski’s conjecture) for d = 7.

Below we explain how the covering conjecture can (in principle) computation-
ally be proven or disproven in a fixed dimension. This is due to the fact that it is
possible to enumerate the finitely many local covering maxima with respect to the
space of isometry classes of well-rounded lattices.

5.7.2. Covering maxima among well-rounded lattices. We use the lan-
guage of PQFs. Recall from Section 2.3 the definition of the successive minima.
The bases of well-rounded lattices up to orthogonal transformations are identified
with

We={QeS8%: Q) =...=(Q)}.
The set W? is a union of countably many closed polyhedral cones of dimension
(d;rl) — (d —1). The group GL4(Z) acts on W? by @ — U'QU and the isometry
classes of well-rounded lattices are identified with the quotient W?/GL4(Z).

THEOREM 5.50. In a fized dimension d, there exist only finitely many local
covering mazima with respect to WY /GL4(Z).

PROOF. The set W? is contained in a union of countably many linear sub-
spaces 1" of dimension (d‘gl) — (d —1). So there is a cover of W? by T-secondary
cones. As in the proof of Theorem 5.42 we find that local lattice covering max-
ima within T' can only be attained by T'-extreme Delone polytopes, that is, Delone
polytopes for which A(P,Z%) NT is a ray. These rays are a subset of the set of
T-rigid T-secondary cones. Thus in order to prove the theorem, it is sufficient to
show that YW contains only finitely many 7T-rigid T-secondary cones up to GL4(Z)-
equivalence.
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By Voronoi’s first reduction theory (respectively the theory of Ryshkov poly-
hedra described in Chapter 3) we know that we can find a finite collection C of sets
with d linearly independent integral vectors such that every T-rigid T-secondary
cone is GLg(Z)-equivalent to one in

{Qe Sty NQ)=Q[s1]=...=Q[sd], {51,-..,84} € C}.
For example, we may obtain C from a complete collection of GL4(Z)-inequivalent
((d‘QH) — d)-dimensional faces of a Ryshkov polyhedron. Each face corresponds to

d integral (not necessarily linearly independent) vectors {s1,...,84} C Z% with
MQ) =Qls1] = ... = Q[sd].
For a fixed choice of linearly independent {si,...,s4} C Z,
T={QeS":Q[s1]=...=Q[sd]}
is a linear subspace of S?. The polyhedral cone
(5.22) {Qe8:NQ) =Qls1] =... = Q[sd]}
is a subset of T'. It is the conic hull of
(5.23) (eSSt NQ)=Q[s1]=...=Q[sa] =1}.

If we show that (5.23) is compact, then (by the definition of a fundamental do-
main and the reduction theory of Voronoi) the set (5.23) and hence (5.22) has a
non-empty intersection with only finitely many secondary cones A(D). It follows
that (5.22) contains only finitely many T-rigid T-secondary cones, which proves the
theorem.

It remains to verify that (5.23) is compact. The set is closed because any
convergent sequence {Q;} with @; in (5.23) has its limit also in (5.23). In order to
see that the set (5.23) is bounded it suffices to prove that the trace of contained
PQF's @ is bounded by some constant. For this we observe that the cross polytope

(5.24) conv{+£sy,...,+s4}
is full dimensional, and for a suitable constant C' > 0,
C - conv{tey,...,+eq}

is contained in it. The ellipsoid E(Q,1) = {z € R?: Q[z] < 1} contains (5.24).
Thus Q[Ce;] = C?%q;; < 1, fori = 1,...,d, which yields trace @ < dC~2 and hereby
finishes the proof. O

As a byproduct, the proof yields an algorithm to verify or disprove the covering
conjecture in a given dimension. Due to the result of Curtis McMullen we can use
the algorithm to verify (but not necessarily disprove) Minkowski’s conjecture in a
given dimension.

First we determine a finite collection C as in the proof. Then for each choice
of linearly independent {s1,...,s4} € C we find the T-rigid T-secondary cones
in (5.22). For each of these cones (which are in fact rays) we compute the cover-
ing density attained on them. If one of these densities is as large or even larger

d
than (@) vol(B4) = ©(idy), the covering conjecture is false for d; otherwise the

covering and the Minkowski conjecture are true.



APPENDIX A

Polyhedral Representation Conversion under
Symmetries

Much of the computations described in this book heavily rely on polyhedral
computations. On the one hand they are the core of Voronoi’s and Minkowski’s
theories; in a way their theories even stimulated the development of the theory of
polyhedra in their times. On the other hand, the computational tools for practical
polyhedral computations, such as linear programming are today developed to an
extend, which allows to treat even very large problems mathematical rigorously by
computers.

One key tool accompanying this book is the representation conversion of poly-
hedra with large symmetries, to be explained below. Over several years, while we
were working on different problems involving such computations, Mathieu Dutour
Sikiri¢ has developed sophisticated GAP [276] programs that made some compu-
tational results described in this book possible (see also [91], [92] and [93]). His
implementations are available from his web page [283].

A.1. Convex polyhedra

In this section, we give a brief introduction to some basic concepts and termi-
nology of (convex) polyhedra. For more details on polyhedra, we refer to the books
[126], [177], [233], [270].

Given the vector space R?, denote by (R%)* its dual vector space, i.e. the vector
space of linear functionals on R%. A convex polyhedron P C R% can be defined by
a finite set of linear inequalities

P={xecR?: fi(x) >b,i=1,...,m}

with f; € (R%)* and b; € R for i = 1,...,m. If the number of inequalities m in the
description is minimum, we speak of a non-redundant description. The dimension
dim P of P is the dimension of the smallest affine subspace containing it. Under
the assumption that P is full-dimensional, i.e. dim’P = d, every inequality ¢ of a
non-redundant description defines a facet {x € P : f;(x) = b;} of P, which is a
(d — 1)-dimensional convex polyhedron contained in the boundary of P.

By the Farkas-Minkowski-Weyl Theorem (see e.g. [233, Corollary 7.1a]), P can
also be described by a finite set of generators:

P = conv{vy,..., v} + cone{vit1,...,V,}
n k
= {Z)\i'ui : )\z ZO’Z)\i = 1}
i=1 i=1
where v; € R? for i = 1,...,n. If the number of generators is minimum, the

description is again called non-redundant. In the non-redundant case, the generators

131
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vi, © = 1,...,k, are called vertices and R>gv;, ¢ = k+1,...,n, are the extreme
rays of P. In case P is bounded we have n = k and we speak of a convex polytope.
The representation conversion from a minimal set of generators into a minimal
set of linear functionals (or vice versa) is called the dual description problem. For
certain classes of polyhedra efficient methods are known, but there is no approach
known which efficiently solves the problem in general. Programs like cdd [275],
1rs [278], pd [282], porta [284] (or polymake [115] either relying on some of
the others or using its own method closely related to cdd) allow conversion of the
representation of a polyhedron. Since the programs are implementations of quite
different methods, their efficiency may vary tremendously on a given example. For
complexity theoretic results we refer the interested reader to [96] and [152].

By using homogeneous coordinates, the general inhomogeneous problem stated
above can be reduced to the homogeneous one where b; = 0 and £k = 0. For
example, we embed P € R? in the hyperplane z4,1 = 1 in R%*! and consider the
closure of its conic hull. The so obtained polyhedron P’ = cone{v},..., v} }, with
v, = (v;,1) for i = 1,...,k and v, = (v;,0) for i = k+ 1,...n, is referred to as
polyhedral cone.

By duality, the problem of converting a description by homogeneous inequalities
into a description by extreme rays is equivalent to the opposite conversion problem.
So for simplicity we assume from now on that P C R? is a polyhedral cone given by
a minimal (non-redundant) set of generators (extreme rays). If

P = cone{vy,...,v,}

we say that P is generated by vy,...,v, € R%
We want to find a minimal set {f1,..., fm} C (RY)* with

P={zecR?: fi(x)>0,i=1,...,m}.

By choosing a suitable projection, it is possible to reduce the problem further to
the case where P is full-dimensional and does not contain any non-trivial linear
subspaces. For example, if v1,...,v, € R? span a k-dimensional linear subspace,
we may just choose (project onto) k independent coordinates. The appropriate pro-
jection (i.e. equations of the linearity space) can be found efficiently via Gaussian
elimination. In other words, without loss of generality we may assume the v; span
R? (P is full-dimensional) and the linear inequalities f; span (R%)* (P is pointed).
A face of Pisaset {x € P: f(xz) = 0} where f is an element of

P ={f € R : f(x) >0 for all z € P},

the polyhedral cone dual to P. Note that (P*)* = P. The faces of a pointed
polyhedral cone are themselves pointed polyhedral cones. We speak of a k-face, if
its dimension is k. The faces form a (combinatorial) lattice ordered by inclusion, the
face lattice of P. The rank of a face in the lattice is given by its dimension. Each
face is generated by a subset of the generators of P and therefore it is uniquely

identified by some subset of {1,...,n}. In particular, the 0-dimensional face is
identified with the empty set ) and P itself with the full index set {1,...,n}. All
other faces of P are identified with some strict, non-empty subset F C {1,...,n}.

We write F' <1 F’ for two faces of P with F' C F’ and dim F' = dim F’ — 1. Two
k-faces of P are said to be adjacent, if they share a (k — 1)- and a (k + 1)-face.
In particular, two extreme rays (1-faces) are adjacent, if they generate a common
2-face and two facets are adjacent, if they share a common (d — 2)-face (a ridge).
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By the properties of a lattice, for two faces F; and F5, not necessarily of the same
dimension, there is always a unique largest common face F' = F; N F; contained in
them, and a unique smallest face F’, containing both. Any sub-lattice [F' : F’] of
the face lattice consisting of all faces containing F' and contained in F’ is known
to be isomorphic to the face lattice of some pointed polyhedral cone of dimension
dim F’ — dim F'. Note that this is a special feature of face lattices of polyhedra,
which is not true for general lattices. In particular the diamond property holds for
face lattices: Every sub-lattice of rank 2 carries the combinatorics of a 2-dimensional
polyhedral cone, namely a face F' of rank k — 1, a face F’ of rank k + 1 and two
faces F1 and F5 of rank k. The rank 2 sub-lattices are in one-to-one correspondence
to pairs of adjacent faces.

A polyhedral complex A is a set of polyhedral cones (the cells of A), such that for
each cell of A, its faces are also cells of A, and such that the following intersection
property holds:

(IP) For all P;, P; € A, P;N P; is a (possibly empty) face of both P; and P;.
The facets of a polyhedral cone P form a polyhedral complex, the boundary complex
of P. Polyhedral complex A’ is a subdivision of polyhedral complex A if every cell
of A is the union of cells in A’ and every cell of A’ is contained in some cell of
A. A subdivision is called a triangulation if every cell is a simplicial cone. By
the homogeneous embedding of polytopes discussed above, we may equally discuss
boundary complexes, subdivisions, and triangulations for polytopes.

A.2. Polyhedral symmetries

A.2.1. Groups acting on polyhedra. In this book we are especially inter-
ested in the case where some non-trivial group acts on the given polyhedron P.
The combinatorial automorphism group of P, generated by n extreme rays, is the
subgroup of Sym(n) of all permutations (acting on ray indices {1,...,n}) which
preserve the whole face lattice of P. Thus the combinatorial automorphism group
acts not only on the generating rays, but also on the set of facets (inequalities), and
more generally on the sets of faces of a given dimension. Moreover, it preserves the
inclusion relation among faces. It is known that the combinatorial automorphism
group of P, can be computed from the incidence relations between extreme rays
and facets (see [148]).

Given generators vy, ..., v, € R? of a polyhedral cone P and a subgroup G of
the combinatorial automorphism group of P, we want to obtain the facets of P up
to symmetry, that is, one representative F' C {1,...,n} from each orbit under the
action of G.

If no group or only a small group is given, we usually still want to exploit as
much symmetries of the given polyhedron as possible in the representation conver-
sion. That is, ideally we would like to compute the full combinatorial automorphism
group. However, we do not know how to compute it without computing the facets,
which is precisely the problem we want to solve. So we have to settle for a compro-
mise and work with a more restricted type of automorphism. Note though, that
one may obtain the full combinatorial automorphism group of P, after the facets
have been computed

In many cases the combinatorial automorphism group (or some nontrivial sub-
group) may reflect geometric symmetries, for example if it has a representation as a
subgroup of GL4(R) acting naturally on R? and the polyhedral cone P. The group
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of all matrices in GL4(R) preserving P is called linear automorphism group of P.
Since a linear automorphism permutes the set of extreme rays {R>ov1, ..., R>ov,},
we naturally obtain a representation as a permutation group G < Sym(n). It is
important to note here that although the induced permutation group is finite, the
linear automorphism group of P is not necessarily so, and it can be quite awkward.
Think for example of the quadrant in R? generated by the two non-negative coor-
dinate axes. The induced permutation group is Sym(2), its linear automorphism

group however is
a O 0 ¢
(2 0.0 O)mneacra).

As explained in Section A.1 we may limit our discussion to the special case of
a full-dimensional, pointed polyhedral cone P generated by vi,...,v, € R% The
elements A € GL4(R) of the linear automorphism group of P satisfy Av; = \jv,(;),
where ¢ € Sym(n) is an induced permutation and A; > 0. Note, in case P is the
homogenization of a (d — 1)-dimensional polyhedron P’, the linear automorphism
group of P corresponds to the so-called projective automorphism group of P’, that
is, the set of all projective maps preserving P’. We are not aware of any practical
algorithm to compute linear (or projective) automorphism groups or to decide if
two polyhedral cones are linear (or projective) isomorphic.

A.2.2. Restricted isomorphisms. A restricted isomorphism of two full-di-
mensional vector families V = {vy,...,v,} and V' = {v,...,v]} in R? is given
by a matrix A € GL4(R) such that there exists a permutation o satisfying Av; =
U;(i) fori=1,...,n. A restricted automorphism of a vector family is a restricted
isomorphism of V' with itself.

We speak of a restricted isomorphism between two polyhedral cones generated
by the two vector families V' and V’, if it is a restricted isomorphism between V
and V’. Note though that the definition of restricted isomorphisms for polyhedral
cones is strongly depending on the choice of generators. Since such generators are
only unique up to any positive factor, the choice of generators is very crucial. In
practice the situation is usually not so bad as there is often a natural choice for the
generators.

The big advantage of restricted isomorphisms is that we can compute them by
obtaining the graph isomorphisms for an edge labeled graph. Given a vector family

V ={vy,...,v,} C R? spanning R? we define the positive definite matrix
(A1) Q=3 v,
i=1

Let the graph G(V') be the complete graph with vertices v; and edge weights ¢;; =
viQ'v;. Then the following holds:

PROPOSITION A.1. Let V,V' C R? be two finite vector families. Then every
isomorphism of the edge labeled graphs G(V') and G(V') yields a restricted isomor-
phism of V and V' and vice versa.

For a proof of the proposition, we refer to [45]. In practice the popular and very
nice program nauty [281] by McKay can be used to check for graph isomorphisms
or compute the group of automorphisms. Note however, that the current version
only takes vertex labeled graphs as input. We therefore have to transform our
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edge labelled graph to a somewhat larger vertex labelled graph that preserves the
automorphism group (see for example [281], User’s Guide, Version 2.4, p.25).

A.3. Orbits of faces

A.3.1. Dealing with orbits. In order to generate facets (or more generally
faces) of a polyhedron up to symmetries, it is necessary to deal with orbits of
faces. In this section we briefly indicate what the basic tasks are that we have to
accomplish and how these can be approached.

As before, we assume that a polyhedral cone P is given by a set of generators
vi,...,v, € R? which define the extreme rays of P. Each face is represented by
a subset of {1,...,n} which corresponds to the indices of generators incident to
the face. We assume G < Sym(n) is some subgroup of the combinatorial automor-
phism group of P, hence a permutation group acting not only on the set of indices
{1,...,n} (respectively rays), but also on the whole face lattice of P. In particular,
the dimension of a face and inclusion between faces are preserved by every group
element.

In the most general form, the problem we have to solve is the following: Given
two subgroups G and G4 of Sym(n) and a list Ly of G;-inequivalent faces, we need
to be able to obtain a list Lo of Ga-inequivalent faces.

For example, if Gy = {idg4} is trivial, the list Ly = {F},..., F}} simply is a
list of pairwise unequal faces and we may obtain Ly by testing for Gs-equivalence:
Starting with Lo = {F}} and then subsequently adding F; for i = 2,...,n to Lo,
if it is not Ga-equivalent to any element in Ly. Clearly, this orbit fusion can be
applied whenever G < Gas.

In case G2 < (7 it is necessary to “break some symmetry” and split (factorize)
orbits. This can be done with the double coset decomposition, described in Section
A.3.2. Note, if neither G; < G5 nor Gy < (G1, one could in principle convert
the G1-orbits into Gs-orbits in two steps, by either using the intersection group
G = G1 NGy or the group G = (G1, G3) generated by Gy and G5 and obtaining
G-orbits in an intermediate step.

Orbit fusing and splitting is a typical and essential task when generating dis-
crete structures up to isomorphism (see for example [48], [127], [149], [150]).

A.3.2. Fusing orbits, equivalence tests and canonical representatives.
A common task is to decide whether or not two faces are G-equivalent, that is,
whether or not the corresponding subsets of {1,...,n} lie in the same orbit under
the action of G.

The dimension of a face (rank in the face lattice) and its cardinality are quickly
testable invariants. Other invariants can easily be obtained, for example by look-
ing at the action of G on pairs, triples, or other k-tuples of indices (generators),
respectively on lower dimensional faces. The number of elements from each such
orbit included in a face is a G-invariant. Unfortunately, there is no clear rule how
many such sets have to be chosen, so one has to rely on heuristics.

If we only consider restricted isomorphisms, metric invariants can be used as
well, for example the set of pairwise inner products between generators (see [45]).

When all invariants are satisfied, then group computations must be done. For
small groups it is possible to simply generate the whole orbit of a face. If the
size of available memory is a problem, we may just keep a canonical representative
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for the orbit, for example the lexicographical minimum (when viewed as a sub-
set of {1,...,n}). These can be found for example by a backtrack method (see
Section A.3.4).

A.3.3. Breaking symmetry by splitting orbits using double cosets.
Assume G < G; < Sym(n) and that a list of G1-orbits is given. In order to obtain
a list of Go-orbits, we may split each orbit G F', with a representative face F', by
the well known double coset decomposition (cf. for example in [48] and [150]): The
group (G can be decomposed into double cosets

Gy = | J Gagi Stab(G1, F)

i=1

where g1, ..., g, are elements of G;. Then the orbit G F is decomposed into
T
GlF = U ngiF,
i=1

hence into r orbits GoF; with F; = ¢; F'.

Note that the more straightforward algorithm of generating the full orbit or of
computing a decomposition of G into cosets Gag; is slower and/or requires more
memory (see [150]).

A.3.4. Data structures and implementation issues. The fundamental
data structures used to work with permutation groups are bases and strong gen-
erating sets (BSGS) (see for example [231], [138]). Based on them a backtrack
search on cosets of a point stabilizer chain can be used to obtain canonical repre-
sentatives, to decide on (non-)equivalence as well as to obtain stabilizers of subsets
of {1,...,n} (faces). For details we refer to [231] and [149]. An elaborate version is
the partition backtrack introduced by Leon [168] (cf. [169], [231]). These methods
are known to work quite well in practice, although from a complexity point of view
the problems are known to be difficult. That is, there is no (worst-case) polynomial
time algorithm known to solve these problems. Even worse, it is somewhat unlikely
that there exist polynomial time algorithms, since the graph isomorphism problem,
not known to be in P, is reducible to them in polynomial time (cf. [171]).

The computer algebra system GAP [276] provides functions for generation of full
orbits (ORBIT) stabilizer computations (STABILIZER) and equivalence tests (REP-
RESENTATIVEACTION). In all the used algorithms (backtrack searches) the number
of group generators of the given group is very important. So from a practical point
of view one should try to (heuristically) obtain a small set of group generators. GAP
provides a function for this task as well (SMALLGENERATINGSET).

In the case where we have special knowledge of the group G or its represen-
tation, it might be much easier to obtain canonical representatives or to compute
stabilizers of faces. For example, we may have a situation where the symmetric
group Sym(n) acts on n elements (see [2] and [53]). Another example where the
action of the symmetric group is used is described in [81]. Typically, polyhedra
arising in Combinatorial Optimization are convex hulls of (0/1)-vectors, where each
coordinate (variable) represents an edge of a complete directed or undirected graph
with n vertices on which Sym(n) acts. In [56] a method for obtaining canonical
representatives in this situation is described.
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A.4. Decomposition methods

In this section we describe two methods which reduce the facet generation
problem under symmetries to a number of smaller instances of facet generation
problems. In contrast to the original problem, solving the smaller problems (for sub-
cones) may be feasible for available software, such as cdd or 1rs. These techniques
have been proven to be successful in practice, in cases where standard approaches
failed.

We mainly distinguish two approaches, the Incidence Decomposition Method
(see Section A.4.1) and the Adjacency Decomposition Method (see Section A.4.2).
Both methods are reasonably natural and have been used separately by different
authors.

A.4.1. Incidence Decomposition Method. The Incidence Decomposition
Method reduces the problem of facet generation to a number of smaller problems,
in which we generate facets that are incident to some extreme rays. As before let P
be a polyhedral cone in R?, generated by vy, ...,v,. Assume G < Sym(n) is some
permutation group acting on the face lattice of P. The set of extreme rays (indices)
falls into orbits under the action of GG. For each orbit we consider a representative
r; (index i) and generate a list of G-inequivalent facets of P incident to it. Then,
in a post-processing step the lists of facets obtained in this way are merged to a list
of G-inequivalent facets of P (see Section A.3). Since every G-orbit of facets of P
contains a facet which is incident to one of the chosen representatives, the resulting
list is complete.

Input: n extreme rays of a polyhedral cone P and a group G < Sym(n)
acting on P’s face lattice.
Output: complete set F of G-inequivalent facets of P.
F 0.
R « complete set of G-inequivalent extreme rays of P.
for r € R do
F, «— facets of P incident to r.
for F € F, do
if F'is G-inequivalent to facets in F then
F — FU{F}.
end if
end for
end for

ALGORITHM 8. Incidence Decomposition Method.

The main computational gain comes from the following: when we compute
the facets that are incident to a given ray r;, we may not have to consider all n
extreme rays of P, because some of the rays may not be incident to facets which
are incident to r;. These are exactly the extreme rays r; = Rxov; which give
redundant inequalities of the polyhedron

Pr={fe (Rd)* :f(v;) >0,j=1,...,nand f(v;) = 0}.
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So, for each of the n — 1 rays with index in {1,...,n}\ {{} we may solve a linear
program in (R?)* to decide redundancy. As an outcome we obtain a list of n’ < n
rays needed in the definition of P}. The smaller »n/, the bigger the computational
gain. Note that P/ is of dimension d — 1. Its dual contains the line {\v; : A € R}
and we may project it (or at least think of it as projected) down along this line to
a d — 1 dimensional polyhedral cone.

So the problem of enumerating facets incident to a given ray is a facet enumer-
ation problem, but in one lower dimension and with fewer inequalities. Some of the
lower dimensional subproblems may still be too difficult; in this case we may apply
the method recursively. We come back to this in Section A.4.3.

The Incidence Decomposition Method has been used in [117] for finding the ver-
tices of the metric polytope MET7. The method was also introduced in [55] along
with the Adjacency Decomposition Method but it was found to be less competitive
for their application. The Incidence Decomposition Method was also discussed by
Fukuda and Prodon [111].

A.4.2. Adjacency Decomposition Method. As with the Incidence De-
composition Method, the Adjacency Decomposition Method is a reasonably nat-
ural method for computing the facets of a polytope up to symmetries. So it is
no wonder that the method was discovered several times, for example, in [143]
as “algorithm de I'explorateur”, in [55] as “adjacency decomposition method” and
in [80] as “subpolytope algorithm”. The adjacency decomposition scheme is also
implicit in polyhedral decomposition schemes, i.e. when a space is decomposed as
an union of polyhedral cones, as we have seen in Chapters 3 and 4.

Rather than focusing on the incidence of (orbits of) facets to extreme rays as
the Incidence Decomposition Method does, the Adjacency Decomposition Methods
focusses on the incidence of facets with other facets. Starting from a (set of) initial
G-inequivalent facets, it traverses the adjacency graph of facet orbits. The initial
facet(s) may be obtained by suitable linear programs, or in strongly polynomial
time using the methods described in [46].

The facet F’ of P with F N F’ = H for a given ridge H < F' can be found by a
gift-wrapping step (cf. [54, 246]). Let vy,...,v, be the generators of P’s extreme
rays. The defining inequality f € (RY)* of the facet F’ should satisfy f(v;) = 0
for all generators v; € H. The vector space of such functions has dimension 2.
Let us select a basis {f1, fo} of it. If f = a1 f1 + aafs is the defining inequality
of F, H or F’', then f(v;) > 0 for all ¢ € {1,...,n}. This translates into a set
of linear inequalities on «q, @y defining a 2-dimensional pointed polyhedral cone.
One finds easily its two generators (o}, ab)1<i<2. The corresponding inequalities
fi = aifi +abfo € (RY)* define the two adjacent facets F' and F’ of P. In the
special case where no d+ 1 extreme rays lie on a hyperplane, the gift wrapping step
corresponds to a simplex pivot (see [57]).

A nice feature of the Adjacency Decomposition Method is that the adjacencies
of the most symmetric facets, which are usually the most difficult to treat, may not
have to be considered. This is due to the following well known result, known as
Balinski’s theorem (see e.g. [270], Theorem 3.14):

THEOREM A.2. ([7]) Let P be a d-dimensional, pointed polyhedral cone. Let
G be the undirected graph whose vertices are the facets of P and whose edges are
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Input: n extreme rays of a polyhedral cone P and a group G < Sym(n)
acting on P’s face lattice.
Output: complete set F of G-inequivalent facets of P.

T — {F} with F a facet of P.
F 0.
while there is an F' € 7 do
F — FU{F}.
T —T\{F}.
'H « facets of F.
for H € H do
find adjacent facet F' of F in P with H = FN F".
if F’ is G-inequivalent to all facets in F U7 then
T —TU{F'}.
end if
end for
end while

ALGORITHM 9. Adjacency Decomposition Method.

the ridges of P. Two vertices Fy, Fy are connected by an edge E if F1 N Fy = E.
Then, the graph G is (d — 1)-connected, i.e. removal of any d — 2 vertices leaves it
connected.

Using Balinski’s theorem, we know that if the number of facets in unfinished
orbits (i.e. those whose neighbors are not known) is less than d — 1, then any G-
inequivalent facet in the unfinished set must be adjacent to some already completely
treated facet. In practice this simple criterion can be extremely useful.

A.4.3. Recursion. Both, the Incidence Decomposition Method and the Ad-
jacency Decomposition Method reduce the facet enumeration problem for a d-
dimensional polyhedral cone P to a number of facet enumeration problems for
cones in dimension d — 1. These lower dimensional problems may be too difficult to
treat with a standard method as well and therefore we might apply the Incidence or
Adjacency Decomposition Method to these lower dimensional problems recursively.
So we may speak of the Recursive Incidence Decomposition Method, the Recursive
Adjacency Decomposition Method and the Recursive Decomposition Method, if a
mixture of both is applied.

The Recursive Incidence Decomposition Method has successfully been used for
computing the vertices of the metric polytope METs in [79], whereas the Recursive
Adjacency Decomposition Method has successfully been used in [143] and [91]. To
the best of our knowledge, and to our surprise, a recursive mixture of both has not
been used so far.

The crucial steps for the recursion are “F, « facets of P incident to r” (where
r is some extreme ray) for the Incidence Method (see Section A.4.1) and “F «
facets of F” (where F is some facet) for the Adjacency Decomposition Method (see
Section A.4.2). In both cases the problem is to obtain a list of facets for a (d — 1)-
dimensional polyhedral cone F', whose extreme rays are given. Again we can exploit
symmetries. As a result of a call of the Incidence or Adjacency Decomposition
Method for F, we obtain a list of G p-inequivalent facets of F' (ridges of P), where
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G is some group acting on the face lattice of F' which we have to provide. In a
post processing step we then have to obtain a list of Gp-inequivalent (respectively
Stab(Gp, F)-inequivalent) facets of F' (ridges of P) out of it.

Note though, that the groups Gr and Gp may be unrelated, that is, the ele-
ments of G do not have to be elements of Gp and vice versa. Think of examples
where P is a polyhedral cone without any symmetries, but with a facet having some
symmetries. Vice versa, since we did not assume that G is the full (combinatorial)
symmetry group, not even the stabilizer Stab(Gp, F') of F in Gp has to be a sub-
group of Gp. In the latter case we may simply replace G by the group generated
by Stab(Gp, F) and G, so that we assume Stab(Gp, F) < Gp. In this way we
possibly enlarge the group and speed up the computations. Moreover, we are able
to use the double coset decomposition (see Section A.3.3) to split each Gp-orbit
GrF' of facets of F into a finite number of Stab(Gp, F')-orbits Stab(Gp, F)g; F’,
where the g; € G represent the double cosets.

Using the described decomposition methods recursively it might happen that we
compute the facets of some sub-cones several times. For example if a face F' satisfies
F < Fy <P for a facet F} of a polyhedral cone P, then there is exactly one other
facet Fy such that ' < F» <P. Hence, if we apply the Adjacency Decomposition
Method to F; and F5, then we have to compute the dual description of F' two
times. Clearly, the number of such repetitions increases as the recursion depth
increases. Moreover, equivalent sub-cones may occur in different parts of the face
lattice. (Recall that any sub-lattice of the face lattice is the face lattice of some
polyhedral cone.) To handle this, we propose to use a banking system. That is, given
a difficult sub-cone P of which the facets have been computed up to symmetries,
we store with P (represented by generators) its group of restricted automorphisms
and a representative for each facet orbit.

What about the recursion depth needed to practically solve a given polyhedral
conversion problem? If we split the problem into subproblems with either decom-
position method then some of the subproblems may be easy to solve and may not
require a recursive treatment, others might be impossible to treat without such. The
implementation [283] allows one to provide a heuristic function to choose whether
to recursively apply the Adjacency Decomposition Method, but choosing the right
level of recursion requires some trial and error. From our computational experience
with this code the incidence number of a face, that is, the number of extreme rays
contained in it, gives a good measure for how difficult the representation conver-
sion is for it. We therefore propose to treat the faces with low incidence numbers
first and as much as possible without recursion. For subproblems to be potentially
solved with pivoting methods (possibly up to symmetry as below), the “probing
feature” of 1rs can be used to test for expected difficulties of a subproblem.

Finally, let us remark, that parallelization is a possible way to speed up the
(recursive) Decomposition Methods as well (see [56] and [81]).



APPENDIX B

Possible Future Projects

Clearly, throughout such a book many interesting questions remain unan-
swered. In this appendix we collect some possible future projects. Most of them
could become part or starting points for student projects or theses. We believe
that the problems marked by * are very challenging and not of this category. Note
also that some of the problems require massive computational resources, unless one
uses essential new theoretical insights. The list is in chronological order, that is, in
order of their context occurring in the book.

* Section 1.2: Show that the Leech lattice and the root lattice Eg attain ¢}
for d =24 and d = 8.

e Section 1.3: Show that Coxeter lattices aside of A} do not give (locally)
optimal lattice sphere coverings.

e Section 1.3: Obtain exact coordinates for the conjecturally optimal cov-
ering lattice L§.

* Section 1.3: Prove that the lattice L§ gives the optimal lattice covering in
dimension 6.

* Section 1.3: Solve the “Kepler analog” for sphere coverings. That is, show
that the bcc-lattice A3 attains O3F.

* Section 1.4: Decide whether or not there exists a dimension d with v4 > 2.

e Section 1.4: Prove or disprove that the root lattice Eg gives a locally
optimal lattice packing-covering.

e Section 2.2: Classify the rays up to symmetry of My and/or M"}' ford =6
(or even larger d).

e Section 2.3: Prove our conjecture on the relation between successive min-
ima and the length of basis vectors in a Minkowski reduced basis. Use for
example computer assistance to verify it for dimension 6 and 7

e Section 2.4: Study multidimensional continued fraction expansions based
on explicit reduction domains for Voronoi’s theories.

* Section 3.1: Classify all 9-dimensional perfect and extreme lattices and
hereby solve the 9-dimensional lattice sphere packing problem.

e in Section 3.1: Computationally obtain explicit reduction domains from
the known perfect forms.
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B. POSSIBLE FUTURE PROJECTS

Section 3.2: Further analyze the best known packing lattices which are
not strongly eutactic. Find out if some of them can be locally improved
to yield denser periodic sphere packings.

Section 3.3: Construct examples of m-extreme periodic point sets that are
not m’-extreme.

Section 3.4: Search for non-lattice packings (for example in dimensions
d < 10) using the theory of t-perfect forms and a Newton like method to
”jump” and improve on t.

Section 3.4: Use the T-theory (G-theory) to systematically search for good
sphere packing lattices and periodic sets in higher dimensions.

Section 3.4: Use the T-theory to show that the Coxeter-Todd lattice is
the unique optimal ”perfect Eisenstein lattice” in dimension 12.

Section 4.1: Classify all 6-dimensional lattice Delone triangulations.

Section 4.2: Search for non-lattice coverings and packing-coverings in di-
mensions d < 5. Use for example the theory of t-perfect forms and a
Newton like method to ”jump” and improve on t.

Section 4.3: Use the T-theory (G-theory) to systematically search for good
sphere covering lattices and periodic sets in higher dimensions.

Section 4.4: Classify possible Delone simplices, Delone polytopes, extreme
Delone polytopes, in particular in dimension 7.

Section 5.3: Analyze (and possibly improve) the currently best known
covering lattices. Try to obtain series of lattices which contain new best
known lattices in higher dimensions.

Section 5.3: Use the techniques we used for covering lattices to find new
best known (conjecturally best) lattice packing-coverings and quantizers
(up to dimension 24).

Section 5.5: Prove that the Leech lattice gives a thinnest (lattice) sphere
covering in 24-dimensions.

Section 5.6: Prove that there are only two lattice covering maxima in
dimension 7.

Section 5.7: Study T-extreme Delone polytopes, in particular for linear
subspaces T containing PQF's of well-rounded lattices.

Section 5.7: Prove the covering conjecture (5.21) in all dimensions or find
a counterexample.

Section 5.7: Prove the Minkowski conjecture 5.49 in all dimensions or find
a counterexample.



(1]

2]

(10]

(11]
(12]

(13]

(14]

(15]
(16]

(17]

(18]
(19]
20]

(21]

Bibliography

V. Alexeev, Higher-dimensional analogues of stable curves, Proceedings of Madrid ICM2006,
Eur. Math. Soc. Pub. House, 2006, pp. 515-536.

M.M. Anzin, On the density of a lattice covering for n = 11 and n = 14, Russian Math.
Surveys 57 (2002), 407-409, translation from Uspekhi Mat. Nauk 57, No.2(344), 187-188
(2002).

T.M. Apostol and M.A. Mnatsakanian, Sums of squares of distances in m-space, Amer.
Math. Monthly 110 (2003), 516-526.

A. Ash, On eutactic forms, Can. J. Math. 29 (1977), 1040-1054.

A. Ash, D. Mumford, M. Rapoport, and Y. Tai, Smooth compactification of locally symmet-
ric varieties, Lie Groups: History, Frontiers and Applications. Vol. IV., Brookline, 1975.
C. Bachoc and F. Vallentin, New upper bounds for kissing numbers from semidefinite pro-
gramming, J. Amer. Math. Soc. 21 (2008), 909-924.

M.L. Balinski, On the graph structure of convex polyhedra in n-space, Pacific J. Math. 11
(1961), 431-434.

K. Ball, A lower bound for the optimal density of lattice packings, Int. Math. Res. Not.
1992 (1992), 217-221.

B. Ballinger, G. Blekherman, H. Cohn, N. Giansiracusa, E. Kelly, and A. Schiirmann, Ez-
perimental study of energy-minimizing point configurations on spheres, Experiment. Math.
(2008), to appear, preprint at arXivimath/0611451.

R.P. Bambah, Lattice coverings with four-dimensional spheres, Math. Proc. Cambridge
Philos. Soc. 50 (1954), 203—-208.

, On lattice coverings by spheres, Proc. Nat. Acad. Sci. India 20 (1954), 25-52.
R.P. Bambah, V.C. Dumir, and R.J. Hans-Gill, Non-homogeneous problems: conjectures of
Minkowski and Watson, Number theory, Trends Math., Birkh&user, Basel, 2000, pp. 15-41.
E.P. Baranovskii, Local density minima of a lattice covering of a four-dimensional Euclidean
space by equal spheres, Soviet Math. Dokl 6 (1965), 1131-1133, translation from Dokl. Akad.
Nauk SSSR 164, 13-15 (1965).

, Local minima of the density of a lattice covering of four-dimensional Euclidean
space by equal balls, Siberian Math. J. 7 (1966), 779-798, translation from Sibirsk. Mat. Zh.
7, 974-1001 (1966).

, Simplezes of L-decompositions of Euclidean spaces, Math. Notes 10 (1971), 827—
834, translation from Mat. Zametki 10, 659-670 (1971).

, Volumes of L-simplexes of five-dimensional lattices, Math. Notes 13 (1973), 460—
466, translation from Mat. Zametki 13, 771-782 (1973).

, Partition of Fuclidean spaces into L-polytopes of certain perfect lattices, Proc.
Steklov Inst. Math. 196 (1992), 29-51, translation from Tr. Mat. Inst. Steklova 196, 27—46
(1991).

, The perfect lattices T(A™), and the covering density of T'(2°), European J. Combin.
15 (1994), 317-323.

, Application of the empty sphere method to the description of an L-partition defined
by a Leech lattice, Chebyshevskil Sb. 6 (2005), 30-35.

E.P. Baranovskii and V.P. Grishukhin, Non-rigidity degree of a lattice and rigid lattices,
European J. Combin. 22 (2001), 921-935.

E.P. Baranovskii and S.S. Ryshkov, Primitive five-dimensional parallelohedra, Soviet Math.
Dokl. 14 (1973), 1391-1395, translation from Dokl. Akad. Nauk SSSR 212, 532-535 (1973).

143



144

[22]
[23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]

(31]
(32]

(33]
(34]
(35]
(36]
(37]

(38]
(39]

[40]
[41]

[42]
[43]

[44]

[45]

[46]
[47]

(48]

[49]

BIBLIOGRAPHY

, The combinatorial-metric structure of L-partitions of general five-dimensional lat-
tices, Soviet Math. Dokl. 16 (1975), 47-51, translation from Dokl. Akad. Nauk SSSR 220,
265-268 (1975).
, Repartitioning complezxes in n-dimensional lattices (with full description forn < 6),
Voronoi’s Impact on Modern Science, Book II (ed. P. Engel et. al.), Proc. Inst. Math. Nat.
Acad. Sci. Ukraine, vol. 21, Institute of Math., Kyiv, 1998, pp. 115-124.
E.S. Barnes, The covering of space by spheres, Canad. J. Math. 8 (1956), 293-304.

, The complete enumeration of extreme senary forms, Philos. Trans. Roy. Soc. Lon-
don. Ser. A. 249 (1957), 461-506.
E.S. Barnes and M.J. Cohn, On Minkowski reduction of positive quaternary quadratic forms,
Mathematika 23 (1976), 156-158.
E.S. Barnes and T.J. Dickson, Extreme coverings of n-space by spheres, J. Austral. Math.
Soc. 7 (1967), 115-127, corrigendum, ibid. 8 (1968), 638-640.
E.S. Barnes and D.W. Trenerry, A class of extreme lattice-coverings of n-space by spheres,
J. Austral. Math. Soc. 14 (1972), 247-256.
H. Bass, M. Lazard, and J.P. Serre, Sous-groupes d’indice fini dans SL(n,Z), Bull. Am.
Math. Soc. 70 (1964), 385-392.
H. Bass, J.W. Milnor, and J.P. Serre, Solution of the congruence subgroup problem for
SLy(n > 3) and Span(n > 2), Publ. Math., Inst. Hautes Etud. Sci. 33 (1967), 59-137.
C. Batut, Classification of quintic eutactic forms, Math. Comp. 70 (2001), 395-417.
C. Bavard, Systole et invariant d’Hermite. (Systole and Hermite invariant), J. Reine Angew.
Math. 482 (1997), 93-120.
, Théorie de Voronot géométrique. Propriétés de finitude pour les familles de réseaux
et analogues, Bull. Soc. Math. France 133 (2005), no. 2, 205-257.
E. Bayer Fluckiger, Upper bounds for Fuclidean minima of algebraic number fields, J. Num-
ber Theory 121 (2004), 305-323.
E. Bayer Fluckiger and G. Nebe, On the Fuclidean minimum of some real number fields, J.
Théor. Nombres Bordeaux 17 (2005), 437-454.
A.M. Bergé and J. Martinet, Sur la classification des réseaux eutactiques, J. London Math.
Soc. (2) 53 (1996), 417-432.
A.M. Bergé, J. Martinet, and F. Sigrist, Une généralisation de l’algorithme de Voronoi pour
les formes quadratiques, Astérisque 209 (1992), 137-158.
M. Berger, Geometry I, Springer, Berlin, 1987.
A. Bezdek, K. Bezdek, and R. Connelly, Finite and uniform stability of sphere packings,
Discrete Comput. Geom. 20 (1998), 111-130.
J. Bierbrauer and Y. Edel, Dense sphere packings from new codes, J. Algebr. Comb. 11
(2000), 95-100.
A. Bjorner, M. Las Vergnas, B. Sturmfels, N. White, and G. Ziegler, Oriented matroids,
Cambridge University Press, Cambridge, 1999, 2nd ed.
M.N. Bleicher, Lattice coverings of n-space by spheres, Canad. J. Math. 14 (1962), 632-650.
H.F. Blichfeldt, The minimum values of positive quadratic forms in six, seven and eight
variables, Math. Z. 39 (1935), 1-15.
K. Boroczky, Closest packing and loosest covering of the space with balls, Studia Sci. Math.
Hungar. 21 (1986), 79-89.
D. Bremner, M. Dutour Sikiri¢, and A. Schiirmann, Polyhedral representation conversion
up to symmetries, Proceedings of the 2006 CRM workshop on polyhedral computation
(D. Bremner D. Avis and A. Deza, eds.), CRM Proceedings & Lecture Notes, AMS, Provi-
dence, 2008, to appear, preprint at arXiv:math/0702239.
D. Bremner, K. Fukuda, and A. Marzetta, Primal-dual methods for vertexr and facet enu-
meration, Discrete Comput. Geom. 20 (1998), 333-357.
A.J. Brentjes, Multidimensional continued fraction algorithms, Mathematical Centre Tracts,
vol. 145, Mathematisch Centrum, Amsterdam, 1981.
G. Brinkmann, Isomorphism rejection in structure gemeration programs, Discrete math-
ematical chemistry (New Brunswick, NJ, 1998), DIMACS Ser. Discrete Math. Theoret.
Comput. Sci., vol. 51, Amer. Math. Soc., Providence, RI, 2000, pp. 25-38.
H. Brown, J. Neubiiser, and H. Zassenhaus, On integral groups. I1II: Normalizers, Math.
Comput. 27 (1973), 167-182.




[50]
[51]

[52]
(53]

[54]
[55]
[56]
[57]
(58]
[59]
(60]
(61]
(62]
[63]

[64]

(65]
(6]
[67]
[68]
[69]
[70]
[71]

[72]
(73]

[74]
[75]
[76]

[77]

(78]

[79]

BIBLIOGRAPHY 145

G.J. Butler, Simultaneous packing and covering in Euclidean space, London Math. Soc. 25
(1972), 721-735.

J.W.S. Cassels, An introduction to the geometry of numbers, Springer, Berlin, 1971, 2nd
corrected print.

, Rational quadratic forms, Academic Press, London, 1978.

C.S. Chan and D.P. Robbins, On the volume of the polytope of doubly stochastic matrices,
Experiment. Math. 8 (1999), 291-300.

D.R. Chand and S.S. Kapur, An algorithm for convex polytopes, Journal of the ACM 17
(1970), 78-86.

T. Christof and G. Reinelt, Combinatorial optimization and small polytopes, Top 4 (1996),
1-64.

, Decomposition and parallelization techniques for enumerating the facets of combi-
natorial polytopes, Internat. J. Comput. Geom. Appl. 11 (2001), 423-437.

V. Chvatal, Linear programming, W.H. Freeman and Company, New York, 1983.

H. Cohen, A course in computational algebraic number theory, Springer, Berlin, 1993.

H. Cohn, New upper bounds on sphere packings. II, Geom. Topol. 6 (2002), 329-353.

H. Cohn and N. Elkies, New upper bounds on sphere packings. I, Ann. Math. 157 (2003),
689-714.

H. Cohn and A. Kumar, The densest lattice in twenty-four dimensions, Electron. Res.
Announc. Am. Math. Soc. 10 (2004), 58-67.

, Universally optimal distribution of points on spheres, J. Amer. Math. Soc. 20
(2007), 99-148.

, Optimality and uniqueness of the Leech lattice among lattices, Ann. Math. (2008),
to appear, preprint at arXiv:math/0403263.

M.J. Cohn, Z.D. Lomakina, and S.S. Ryshkov, Vertices of the symmetrized Minkowsk: region
for n <5, Proc. Steklov Inst. Math. 152 (1982), 213-223, translation from Tr. Mat. Inst.
Steklova 152, 195-203 (1980).

J.H. Conway and N.J.A. Sloane, Low-dimensional lattices. III: Perfect forms, Proc. R. Soc.
Lond., Ser. A 418 (1988), 43-80, see also Errata (1989).

, The cell structures of certain lattices, Miscellanea mathematica, Springer, Berlin,
1991, pp. 71-107.

, What are all the best sphere packings in low dimensions?, Discrete Comput. Geom.
13 (1995), 383-403.

, The antipode construction for sphere packings, Invent. Math. 123 (1996), 309-313.
, Sphere packings, lattices and groups, Springer, New York, 1999, 3rd ed.

R. Coulangeon, Voronoi theory over algebraic number fields, Réseaux euclidiens, designs
sphériques et formes modulaires, Monogr. Enseign. Math., vol. 37, Enseignement Math.,
Geneva, 2001, pp. 147-162.

H.S.M. Coxeter, Integral Cayley numbers, Duke Math. J. 13 (1946), 561-578, pp. 21-39 in
Coxeter, The beauty of geometry, Dover, 1999.

, Extreme forms, Canad. J. Math. 3 (1951), 391-441.

H.S.M. Coxeter, L. Few, and C.A. Rogers, Covering space with equal spheres, Mathematika
6 (1959), 147-157.

J.A. DeLoera, J. Rambau, and F. Santos Leal, Triangulations: Applications, structures,
algorithms, Springer, Berlin, 2009, to appear.

B.N. Delone, Sur la partition réguliére de l’espace a 4 dimensions, Izv. Akad. Nauk SSSR
Otdel. Fiz.-Mat. Nauk (1929), 79-110 and 145-164.

, The geometry of positive quadratic forms, Uspekhi Mat. Nauk 3 (1937), 16-62, in
Russian.

B.N. Delone, N.P. Dolbilin, S.S. Ryshkov, and M.I. Stogrin, A new construction of the
theory of lattice coverings of an n-dimensional space by congruent balls, Math. USSR-Izv.
4 (1970), 293-302, translattion from Izv. Akad. Nauk SSSR Ser. Mat. 34, 289-298 (1970).
B.N. Delone and S.S. Ryshkov, Solution of the problem on the least dense lattice covering of
a 4-dimensional space by equal spheres, Soviet Math. Dokl. 4 (1963), 1333-1334, translation
from Dokl. Akad. Nauk SSSR 152, 523-224 (1963).

A. Deza, K. Fukuda, T. Mizutani, and C. Vo, On the face lattice of the metric polytope,
Discrete and computational geometry, Lecture Notes in Comput. Sci., vol. 2866, Springer,
Berlin, 2003, pp. 118-128.




146

(80]

(81]
(82]

(83]
(84]

(85]
(86]
(87]

(88]

(89]

[90]

(91]
(92]
(93]
[94]
(95]
[96]
[97]
(98]
[99]
[100]

[101]

[102]
[103]
[104]
[105]

[106]

[107]

BIBLIOGRAPHY

A. Deza, K. Fukuda, D. Pasechnik, and M. Sato, On the skeleton of the metric polytope,
Discrete and computational geometry (Tokyo, 2000), Lecture Notes in Comput. Sci., vol.
2098, Springer, Berlin, 2001, pp. 125-136.

A. Deza and G. Indik, A counterezample to the dominating set conjecture, Optimization
Letters 1-2 (2007), 163-169.

M. Deza, V.P. Grishukhin, and M. Laurent, The hypermetric cone is polyhedral, Combina-
torica 183 (1993), 397-411.

M.M. Deza and M. Laurent, Geometry of cuts and metrics, Springer, Berlin, 1997.

T.J. Dickson, The extreme coverings of 4-space by spheres, J. Austral. Math. Soc. 7 (1967),
490-496.

, A sufficient condition for an extreme covering of n-space by spheres, J. Austral.
Math. Soc. 8 (1968), 56—62.

M. Dutour, The siz-dimensional Delaunay polytopes, European J. Combin. 25 (2004), 535—
548.

M. Dutour, R. Erdahl, and K. Rybnikov, Perfect Delaunay polytopes in low dimensions,
Integers 7 (2007), A39, 49 pp. (electronic).

M. Dutour and F. Vallentin, Some siz-dimensional rigid forms, Proceedings of Voronoi
conference on analytic number theory and spatial tessellations, 2004, preprint at
arXiv:math/0401191.

M. Dutour Sikiri¢ and V.P. Grishukhin, The decomposition of the hypermetric cone into
L-domains, European J. Combin. (2008), to appear, preprint at arXiv:0708.0747.

M. Dutour Sikiri¢ and K. Rybnikov, A new algorithm in geometry of numbers, Proceedings
of The 4th International Symposium on Voronoi Diagrams in Science and Engineering,
Pontypridd, Wales, UK, 9-11 July 2007, 2007, preprint at arXiv:0710.4948.

M. Dutour Sikiri¢, A. Schiirmann, and F. Vallentin, Classification of eight dimensional
perfect forms, Electron. Res. Announc. Amer. Math. Soc. 13 (2007), 21-32.

, Complexity and algorithms for computing Voronoi cells of lattices, Math. Comp.
(2008), to appear.

, The contact polytope of the Leech lattice, 2008, in preparation.

, Covering mazxima, 2008, in preparation.

, A generalization of Voronoi’s reduction theory and applications, Duke Math. J.
142 (2008), 127-164.

M.E. Dyer, The complezity of vertex enumeration methods, Math. Oper. Res. 8 (1983),
381-402.

F.J. Dyson, On the product of four non-homogeneous linear forms, Annals of Math. 49
(1948), 82-109.

H. Edelsbrunner, Geometry and topology for mesh generation, Cambridge University Press,
Cambridge, 2001.

P. Elbaz-Vincent, H. Gangl, and C. Soulé, Quelques calculs de la cohomologie de GLy (Z)
et de la K-théorie de Z, C. R. Math. Acad. Sci. Paris 335 (2002), 321-324.

S. Eliahoua and M. Kervaire, A survey on modular Hadamard matrices, Discrete Mathe-
matics 302 (2005), 85-106.

P. Engel, New investigations of parallelohedra in R®, Voronoi’s Impact on Modern Science,
Book II (ed. P. Engel et. al.) (Kyiv), Proc. Inst. Math. Nat. Acad. Sci. Ukraine, vol. 21,
Institute of Math., 1998, pp. 22-60.

, The contraction types of parallelohedra in E5, Acta Cryst. Sect. A 56 (2000), 491—

496.

P. Engel and V.P. Grishukhin, There are exactly 222 L-types of primitive five-dimensional
lattices, European J. Combin. 23 (2002), 275-279.

R. Erdahl, A cone of inhomogeneous second-order polynomials, Discrete Comput. Geom. 8
(1992), 387-416.

R. Erdahl and K. Rybnikov, An infinite series of perfect quadratic forms and big Delaunay
stmplices in Z™, Tr. Mat. Inst. Steklova 239 (2002), 170-178.

, On Voronoi’s two tilings of the cone of metrical forms, Rend. Circ. Mat. Palermo
(2) Suppl. (2002), 279296, IV International Conference in “Stochastic Geometry, Convex
Bodies, Empirical Measures & Applications to Engineering Science”, Vol. I (Tropea, 2001).
G. Fejes Téth and J.C. Lagarias, Guest editors foreword, Discrete Comput. Geom. 36 (2006),
1-3.




[108]
[109]

BIBLIOGRAPHY 147

L. Fejes Téth, Uber einen geometrischen Satz., Math. Z. 46 (1940), 83-85.
, Close packing and loose covering with balls, Publ. Math. Debrecen 23 (1976), 324

326.

L. Few, Covering space by spheres, Mathematika 3 (1956), 136-139.

K. Fukuda and A. Prodon, Double description method revisited, Combinatorics and com-
puter science (Brest, 1995), Lecture Notes in Comput. Sci., vol. 1120, Springer, Berlin, 1996,
pp. 91-111.

A.F. Gameckii, On the theory of covering Euclidean n-space by equal spheres, Soviet Math.
Dokl. 3 (1962), 1410-1414, translation from Dokl. Akad. Nauk SSSR 146, 991-994 (1962).

, The optimality of Voronoi’s lattice of first type among lattices of first type of
arbitrary dimension, Soviet Math. Dokl. 4 (1963), 1014-1016, translation from Dokl. Akad.
Nauk SSSR 151, 482-484 (1963).

C.F. Gauss, Untersuchungen tiber die Eigenschaften der positiven terndren quadratischen
Formen von Ludwig August Seeber, J. Reine. Angew. Math. 20 (1840), 312-320.

E. Gawrilow and M. Joswig, Geometric reasoning with polymake, arXiv:math/0507273,
2005.

J.R. Goldman, The queen of mathematics, AK Peters, Wellesley, 1998.

V.P. Grishukhin, Computing extreme rays of the metric cone for seven points, European J.
Combin. (1992), 153-165.

, Infinite series of extreme Delaunay polytopes, European J. Combin. 27 (2006),
481-495.

, A remarkable family of siz-dimensional lattices, 2006, CEMI Russian Academy of
Sciences, Working Paper # 214.

H. Groemer, Ezistenzsdtze fir Lagerungen im Euklidischen Raum, Math. Z. 81 (1963),
260-278.

P.M. Gruber, Convex and discrete geometry, Springer, Berlin, 2007.

, Application of an idea of Voronoi to lattice packing of convex bodies, Discrete
Comput. Geom. (2008), to appear.

, Geometry of the cone of positive quadratic forms, Forum Math. (2008), to appear.
P.M. Gruber and C.G. Lekkerkerker, Geometry of numbers, North—-Holland, Amsterdam,
1987.

P.M. Gruber and S.S. Ryshkov, Facet-to-facet implies face-to-face, European J. Combin. 10
(1989), 83-84.

B. Griinbaum, Convez polytopes, Springer, New York, 2002, 2nd ed. prepared in cooperation
with V. Kaibel, V. Klee and G.M. Ziegler.

T. Griiner, R. Laue, and M. Reinhard, Algorithms for group actions applied to graph gen-
eration, Groups and computation, II (New Brunswick, NJ, 1995), DIMACS Ser. Discrete
Math. Theoret. Comput. Sci., vol. 28, Amer. Math. Soc., Providence, RI, 1997, pp. 113-122.
H. Haiman, A simple and relatively efficient triangulation of the n-cube, Discrete Comput.
Geom. 6 (1991), 287-289.

T.C. Hales, A proof of the Kepler conjecture, Ann. Math 162 (2005), 1065-1185.

, A proof of the Kepler conjecture (unabridged version), Discrete Comput. Geom.
36 (2006), 1-265.

R.J. Hans-Gill, M. Raka, and R. Sehmi, On conjectures of minkowski and woods for n =7,
2007, preprint.

R.J. Hans-Gill, M. Raka, R. Sehmi, and Sucheta, A unified simple proof of a conjecture of
woods for n < 6, 2007, preprint.

G.H. Hardy and E.M. Wright, An introduction to the theory of numbers, fifth ed., The
Clarendon Press Oxford University Press, New York, 1979.

D. Hensley, Continued fractions, World Scientific Publishing Co. Pte. Ltd., Hackensack, NJ,
2006.

C. Hermite, FEaxtraits de lettres de M.Ch. Hermite a M. Jacobi sur différents objets de
la théorie des nombres, Deuxiéme lettre, J. Reine. Angew. Math. 40 (1850), 279-290, in
Oeuvres de Charles Hermite I, 100-121; letter is dated to Aug. 6th 1845.

, Sur Uintroduction des variables continues dans la théorie des nombres, J. Reine.
Angew. Math. 41 (1851), 191-216, in Oeuvres de Charles Hermite I, 164-192.

E. Hlawka, Ausfillung und Uberdeckung konvexer Korper durch konvere Korper, Monatsh.
Math. 53 (1949), 81-131.




148

[138]
[139]
[140]
[141]

[142]

[143]
[144]
[145]
[146]
[147]
[148]
[149]
[150]
[151]
[152]
[153]

[154]
[155]

[156]
[157]

[158]
[159]
[160]
[161]
[162]

[163]

BIBLIOGRAPHY

D.F. Holt, B. Eick, and E.A. O’Brien, Handbook of computational group theory, Chapman
& Hall/CRC, Boca Raton, FL, 2005.

J. Horvath, On close lattice packing of unit spheres in the space E™, Proc. Steklov Inst.
Math. 152 (1982), 237254, translation from Tr. Mat. Inst. Steklova 152, 216-231 (1980).

, Ph.D. thesis: Several problems of n—dimensional discrete geometry, Steklov Insti-
tute of Mathematics, 1986.

W.Y. Hsiang, Least action principle of crystal formation of dense packing type and Kepler’s
conjecture, World Scientific, Cambridge, 2001.

K. Hulek and G.K. Sankaran, The geometry of Siegel modular varieties, Higher dimensional
birational geometry (Kyoto, 1997), Adv. Stud. Pure Math., vol. 35, Math. Soc. Japan,
Tokyo, 2002, pp. 89-156.

D.-O. Jaquet—Chiffelle, Enumération compléte des classes de formes parfaites en dimension
7, Ann. Inst. Fourier (Grenoble) 43 (1993), 21-55.

, Trois théoréme de finitude pour les G-résauz, J. Théor. Nombres Bordeaux 7
(1995), 165-176.

D.-O. Jaquet—Chiffelle and F. Sigrist, Classification des formes quadratiques réelles: un
contre-ezemple d la finitude, Acta Arith. 68 (1994), 291-294.

F. Jarre and J. Stoer, Optimierung, Springer, Berlin, 2003.

G.A. Kabatjanskii and V.I. Levenstein, Bounds for packings on the sphere and in space,
Probl. Inf. Transm. 14 (1978), 1-17, translation from Problemy Peredachi Informatsii, 14,
3-25 (1978).

V. Kaibel and A. Schwartz, On the complezity of polytope isomorphism problems, Graphs
Combin. 19 (2003), 215-230.

P. Kaski and P.R.J. Ostergard, Classification algorithms for codes and designs, vol. 15,
Springer, Berlin, 2006.

A. Kerber, Applied finite group actions, 2nd ed., vol. 19, Springer, Berlin, 1999.

R. Kershner, The number of circles covering a set, Amer. J. Math. 61 (1939), 665-671.

L. Khachiyan, E. Boros, K. Borys, K. Elbassioni, and V. Gurvich, Generating all vertices
of a polyhedron is hard, Discrete Comput. Geom. 39 (2008), 174-190.

A.Ya. Khinchin, Continued fractions, Dover Publications Inc., Mineola, NY, 1997, With a
preface by B. V. Gnedenko, Reprint of the 1964 translation.

M. Kneser, Two remarks on extreme forms, Canad. J. Math. 7 (1955), 145-149.

A.N. Korkin and E.I. Zolotarev, Sur les formes quadratiques positives, Math. Ann. 11
(1877), 242-292.

G. Kuperberg, Notions of denseness, Geom. Topol. 4 (2000), 277-292.

J.C. Lagarias, Geodesic multidimensional continued fractions, Proc. London Math. Soc. (3)
69 (1994), 464-488.

, Bounds for local density of sphere packings and the Kepler conjecture, Discrete
Comput. Geom. 27 (2002), 165-193.

J.C. Lagarias, H.W. Lenstra Jr., and C.P. Schnorr, Korkin—Zolotarev bases and successive
minima of a lattice and its reciprocal lattice, Combinatorica 10 (1990), 333-348.

J.C. Lagarias and P.A.B. Pleasants, Local complezity of Delone sets and crystallinity,
Canad. Math. Bull. 45 (2002), 634-652.

J.L. Lagrange, Démonstartion d’un théoréme d’arithmétique, Nouv. Mém. Acad. Berlin
(1770), in Oeuvres de Lagrange I1I, 189-201.

, Recherches d’arithmétique, Nouv. Mém. Acad. Berlin (1773), 265-312, in Oeuvres
de Lagrange III, 695-795.

J. Larmouth, The enumeration of perfect forms, Computers in Number Theory, Proc. Atlas
Sympos. No.2, Oxford 1969, 237-239, 1971.

J. Leech, Notes on sphere packings, Canad. J. Math. 19 (1967), 251-267.

J. Leech and N.J.A. Sloane, New sphere packings in dimensions 9 - 15, Bull. Am. Math.
Soc. 76 (1970), 1006-1010.

A.-M. Legendre, Essai sur la théorie des nombres, Duprat, Paris, 1798.

H.W. Lenstra Jr., Fuclidean number fields of large degree, Invent. Math. 38 (1976/77),
237—-254.

J.S. Leon, Permutation group algorithms based on partitions. I. Theory and algorithms, J.
Symbolic Comput. 12 (1991), 533-583.




[169]

[170]

[171]

[172]
[173]
[174]
[175]
[176]
[177]

[178]
[179]

[180]

[191]
[192]
[193]
[194]
[195]

[196]

BIBLIOGRAPHY 149

, Partitions, refinements, and permutation group computation, Groups and compu-
tation, II (New Brunswick, NJ, 1995), DIMACS Ser. Discrete Math. Theoret. Comput. Sci.,
vol. 28, Amer. Math. Soc., Providence, RI, 1997, pp. 123—-158.

V.I. Levenshtein, On bounds for packings in n-dimensional Euclidean space, Sov. Math.,
Dokl. 20 (1979), 417-421, translation from Dokl. Akad. Nauk SSSR 245, 1299-1303 (1979).
E.M. Luks, Permutation groups and polynomial-time computation, Groups and computation
(New Brunswick, NJ, 1991), DIMACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 11,
Amer. Math. Soc., Providence, RI, 1993, pp. 139-175.

K. Mahler, A theorem on inhomogeneous diophantine inequalities, Nederl. Akad. Wetensch.,
Proc. 41 (1938), 634—637.

, On Minkowski’s theory of reduction of positive definite quadratic forms, Q. J.
Math., Oxf. Ser. 9 (1938), 259-262.

J. Martinet, Perfect lattices in Euclidean spaces, Springer, Berlin, 2003.

M. McConnell, Generalizations of Voronoi I to symmetric spaces and arithmetic groups,
Voronoi’s Impact on Modern Science (ed. P Engel et. al.), Proc. Inst. Math. Nat. Acad. Sci.
Ukraine, vol. 21, Institute of Math., Kyiv, 1998, pp. 155-185.

C.T. McMullen, Minkowski’s conjecture, well-rounded lattices and topological dimension, J.
Am. Math. Soc. 18 (2005), 711-734.

P. McMullen and G.C. Shephard, Convex polytopes and the upper bound conjecture, Cam-
bridge University Press, Cambridge, 1971.

J.L. Mennicke, Finite factor groups of the unimodular group, Ann. Math. 81 (1965), 31-37.
H. Minkowski, Zur Theorie der positiven quadratischen Formen, J. Reine Angew. Math. 101
(1887), 196202, Reprint in Gesammelte Abhandlungen, Band I, Teubner, Leipzig, 1911.

, Uber die positiven quadratischen Formen und tdber kettenbruchdhnliche Algorith-
men, J. Reine Angew. Math. 107 (1891), 278-297, Reprint in Gesammelte Abhandlungen,
Band I, Teubner, Leipzig, 1911.

, Diskontinuitdtsbereich fir arithmetische Aquivalenz, J. Reine Angew. Math. 129
(1905), 220-274, Reprint in Gesammelte Abhandlungen, Band II, Teubner, Leipzig, 1911.

, Diophantische Approzimationen, Teubner, Leipzig, 1907, Reprint by Chelsea, New-
York, 1957.

, Geometrie der Zahlen, Teubner, Leipzig, 1910, 2nd ed.; Reprint by Chelsea, New-
York, 1953.

R.V. Moody and J. Patera, Voronoi domains and dual cells in the generalized kaleidoscope
with applications to root and weight lattices, Canad. J. Math. 47 (1995), 573-605.

O.R. Musin, The kissing number in four dimensions, Ann. Math. 168 (2008), 1-32.

Y. Namikawa, A new compactification of the Siegel space and degeneration of abelian vari-
eties. 1., Math. Ann. 221 (1976), 97-141.

G. Nebe, Gitter und Modulformen, Jahresber. Deutsch. Math.-Verein. 104 (2002), 125-144.
G. Nebe and N.J.A. Sloane, A catalogue of lattices, http://wuw.research.att.com/ “njas/
lattices/.

C.E. Nelson, The reduction of positive definite quinary quadratic forms, Aequationes Math.
11 (1974), 163-168.

Y. Nesterov and A. Nemirovskii, Interior-point polynomial algorithms in convex program-
ming, vol. 13, Society for Industrial and Applied Mathematics (STAM), Philadelphia, PA,
1994.

T. Oda and C.S. Seshadri, Compactifications of the generalized Jacobian variety, Trans.
Amer. Math. Soc. 253 (1979), 1-90.

J. Opgenorth, Ph.D. thesis: Normalisatoren und Bravaismannigfaltigkeiten endlicher uni-
modularer Gruppen, Technical University of Aachen, 1995, also in Aachener Beitrage zur
Mathematik. 16., Verlag der Augustinus Buchh., Aachen, 1996.

, Dual cones and the Voronoi algorithm, Experiment. Math. 10 (2001), 599-608.
D. Orden and F. Santos, Asymptotically efficient triangulations of the d-cube, Discrete
Comput. Geom. 30 (2003), 509-528.

C. Pache, Eztremality and designs in spaces of quadratic forms, 2008, preprint at
arXiv:0804.0173.

R.A. Pendavingh and S.H.M. van Zwam, New Korkin-Zolotarev inequalities, SIAM J. Op-
tim. 18 (2007), 364-378.




150

[197]
[198]
[199]

[200]

[210]
[211]
[212]

[213]

[214]

[215]

[216]

[217]
[218]

[219]
[220]

[221]
[222]
[223]

[224]

BIBLIOGRAPHY

F. Pfender and G.M. Ziegler, Kissing numbers, sphere packings, and some unexpected proofs,
Notices Amer. Math. Soc. 51 (2004), 873-883.

W. Plesken and B. Souvignier, Computing isometries of lattices, J. Symbolic Comput. 24
(1997), 327-334.

H.-G. Quebbemann, Modular lattices in Euclidean spaces, J. Number Theory 54 (1995),
190-202.

J. Rambau, Triangulations of cyclic polytopes and higher Bruhat orders, Mathematika 44
(1997), 162-194.

V. Reiner, FEquivariant fiber polytopes, Doc. Math. 7 (2002), 113-132.

R. Remak, Verallgemeinerung eines Minkowskischen Satzes, Annals of Math. 49 (1928),
82-109.

, Uber die Minkowskische Reduktion der definiten quadratischen Formen, Compos.
Math. 5 (1938), 368-391.

C. Riener, On extreme forms in dimension 8, 2006, pp. 677—682.

C.A. Rogers, The packing of equal spheres, Proc. Lond. Math. Soc., III. Ser. 8 (1958),
609-620.

, Packing and covering, Cambridge University Press, New York, 1964.

C.A. Rogers and G.C. Shephard, The difference body of a convex body, Arch. Math. 8 (1957),
220-233.

S.S. Ryshkov, Effectuation of a method of Davenport in the theory of coverings, Soviet Math.
Dokl. 8 (1967), 865-867, translation from Dokl. Akad. Nauk SSSR 175, 303-305 (1967).

, The polyhedron u(m) and certain extremal problems of the geometry of numbers,
Soviet Math. Dokl. 11 (1970), 1240-1244, translation from Dokl. Akad. Nauk SSSR 194,
514-517 (1970).

, C-types of n-dimensional parallelohedra, Soviet Math. Dokl. 14 (1973), 1314-1318,
translation from Dokl. Akad. Nauk SSSR 212, 46-49 (1973).

, Density of an (r, R)-system, Math. Notes 16 (1974), 855-858, translation from
Mat. Zametki 1, 447-454 (1974).

, The reduction, in the sense of Venkov, of positive quadratic forms, Ivanov. Gos.
Univ. Ucen. Zap. 89 (1974), 5-36, Studies in the geometry of positive quadratic forms.

, The perfect form Afl: the existence of lattices with a nonfundamental division
simplex, and the existence of perfect forms which are not Minkowski-reducible to forms
having identical diagonal coefficients, J. Sov. Math. 6 (1976), 672-676, translation from
Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst. Steklova 33, 65-71 (1973).

, The theory of Hermite—Minkowski reduction of positive definite quadratic forms,
J. Sov. Math. 6 (1976), 651-671, translation from Zap. Nauchn. Semin. Leningr. Otd. Mat.
Inst. Steklova 33, 37-64 (1973).

S.S. Ryshkov and E.P. Baranovskii, Solution of the problem of the least dense lattice cov-
ering of five-dimensional space by equal spheres, Soviet Math. Dokl. 16 (1975), 586-590,
translation from Dokl. Akad. Nauk SSSR 222, 39-42 (1975).

, C-types of n-dimensional lattices and 5-dimensional primitive parallelohedra (with
application to the theory of coverings), Proc. Steklov Inst. Math. (1978), 140 pages, trans-
lation of Tr. Mat. Inst. Steklova 137 (1976).

__, Classical methods in the theory of lattice packings, Russian Math. Surveys 34
(1979), 1-68, translation from Uspekhi Mat. Nauk 34, No.4(208), 3—-63 (1979).

R. Scharlau and R. Schulze-Pillot, Extremal lattices, Algorithmic algebra and number theory
(Heidelberg, 1997), Springer, Berlin, 1999, pp. 139-170.

W. Scharlau and H. Opolka, From Fermat to Minkowski, Springer, New York, 1985.

P. Schmutz Schaller, Geometry of Riemann surfaces based on closed geodesics, Bull. Am.
Math. Soc., New Ser. 35 (1998), 193-214.

, Riemann surfaces with longest systole and an improved Voronoi’s algorithm, Arch.
Math. 76 (2001), 231-240.

R. Schneider, Convex bodies: The Brunn—Minkowski—theory, Cambridge University Press,
Cambridge, 1993.

A. Schiirmann, On packing spheres into containers (about Kepler’s finite sphere packing
problem), Doc. Math. 11 (2006), 393-406.

_ |, Enumerating perfect forms, 2008, preprint.




[225]
[226]
[227]
[228]
[229]
[230]
[231]
[232]

[233]
[234]

[235]
[236]
[237]

[238]

[239]
[240]
[241]
[242]
[243]
[244]
[245]
[246]
[247]

[248]

[249]

[250]
[251]
[252]

[253]

BIBLIOGRAPHY 151

, Perfect, strongly eutactic lattices are periodic extreme, 2008, preprint at
arXiv:0808.2013.
A. Schiirmann and F. Vallentin, Local covering optimality of lattices: Leech lattice versus
root lattice Eg, Internat. Math. Res. Notices 2005, 1937-1955.
, Geometry of lattices and algorithms, 2005, http://www.math.uni-magdeburg.de/
lattice_geometry/.
, Methods in the local theory of packing and covering lattices, Proceeding of COE
‘Workshop on Sphere Packings, Fukuoka, Japan, 2005.
, Computational approaches to lattice packing and covering problems, Discrete Com-
put. Geom. 35 (2006), 73-116.
F. Schweiger, Multidimensional continued fractions, Oxford Science Publications, Oxford
University Press, Oxford, 2000.
A. Seress, Permutation group algorithms, vol. 152, Cambridge University Press, Cambridge,
2003.
N.I. Shepherd-Barron, Perfect forms and the moduli space of abelian varieties, Invent. Math.
163 (2006), 25-45.
A. Shrijver, Theory of linear and integer programming, Wiley, Chichester, 1986.
C.L. Siegel, Lectures on the geometry of numbers. Notes by B. Friedman. Rewritten by
Komaravolu Chandrasekharan with the assistance of Rudolf Suter., Springer, Berlin, 1989.
F. Sigrist, G-perfect 8-dimensional lattices over the Gauss and FEisenstein integers, 2004,
preprint at http://www.unine.ch/math/personnel/equipes/EGFinal.dvi.
, Quaternionic-perfect forms in dimension 12, 2008, preprint.
B.F. Skubenko, A new wvariant of the proof of the inhomogeneous Minkowski conjecture
for n =5, Proc. Steklov Inst. Math. 142 (1976), 261-275, translation from Tr. Mat. Inst.
Steklov 142, 240-253 (1976).
, A proof of Minkowski’s conjecture on the product of n linear inhomogeneous forms
in n variables for n < 5, J. Sov. Math. 6 (1976), 627-650, translation from Zap. Nauchn.
Sem. Leningrad. Otd. Mat. Inst. Steklova 33, 6-33 (1973).
W.D. Smith, Ph.D. thesis: Studies in computational geometry motivated by mesh genera-
tion, Department of Applied Mathematics, Princeton University, 1988.
, A lower bound for the simplexity of the N-cube via hyperbolic volumes, European
J. Combin. 21 (2000), 131-137.
C. Soulé, Perfect forms and the Vandiver conjecture, J. Reine Angew. Math. 517 (1999),
209-221.
K.C. Stacey, The enumeration of perfect septenary forms, J. Lond. Math. Soc., II. Ser. 10
(1975), 97-104.
W. Stein, Modular forms, a computational approach, AMS, Providence, 2007, with an ap-
pendix by Paul E. Gunnells.
M.I. Stogrin, Locally quasidensest lattice packings of spheres, Soviet Math. Dokl. 15 (1975),
1288-1292, translation from Dokl. Akad. Nauk SSSR 218, 62-65 (1974).
, Regular Dirichlet-Voronoi partitions for the second triclinic group, Proc. Steklov
Inst. Math. 123 (1975), 1-116, translation from Tr. Mat. Inst. Steklova 123 (1973), 1-128.
G. Swart, Finding the convex hull facet by facet, J. Algorithms 6 (1985), 17-48.
G. Szpiro, Does the proof stack up?, Nature 424 (2003), 12-13.
P. Tammela, On the reduction theory of positive quadratic forms, Soviet Math. Dokl. 14
(1973), 651-655, translation from Dokl. Akad. Nauk SSSR 209, 1299-1302 (1973).
, Minkowski reduction region for positive quadratic forms in seven variables, J. Sov.
Math. 16 (1981), 836—857, translation from Zap. Nauchn. Semin. Leningr. Otd. Mat. Inst.
Steklova 67, 108-143 (1977).
A. Terras, Harmonic analysis on symmetric spaces and applications II, Springer, New-York,
1988.
A. Thue, Uber die dichteste Zusammenstellung von kongruenten Kreisen in einer Ebene,
Norske Vid. Selsk. Skr. 1 (1910), 1-9.
K.C. Toh, Primal-dual path-following algorithms for determinant mazximization problems
with linear matriz inequalities, Comput. Optim. Appl. 14 (1999), 309-330.
S. Torquato and F.H. Stillinger, New conjectural lower bounds on the optimal density of
sphere packings, Experiment. Math. 15 (2006), 307-331.




152

[254]

[255]

[256]

[262]

[263)

[264]
[265]

[274
[275]

[276]

[277

[278]
[279]

[280]
[281

[282]
[283]

BIBLIOGRAPHY

F. Vallentin, Ph.D. thesis: Sphere coverings, lattices, and tilings (in low dimensions),
Center for Mathematical Sciences, Munich University of Technology, 2003, http://tumbl.
biblio.tu-muenchen.de/publ/diss/ma/2003/vallentin.html.

B.L. van der Waerden, Die Reduktionstheorie der positiven quadratischen Formen, Acta
Math. 96 (1956), 265-309.

, Das Minimum von D/ fi11f2z2 ... fs5 fir reduzierte positive quindre quadratische
Formen, Aequationes Math. 2 (1969), 233-247.

S. Vance, Mordell’s inequality for Eisenstein and Hurwitz lattices, 2008, preprint.

L. Vandenberghe, S. Boyd, and S.P. Wu, Determinant mazimization with linear matriz
inequality constraints, STAM J. Matrix Anal. Appl. 19 (1998), 499-533.

A. Vardy, A new sphere packing in 20 dimensions, Invent. Math. 121 (1995), 119-133.
B.B. Venkov, Réseauzx et designs sphériques, Réseaux euclidiens, designs sphériques et
formes modulaires, Monogr. Enseign. Math., vol. 37, Enseignement Math., Geneva, 2001,
pp. 10-86.

N.M. Vetchinkin, Uniqueness of classes of positive quadratic forms, on which values of
Hermite constants are reached for 6 < n < 8, Proc. Steklov Inst. Math. 152 (1982), 37-95,
translation from Tr. Mat. Inst. Steklova 152, 34-86 (1980).

G.F. Voronoi, Nowvelles applications des parameétres continus & la théorie des formes
quadratiques. Premier Mémoire. Sur quelques propriétés des formes quadratiques positives
parfaites, J. Reine Angew. Math. 133 (1907), 97-178.

, Nowvelles applications des paramétres continus a la théorie des formes quadra-
tiques. Deuxiéme Mémoire. Recherches sur les parallélloédres primitifs., J. Reine Angew.
Math. 134 (1908), 198-287, and 136 (1909), 67—181.

J. Wang, Finding and investigating exact spherical codes, 2008, preprint at arXiv:0805.0776.
T. Watanabe, A survey and a complement of fundamental Hermite constants, Algebraic
and arithmetic theory of quadratic forms, Contemp. Math., vol. 344, Amer. Math. Soc.,
Providence, RI, 2004, pp. 339-350.

G.L. Watson, On the minimum of a positive quadratic form in n(< 8) variables (verification
of Blichfeldt’s calculations), Proc. Camb. Philos. Soc. 62 (1966), 719.

H. Weyl, Theory of reduction for arithmetical equivalence, Trans. Am. Math. Soc. 48 (1940),
126-164.

A.C. Woods, Covering siz space with spheres, J. Number Theory 4 (1972), 157-180.

R.T. Worley, The Voronoi region of Ef, J. Austral. Math. Soc. Ser. A 43 (1987), 268-278.
G.M. Ziegler, Lectures on polytopes, Springer, New York, 1997.

C. Zong, Sphere packings, Springer, New York, 1999.

, From deep holes to free planes, Bull. Amer. Math. Soc. 39 (2002), 533-555.
_, What is known about unit cubes, Bull. of the Amer. Math. Soc. 42 (2005), 181-211.

SOFTWARE

CARAT by W. Plesken et. al., ver.2.0., http://www.math.rwth-aachen.de/carat/.

cdd and cddplus by K. Fukuda, ver. 0.94., http://wuw.ifor.math.ethz.ch/"fukuda/cdd_
home/.

GAP — Groups, Algorithms, Programming - a system for computational discrete algebra,
ver. 4.4., http://www.gap-system.org/.

KANT/KASH by M.E. Pohst et. al., ver. 2.5., http://www.math.tu-berlin.de/ kant/kash.
html.

1lrs by D. Avis, ver. 4.2., http://cgm.cs.mcgill.ca/~avis/C/1lrs.html.

MAGMA — high performance software for Algebra, Number Theory, and Geometry, ver. 2.13.,
http://magma.maths.usyd.edu.au/.

MAXDET by S.P. Wu and L. Vandenberghe and S. Boyd, http://stanford.edu/ boyd/old_
software/MAXDET.html.

nauty by B.D. McKay, ver. 2.2., http://cs.anu.edu.au/people/bdm/nauty/.

pd by A. Marzetta, http://www.cs.unb.ca/profs/bremner/pd/.

Polyhedral, a GAP package by M. Dutour Sikirié, http://www.liga.ens.fr/"dutour/
Polyhedral/.



[284]
[285]
[286]

[287]

BIBLIOGRAPHY 153

PORTA by T. Christof and A. Lébel, ver. 1.4.0., http://www.zib.de/Optimization/Software/
Porta/.

rmd (rigorous MAXDET) by A. Schirmann and F.Vallentin, ver. 1.0., see http://www.
math.uni-magdeburg.de/lattice_geometry/.

scc (secondary cone cruiser) by A. Schirmann and F.Vallentin, ver. 1.0., see http://www.
math.uni-magdeburg.de/lattice_geometry/.

shvec by F. Vallentin, ver. 1.0., see http://www.math.uni-magdeburg.de/lattice_
geometry/.






Index

Adjacency Decomposition Method, 137 ~ neighbor, 58, 68
Recursive ~ , 139 ~ T-flip, 68
adjacent Bravais
~ Delone polytope, 57 ~ group, 50
~ face, 132 ~ manifold, 34
adjoint form, 35
algorithm canonical representative, 136
~ of Fincke and Pohst, 31 cell of polyhedral complex, 133
graph traversal ~ , 31 centroid, 97
Las Vegas ~ , 72 certificate, 86
Minkowski’s ~ , 20 characteristic form, 73
randomized ~ , 72 chirotope, 62
reduction ~ , 17 Cholesky decomposition, 5
Voronoi’s ~ , 31 circumradius, 86
approximation closest vector problem, 38
Euclidean norm best ~ , 25 coarsening, 57
simultaneous ~ , 24 coefficient
arithmetic group, 66 inner ~ , 4
arithmetical minimum, 3 outer ~ , 4
~ surface, 27 cohomology, 37
generalized ~ , 38 compactification, 36, 66
representatives of ~ , 3 complex lattice, 52
arithmetically equivalent, 2 cone
automorphism group Baranovskii ~ , 75
~ of Delone triangulation, 92 convex ~ , 3
~ of a polyhedral cone, 74 hypermetric ~ , 75
~ of periodic form, 46 normal ~ , 29
~ of quadratic form, 33 outer normal ~ , 94
GLY(Z)-restricted ~ , 49 polyhedral ~ , 132
linear ~ , 134 secondary ~ , 57
projective ~ , 134 support, 31
(T, t)-~, 50 congruence subgroup, 46
conic hull, 132
Balinski’s theorem, 138 contiguous
Baranovskii cone, 75 ~ perfect form, 30
Barnes-Wall lattice, 54, 126 ~ secondary cone, 67
basic closed semialgebraic set, 39 E-~, G-~ ,53
basis, 5 continued fraction, 23
bcce-lattice, 141 ~ expansion, 23
best approximation Hermite’s ~ , 25
first kind ~ , 23 multidimensional ~ , 24
second kind ~ , 23 ordinary ~ , 23
bistellar convergent, 23
~ flip, 58 ~ matrix, 24



156

convex

~ body, 7

~ cone, 3

~ hull, 28

~ polyhedron, 131

~ polytope, 132
covering

~ conjecture, 129

~ maximum, 122

~ optimizer, 90

~ pessimum, 83, 126

~ radius, 11

locally optimal lattice ~ , 84
covering density, 11

~ of Delone polytope, 123
Coxeter lattice, 12, 77, 108
Coxeter-Todd lattice, 45
critical value

Hermite ~ , 24

Minkowski ~ , 25
cross polytope, 28, 127
C-type, 75, 100

Davenport’s conjecture, 22
dead-end, 67
decomposition
Cholesky ~ , 5
double coset ~ , 136
Iwasawa ~ , 4
Delone polyhedron, 56
Delone polytope, 55
~ of quadratic form, 55
adjacent ~ , 57
extreme ~ , 75
GL4(Z)-equivalent ~ , 57, 87
GLY(Z)-equivalent ~ , 57, 89
perfect ~ , 75
T-extreme ~ , 129

translational equivalent ~ , 57

Delone subdivision, 57
Delone triangulation, 57

automorphism group of ~ , 92

densest

~ m-periodic sphere packing, 38

~ lattice sphere packing, 8

~ sphere packing, 9
determinant

~ maximization problem, 85

~ of lattice, 6

~ surface, 29, 35
diamond property, 133
Diophantine

~ approximation, 23

~ equation, 1

best ~ approximation, 23

simultaneous ~ approximation, 24

distance of PQF, 86
domain

INDEX

C-type ~, 75
fundamental ~ , 17
L-type ~, 57
reduction ~ , 17
Voronoi ~ , 29

double coset, 136
dual

~ description problem, 132
~ polyhedral cone, 132

duality gap, 85

Eisenstein

~ form, 52

~ integer, 52

~ lattice, 49

~ perfect form, 52

ellipsoid, 3
E-perfect form, 52
equivalent

arithmetically ~ , 2
G-~ , 50

(G, t)-~, 50
T-~,50,71
translational ~ , 57
(T,t)-~, 50, 71
unimodular ~ | 77

Euclidean

~ minimum, 111

~ norm, 5

~ norm best approximation, 25
~ number field, 111

~ unit ball, 5

eutactic

~ quadratic form, 34
strongly ~ , 43

extremal lattice, 34
extreme

~ Delone polytope, 75
~ lattice, 34

~ quadratic form, 34
~ ray, 132

m-~ , 39

periodic ~ , 43

face, 132

~ lattice, 132
adjacent ~ , 132

face-to-face, 36
facet, 131

lateral ~ , 69
lower ~ , 69
upper ~ , 69

Fincke and Pohst algorithm, 31
fluid diamond packing, 41
fundamental domain, 17

Gaussian

~ form, 53
~ integer, 53



INDEX 157

~ lattice, 49 laminated lattice, 45

~ perfect form, 53 Las Vegas algorithm, 72
gift-wrapping step, 138 lateral facet, 69
GL% (Z)-equivalent lattice, 5

~ Delone polytope, 57 ~ sphere packing, 6

~ quadratic form, 48 Barnes-Wall ~ | 54, 126
Gosset polytope, 75, 126 complex ~ | 52
G-perfect form, 49 Coxeter ~ , 12, 77, 108
G-perfect form, 53 Coxeter-Todd ~ , 45
gradient, 35 dual laminated ~ , 12
graph Eisenstein ~ , 49

~ isomorphism problem, 136 extremal ~ | 34

~ traversal algorithm, 31 extreme ~ , 34

Gaussian ~ , 49

Hadamard’s inequality, 30 hexagonal ~ , 6
halfspace, 3, 28 Horvath ~ , 100
Hermite Hurwitz quaternionic ~ , 49

~ approximation, 24 laminated ~ , 45

~ critical value, 24 Leech ~ , 8, 45, 112

~ reduction, 17 Minkowski reduced ~ , 19

~’s constant, 6 patchwork ~ , 49

~’s continued fraction expansion, 25 perfect ~ , 30
Hessian, 43 reduced ~ , 17
hexagonal lattice, 6 rigid ~ , 113
homogeneous minimum, 3 root ~ , 8, 31, 41, 45, 53, 108, 112, 126,

~ surface, 98 127

homology, 37 standard ~ , 5

Horvath lattice, 100 strongly eutactic ~ , 43
H-perfect form, 54 strongly perfect ~ , 44
Hurwitz quaternionic well-rounded ~ , 129

~ form, 53 Leech lattice, 8, 45, 112

~ integer, 54 ~ covering radius, 114

~ lattice, 54 section of ~ , 45

~ perfect form, 54 lifting map, 69
hypermetric cone, 75 linear
hyperoctahedral group, 19 ~ automorphism group, 134
hyperplane, 28 ~ program, 34

~ programming bound, x
local lattice covering maximum, 122
locally

~ finite polyhedron, 28

~ optimal lattice covering, 84

Incidence Decomposition Method, 137
Recursive ~ , 139

incidence number, 140

inhomogeneous minimum, 83
~ w.r.t. discrete set, 84

inner coefficient, 4

intersection property, 133

Iwasawa decomposition, 4

~ optimal lattice packing-covering, 84
lower facet, 69
L-type domain, 57

MCF expansion, 24

Jacobi identity, 4 -
additive ~ , 25

Kepler’s conjecture, 9 Lagarias ~ , 25
kissing number, 7 Minkowski geodesic ~ , 25
Klein’s Modulfigur, 36 measure zero set, 126
Korkin-Zolotarev reduction, 23 m-eutactic, 40
Kronecker product, 52 m-extreme, 39
K-theory, 37 isolated ~ , 40
minimum

Lagarias arithmetical ~ , 3

~ MCF expansion, 25 Euclidean ~ , 111

Lagrange expansion, 4 homogeneous ~ , 3



158 INDEX

Minkowski pessimum, 12, 126
~ conjecture, 128 point density
~ critical value, 25 upper, lower ~ ;| 9
~ geodesic MCF, 25 polyhedral
~ reduction, 19 ~ complex, 75, 133
~’s algorithm, 20 ~ subdivision, 35
~’s second fundamental theorem, 22 polyhedral cone, 132
lexicographical ~ reduced, 25 automorphism group of ~ , 74
Minkowski-Hlawka, 9 GLZ(Z)-equivalent ~, 74
moduli space, 37 rational normalized ~ , 73
moment of inertia, 97 polyhedron, 131
Mordell type inequality, 54 locally finite ~ , 28
Morse function, 128 vertex-set of ~ , 60
m-perfect, 40 polytope, 132
m-periodic (point) set, 37 Gosset ~, 75, 126
regular cross ~ , 127
norm, 5 repartitioning ~ , 69
normal cone, 29 Schlafli ~ , 75, 126
normalizer, 50 secondary ~ , 57
number field positive
Euclidean ~, 111 ~ definite quadratic form, 2
thin ~, 111 ~ semidefinite quadratic form, 4
totally real ~, 110 PQF (see also under quadratic form), 2
weakly thin ~, 111 principle congruence subgroup, 46
projective automorphism group, 134
open
~ polyhedral subdivision, 51 quadratic form, 1
~ ray, 3 ~ rigid, 114
oriented matroid, 62 adjoint ~ , 35
orthogonal complement, 42 characteristic ~ , 73
outer Eisenstein ~ , 52
~ coeflicient, 4 E-perfect ~ , 52
~ normal cone, 94 eutactic ~ , 34

extreme ~ , 34

packing radius, 6, 9 Gaussian ~ , 53

packing-covering GLY(Z)-equivalent ~ , 48
~ conét%nt, 13 G-perfect ~ , 49
~ optimizer, 90 G-perfect ~ , 53
~ problemf 13 ‘ (G, t)-perfect ~ , 49
locally optimal lattice ~ , 84 ‘H-perfect ~ , 54

paraillelotop.e, 5 . Hurwitz quaternionic ~ , 53
partial quotient matrices, 24 Minkowski reduced ~ , 19
partition backtrack, 136

erfect ~ , 29
patchwork lattice, 49 P

positive definite ~ | 2

perfect positive semidefinite ~ , 4
strongly ~ , 44 rank-1 ~ , 29

perfect Delone polytope, 75 rational, real, integral ~ ;| 1

perfect form, 29 reduced ~ , 17

contiguous ~ , 30

) strongly eutactic ~ , 43
Eisenstein ~ , 52

strongly perfect ~ , 44
t-eutactic ~ , 47
t-extreme ~ , 47

Gaussian ~ , 53
Hurwitz quaternionic ~ , 54

Voronoi’s first ~ , 31 T-perfect ~ , 49
periodic extreme set, 43 t-perfect ~ , 47
periodic form, 37 (T, t)-perfect ~ , 49
periodic set, 10, 27 quantizer problem, xv

m-~ , 37

rational ~ , 46 randomized algorithm, 72

standard ~ , 37 rank-1 form, 29



rational
~ closure of PQFs, 35
~ normalized polyhedral cone, 73
~ periodic set, 46

ray
extreme ~ , 132
open ~ , 3

Recursive Decomposition Method, 139
reduction
~ algorithm, 17
~ domain, 17
~ theory, 2
Hermite ~ , 17
Korkin-Zolotarev ~ , 23
Minkowski ~ , 19
Venkov ~ | 17
Voronoi ~ , 26, 35, 58
refinement, 57, 114
regulator, 57
relative volume, 77
repartitioning polytope, 69
representation
~ conversion, 132
~ of arithmetical minimum, 38
~ of periodic set, 37
representatives of arithmetical minimum, 3
restricted
~ automorphism, 134
~ isomorphism, 134
rigid
~ lattice, 113
~ quadratic form, 114
rigidity index, 72
rigorous MAXDET, 85
root lattice, 8, 31, 41, 45, 53, 75, 108, 112,
126, 127
Ryshkov
~ polyhedron, 27, 47
~ set, 38

Schléfli polytope, 75, 126
secondary cone, 57, 60

~ cruiser, 59

~ of polyhedral complex, 75

~ of polyhedron, 74

contiguous ~ , 67

T-~,67

T'-generic ~ , 67
secondary polytope, 57
semialgebraic set, 39
semidefinite programming bound, x
semidirect product, 47
separable, 96
shortest lattice vector, 5
Siegel modular variety, 66
simultaneous approximation, 24
smooth function, 39
space of invariant quadratic forms, 34

INDEX

sphere covering, 10

~ density, 11

~ radius, 11

lattice ~ , 11

thinnest ~ , 11
sphere packing, 9

~ density, 7, 9

densest ~ , 9

lattice ~ , 6
spherical

~ 2-design, 43, 126

~ t-design, 116
standard

~ lattice, 5

~ periodic set, 37
star, 57
strongly

~ eutactic, 43

~ perfect, 44
subdivision, 133

Delone ~ , 57

polyhedral ~ , 35
successive minimum, 21
supertope, 75
support cone, 31
Sylvester criterion, 3
symmetry group of quadratic form, 33

Taylor series, 39
T-equivalent

~ quadratic form, 50

~ secondary cone, 71
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Notations

In the following we list some of the notations used at different places of this book
and which may not be commonly known (among mathematicians). The listing is
in a mixed alphabetical (by initial sound) and thematic order. The second column
lists the page of the first occurrence.

det
A(D)
Ar(D)
A(A, P)
dens A

DelA(Q)
La(N)

Vd
*

Yd
GL4(Z)

9, 37
5

33, 46, 92

49
5
86
92
29
92
7,9, 38

38

6, 38

57, 60
67
74

10
o7
46

13, 84
13
13

inner product on S% or S*™
Euclidean norm

autom. group of PQF, periodic form or Delone subdiv.

GLY(Z)-restricted automorphism group of PQF
Euclidean unit ball in R?

matrix with property | BR. g(Q)| > 04 ur(Q) <38
sets of PQFs with pr(Q) < 8 and ur(Q) =0

conic hull of a set M

set of PQFs @ with det Q > «

packing density of discrete set, PQF or periodic form
density of the densest lattice sphere packing in R?
density of the densest m-periodic sphere packing in R?

density of the densest sphere packing in R¢
determinant of lattice, PQF (matrix) or periodic form

secondary cone of Delone subdivision D
T-secondary cone A(D)NT with T C S? linear

secondary cone of a polyhedron P w.r.t. vertex-set A
point density of a discrete set A

Delone subdivision of PQF @ w.r.t. vertex-set A
principal congruence subgroup of level N

packing-covering constant of discrete set or PQF
smallest lattice packing-covering constant in R?

smallest packing-covering constant in R?

{U € 2% |detU| = 1}
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GLa(R)
GLY(Z)
gr.p
Ha
A(L), A(A)
A@), A(X)
Ai
Ay
Mg, MF
Min @, Min X
(A)

w(Q), pa(Q)
HP(Q)

Pm,A
Pt

Pijo(X)
Sd

8o

S,

d,m
S>0
Sd,m

Oq

*

d
Op

Ta
V(Q),V(X)
Wnp,<p

46
94

6,9
3, 38

83, 84
86, 87
57

57
125

31, 40

27
38
47

38

35

37
37

11, 83
11
11
123

34
29, 40
92

NOTATIONS

{A e R™ : det A # 0}

automorphism group of standard periodic set A¢
gradient of smooth surface By, -3

Hermite’s constant

packing radius of lattice or discrete set

(generalized) arith. minimum of a PQF or periodic form
i-th successive minimum of lattice or PQF

standard periodic vertex-set defined by &

Minkowski’s reduction domains

representatives of (general.) arith. minimum \(Q), A\(X)
covering radius of discrete set A

inhom. minimum of PQF w.r.t. Z¢, respectively A

squared circumradius of P with respect to @

quadratic form defining regulator

quadratic form def. regulator for adj. Del. simplices L, L’
normal cone of Baranovskii cone A(A, P) at Q

{0 e R™: 0'0 =idy}

dual cones of (generalized) Voronoi domain V(Q), V(X)
Ryshkov polyhedron

generalized Ryshkov set

Ryshkov polyhedron of standard periodic set A¢
polynomial Q[t; — t; — v] for periodic form X = (Q,t)
{Q e R, Qf = Q}

{Q € 8% : Q positive definite}

{Q € 8% : Q positive semi-definite}

rational closure of S,

parameter space for m-periodic point sets in R?
Euclidean space 8¢ x R**(™~1 containing Si’&"
covering density of discrete set or PQF

density of thinnest lattice covering in R¢

density of thinnest covering in R?

covering density function of Delone polytope P

linear space of G-invariant quadratic forms
(generalized) Voronoi domain

set of PQFs in A(D) with u(Q) < 3
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Starting from classical arithmetical questions on quadratic forms, this
book takes the reader step by step through the connections with lattice
sphere packing and covering problems. As a model for polyhedral
reduction theories of positive definite quadratic forms, Minkowski’s
classical theory is presented, including an application to multidi-
mensional continued fraction expansions. The reduction theories
of Voronoi are described in great detail, including full proofs, new
views, and generalizations that cannot be found elsewhere. Based on
Voronoi’s second reduction theory, the local analysis of sphere cover-
ings and several of its applications are presented. These include the
classification of totally real thin number fields, connections to the Minkowski conjecture,
and the discovery of new, sometimes surprising, properties of exceptional structures such
as the Leech lattice or the root lattices.

Throughout this book, special attention is paid to algorithms and computability, allowing
computer-assisted treatments. Although dealing with relatively classical topics that have
been worked on extensively by numerous authors, this book is exemplary in showing how
computers may help to gain new insights.
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